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Le bruit des vagues etait encore plus paresseux, plus 
etale qu'a midi. C'etait le meme soleil, la meme 
lumiere sur le meme sable qui se prolongeait ici. 

A. Camus - L'etranger 

1. Introduction 

From a pragmatic standpoint, one can describe the theory of almost rings as a useful tool for 
performing calculations of Galois cohomology groups. Indeed, this is the main application of 
Faltings' "almost purity theorem", which is the technical heart of Q]. 

Though almost ring theory is developed here as an independent branch of mathematics, 
stretching somewhere in between commutative algebra and category theory, the original ap- 
plications to Galois cohomology still provide the main motivation and influence largely the 
evolution of the subject. 

It is therefore fitting to introduce the present work by reviewing briefly the main ideas behind 
these calculations. Let us consider first a complete discretely valued field K of zero character- 
istic, with perfect residue field of characteristic p > 0, and uniformizer tt; we denote by the 
ring of integers of K. The valuation v of K extends uniquely to any algebraic extension, and 
we want to normalize the value group in such a way that v(p) = 1 in every such extension. 

Let E he a finite Galois extension of K, with Galois group G. Typically, one is given a 
discrete £'+[G'] -module M (such that the G-action on M is semilinear, that is, compatible with 
the G-action on E^), and is interested in studying the (modified) Tate cohomology : = 
H\G, M) (for i G Z). (RecaU that H\M) agrees with Galois cohomology R^V^M for i > 0, 
with Galois homology for i < —1, and for i = it equals /TiE/KiM), the G-invariants 
divided by the image of the trace map). 

In such a situation, the scalar multiplication map E~^ ®iM M induces natural cup product 
pairings H'{G,E+) ®i H'+K Especially, the action of {E^)^ = K+ on W factors 

through /Tice/k{E~^)\ in other words, the image of E^ under the trace map annihilates the 
modified Tate cohomology. 

If now the extension E is tamely ramified over K, then 1ie/k{E^) = K^, so the vanish 
for all i E Z. Even sharper results can be achieved when the extension is unramified. Indeed, in 
such case E^ is a G-torsor for the etale topology of , hence, some basic descent theory tells 
us that the natural map 

®K+ RT^M M[0] 

is an isomorphism in the derived category of the category of E'+IG] -modules (where we have 
denoted by M[0] the complex consisting of M placed in degree zero). 

In Tate's paper [ |5^ ] there occurs a variant of the above situation : instead of the finite ex- 
tension E one considers the algebraic closure of K, so that G is the absolute Galois group 
of K, and the discrete G-module M is replaced by the topological module G(x), where G 
is the p-adic completion of K^, whose natural G-action we "twist" by a continuous character 
X '■ G ^ . Then the relevant H' is the continuous Galois cohomology H*^^^{G^G{x))^ 
which is defined in general as the homology of a complex of continuous cochains. Under the 
present assumptions, can be computed by the formula: 

n 

Let now K^o be a totally ramified Galois extension with Galois group H isomorphic to Zp. Tate 
realized that, for cohomological purposes, the extension K^o plays the role of a maximal totally 
ramified Galois extension of K. More precisely, let L be any finite extension of K, and set 
Ln := L- Kn, where Kn is the subfield of K^o fixed by if^" ■'Lp. The extension C I/„ 
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is unramified if and only if the different ideal 3n '■= ^i+jKt ^l^als L+. In case this fails, 
the valuation v{br^ of a generator (5„ of ^„ will be a strictly positive rational number, giving a 
quantitative measure for the ramification of the extension. With this notation, [ |5^ §3.2, Prop.9] 
reads 

(1.0.1) limt;((5„) = 

n— >oo 

(indeed, v{bn) approaches zero about as fast as In this sense, one can say that the extension 
i^Too C Loo ■= L ■ Koo is almost unramified. One immediate consequence is that the maximal 
ideal m of is contained in Tr^^/;^^ (-^i,)- If: additionally, L is a Galois extension of K, we 
can consider the subgroup 

Goo := Gal(Loo/i^oo) C Gsl{L/K) 

and the foregoing implies that m annihilates H^^^^{Goo, M), for every i > 0, and every topolog- 
ical [Goo] -module M. More precisely, the homology of the cone of the natural morphism 

(1.0.2) L+ RV^^M M[0] 

is annihilated by m in all degrees, i.e. it is almost zero. Equivalently, one says that the maps on 



homology induced by ( |1.0.2D are almost isomorphisms in all degrees. 

Tate goes on to apply these cohomological vanishings to the study of j9-divisible groups; 
in turns, this study enables him to establish a comparison between the etale and the Hodge 
cohomology of an abelian scheme over , which has become the prototype for all subsequent 
investigation of p-adic Hodge theory. 

A first generalization of ( |1.0.ip can be found in the work p7| ] by Fresnel and Matignon; one 
interesting aspect of this work is that it does away with any consideration of local class field 



theory (which was used to get the main estimates in 0]); instead, Fresnel and Matignon write 



a general extension L as a tower of monogenic subextensions, whose structure is sufficiently 
well understood to allow a direct and very explicit analysis. The main tool in [^7p is a notion 
of different ideal &e+/k+ for a possibly infinite algebraic field extension K C E\ then the 
extension i^oo considered in [ |64l ] is replaced by any extension E of K such that /k+ = (0), 
and ( |1.0.1| ) is generalized by the claim that /e+ = F^, for every finite extension E C F. 

In some sense, the arguments o f P7| ] anticipate those used by Faltings in the first few para- 
graphs of his fundamental article D33|]. There we find, first of all, a further extension of dl.O.ll) : 



the residue field of K is now not necessarily perfect, instead one assumes only that it admits a 
finite p-basis; then the relevant i^oo is an extension whose residue field is perfect, and whose 
value group is p-divisible. This generalization paves the way to the almost purity theorem, of 
which it represents the one-dimensional case. In order to state and prove the higher dimen- 
sional case, Faltings invents the method of "almost etale extensions", and indeed sketches in a 
few pages a whole program of "almost commutative algebra", with the aim of transposing to 
the almost context as much as possible of the classical theory. So, for instance, if A is a given 
ii'^ -algebra, and M is an A-module, one says that M is almost flat if, for every A-module A^, 
the natural map of complexes 

M^aN ^ M ®A N[0] 
induces almost isomorphisms on homology in all degrees. Similarly, M is almost projective if 
the same holds for the map of complexes Hom^ (M, N) [0] i?Hom^ (M, N) . Then, according 
to [P^D, a map A ^ B of -ft'oo'^ig^br^^ called almost etale if B is almost projective as an 



A-module and as a i? ®a -B-module (moreover, B is required to be almost flnitely generated : 
the discussion of finiteness conditions in almost ring theory is a rather subtle business, and we 



dedicate the better part of section to its clarification). 

With this new language, the almost purity theorem should be better described as an almost 
version of Abhyankar's lemma, valid for morphisms A ^ B of i^+-algebras that are etale 
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in characteristic zero and possibly wildly ramified on the locus of positive characteristic. The 
actual statement goes as follows. Suppose that A admits global etale coordinates, that is, there 
exists an etale map [T^^ , . . . , T^^] A; whereas in the tamely ramified case a finite ramified 
base change — > i^"'"[7r^/"] (with {p,n) = 1) suffices to kill all ramification, the infinite 
extension A A^o '■= A[T^^^^ , ...,T^^^^ ] ®k+ is required in the wildly ramified case, 
to kill almost all ramification, which means that the normalization B^^ of A^o ® a B is almost 
etale over A^o- 

Faltings has proposed two distinct strategies for the proof of his theorem : the first one, pre- 
sented in [|33|], consists in adapting Grothendieck's proof of Zariski-Nagata's purity[|; a more re- 
cent one ([p4|]) uses the action of Frobenius on some local cohomology modules, and is actually 
valid under more general assumptions (one does not require the existence of etale coordinates, 
but only a weaker semi-stable reduction hypothesis on the special fibre). 

As a corollary, one deduces cohomological vanishings generalizing the foregoing : indeed, 
suppose that the extension of fraction fields Fiac{A) C Frac(i?) is Galois with group G; then, 
granting almost purity. Boo is an "almost G-torsor" over A^, therefore, for any B^[G]-module 
M, the natural map of complexes B^o '^a^o R^'^M M[0] induces almost isomorphisms 
on homology. Finally, these results can be used (together with a lot of hard work) to deduce 
comparison theorems between p-adic etale cohomology and deRham (or other kinds of) coho- 
mology, for arbitrary smooth projective varieties over K. This method can even be extended 
to treat cohomology with not necessarily constant coefficients (see [0]), thereby providing the 
most comprehensive approach to p-adic Hodge theory found so far. 

The purpose of our text is to fully work out the foundations of "almost commutative algebra" 
outlined by Faltings; in the process we generalize and simplify considerably the theory, and also 
extend it in directions that were not explored in [|33|], [|34|]. 

It turns out that most of almost ring theory can be built up satisfactorily from a very slim 
and general set of assumptions: our basic setup, introduced in section p?T| , consists of a ring V 
and an ideal m C V such that m = m^; starting from ( |2.5.14| ) we also assume that m ®v nx is 
a flat V-module : simple considerations show this to be a natural hypothesis, often verified in 
practice. 

The V-modules killed by m are the objects of a (full) Serre subcategory S of the category 
V^-Mod of all V-modules, and the quotient V"-Mod := V-Mod/S is an abelian category 
which we call the category of almost V -modules. It is easy to check that the usual tensor product 
of V^-modules descends to a bifunctor ® on almost ^-modules, so that V-Mod is a monoidal 
abelian category in a natural way. Then an almost ring is just an almost V-module A endowed 
with a "multiplication" morphism A® A ^ A satisfying certain natural axioms. Together with 
the obvious morphisms, these gadgets form a category y-Alg. Given any almost l^-algebra 
A, one can then define the notion of A-module and A-algebra, just like for usual rings. The 
purpose of the game is to reconstruct in this new framework as much as possible (and useful) of 
classical linear and commutative algebra. Essentially, this is the same as the ideology informing 
Deligne's paper p3|], which sets out to develop algebraic geometry in the context of abstract 
tannakian categories. We could also claim an even earlier ancestry, in that some of the leading 
motifs resonating throughout our text, can be traced as far back as Gabriel's memoir "Des 
categories abeliennes". 

In evoking Deligne's and Gabriel's works, we have unveiled another source of motivation 
whose influence has steadily grown throughout the long gestation of our paper. Namely, we 
have come to view almost ring theory as a contribution to that expanding body of research of 
still uncertain range and shifting boundaries, that we could call "abstract algebraic geometry". 
We would like to encompass under this label several heterogeneous developments: notably, it 



At the time of writing, there are still some obscure points in this proof 
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should include various versions of non-commutative geometry that have been proposed in the 
last twenty years, but also the relative schemes of [p3l], as well as Deligne's ideas for algebraic 
geometry over symmetric monoidal categories. 

The common thread loosely unifying these works is the realization that "geometric spaces" 
do not necessarily consist of set-theoretical points, and - perhaps more importantly - functions 
on such "spaces" do not necessarily form (sheaves of) commutative rings. Much effort has 
been devoted to extending the reach of geometric intuition to non-commutative algebras; al- 
ternatively, one can retain commutativity, but allow "structure sheaves" which take values in 
tensor categories other than the category of rings. As a case in point, to any given almost ring 
A one can attach its spectrum Spec A, which is just A viewed as an object of the opposite of 
the category V"- Alg. Spec A has even a natural flat topology, which allows to define more 
general almost schemes by gluing {i.e. taking colimits of) diagrams of affine spectra; all this is 
explained in section |577| , where we also introduce quasi-projective almost schemes and investi- 
gate some basic properties of the smooth locus of a quasi-projective almost scheme. By way of 
illustration, these generalities are applied in section |5]^ in order to solve a deformation problem 
for torsors over affine almost group schemes; let us stress that the problem in question is stated 
purely in terms of affine objects {i.e. almost rings and "almost Hopf algebras"), but the solution 
requires the introduction of certain auxiliary almost schemes that are not affine. 

Having soared into the thin air of abstract geometry, we come back to earth in the last two 
chapters, which deal with applications to valuation theory and to p-adic analytic geometry : 
especially the reader will find there our own contributions to almost purity. This general pre- 
sentation has thus come full circle, and we defer to the introductory remarks at the beginning of 
the respective chapters for a more detailed description of our results. 
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slips and has made several valuable suggestions. 
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2. HOMOLOGICAL THEORY 
As explained in the introduction, in order to define a category of almost modules one requires 



a pair (V, m) consisting of a ring V and an ideal m C V such that m = m^. In section 



we 



we collect a few useful ring-theoretic preliminaries concerning such pairs. In section ^^2 
introduce the category V^'^-Mod of almost modules : it is a quotient V-Mod/S of the category 
of V-modules, where S is the thick subcategory of the V-modules killed by m. y-Mod is an 
abelian tensor category and its commutative unitary monoids, called almost algebras, are the 
chief objects of study in this work. The first useful observation is that the localization functor 
\^-Mod y"-Mod admits both left and right adjoints. Taken together, these functors exhibit 
the kind of exactness properties that one associates to open embeddings of topoi, perhaps a hint 
of some deeper geometrical structure, still to be unearthed. 

After these generalities, we treat in section ^3] the question of finiteness conditions for almost 
modules. Let A denote an almost algebra, fixed for the rest of this introduction. It is certainly 
possible to define as usual a notion of finitely generated A-module, however this turns out to 
be too restrictive a class for applications. The main idea here is to define a uniform structure 
on the set of equivalence classes of A-modules ; then we will say that an A-module is almost 
finitely generated if its isomorphism class lies in the topological closure of the subspace of 
finitely generated A-modules. Similarly we define almost finitely presented A-modules. The 
uniform structure also comes handy when we want to construct operators on almost modules : 
if one can show that the operator in question is uniformly continuous on a class ^ of almost 
modules, then its definition extends right away by continuity to the topological closure ^ of ^. 
This is exemplified by the construction of the (almost) Fitting ideals for A-modules, at the end 
of section 

In section |Z^ we introduce the basic toolkit of homological algebra, beginning with the 
notion of flat almost module, which poses no problem, since we do have a tensor product in our 
category. The notion of projectivity is more subtle : it turns out that the category of A-modules 
usually does not have enough projectives. The useful notion is almost projectivity: simply one 
uses the standard definition, except that the role of the Hom functor is played by the internal 
alHom functor. The scarcity of projectives should not be regarded as surprising or pathological: 
it is quite analogous to the lack of enough projective objects in the category of quasi-coherent 
^x-modules on a non-affine scheme X. 



Section p3| introduces the cotangent complex of a morphism of almost rings, and establishes 
its usual properties, such as transitivity and Tor-independent base change theorems. These foun- 
dations will be put to use in chapter]^, to study infinitesimal deformations of almost algebras. 

2.1. Some ring-theoretic preliminaries. Unless otherwise stated, every ring is commutative 
with unit. This section collects some results of general nature that will be used throughout this 
work. 



2.1.1. Our basic setup consists of a fixed base ring V containing an ideal m such that = m. 
Starting from ( |2.5.14D , we will also assume that ffi := m ®v tn is a flat V-module. 

Example 2.1.2. (i) The main example is given by a non-discrete valuation ring (V, | ■ |) of rank 
one; in this case m will be the maximal ideal. 

(ii) Take m := V . This is the "classical limit". In this case almost ring theory reduces to usual 
ring theory. Thus, all the discussion that follows specialises to, and sometimes gives alternative 
proofs for, statements about rings and their modules. 

2.1.3. Let M be a given l^-module. We say that M is almost zero if mM = 0. A map (f) of 
V^-modules is an almost isomorphism if both Ker and Coker are almost zero V-modules. 
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Remark 2.1.4. (i) It is easy to check that a V-module M is almost zero if and only if va^yM = 

0. Similarly, a map M — * of ^-modules is an almost isomorphism if and only if the induced 
map fn ®y M — > ffi is an isomorphism. Notice also that, if m is flat, then m ~ m. 

(ii) Let V ^ W he a ring homomorphism. For a V^-module M set M\y := W ®y M. We 
have an exact sequence 

(2.1.5) O^K^mw^mW^O 

where K := Tor^{V/m,W) is an almost zero W^-module. By (i) it follows that m ®v K ~ 
{mW) ®w -ft' — 0. Then, applying mw ®w — and — ®w {vaW) to ( |2.1.5| ) we derive 

mvy ®w — ®w iyaW) ~ {mW) ®w iyaW) 

1. e. xnw — {vaW)^ . In particular, if fn is a flat F-module, then mw is a flat IV-module. This 
means that our basic assumptions on the pair [V, m) are stable under arbitrary base extension. 
Notice that the flatness of m does not imply the flatness of mW . This partly explains why we 
insist that m, rather than m, be flat. 

2.1.6. Before moving on, we want to analyze in some detail how our basic assumptions relate 
to certain other natural conditions that can be postulated on the pair (V^,m). Indeed, let us 
consider the following two hypotheses : 

(A) m = and m is a filtered union of principal ideals. 

(B) m = and, for all integers A; > 1, the /c-th powers of elements of m generate m. 
Clearly (A) implies (B). Less obvious is the following result. 

Proposition 2.1.7. (i) (A) implies that m is flat. 
(ii) Ifm is flat then (B) holds. 

Proof. Suppose that (A) holds, so that m = colim Vxa, where / is a directed set parametrizing 
elements Xq G m (and a < (3 <^ Vxa C Vxfs). For any a G / we have natural isomorphisms 

(2.1.8) Vxc, ~ V/Annv{xa) ^ (Vxa) ®v (Vxa). 

For a < P, let jap : Vxa ^ Vx^ be the imbedding; we have a commutative diagram 

V 

iVx^) -J^lE^tL^ ivx,) ®y {Vx,) 

where z eV h such that x^ = z-xp, jji^i is multiplication by and tTq, is the projection induced 
by ( I2.1.8D (and similarly for tt^). Since m = m^, for all a G / we can find (3 such that Xa is a 



multiple of x^. Say x^ = y- x^; then we can take z := y- xp, so z is a multiple of Xa and in the 
above diagram Ker tTq, C Ker n^-i. Hence one can define a map X^p : {Vxa) ®y {Vxa) V 
such that TC/j o A^/? = jafs ® jap and o tt^ = fi^i . It now follows that for every V^-module 
N, the induced morphism Tot^{N, (Vxa) ®y (Vxa)) Tot^{N, (Vx/s) ®v (Vx/s)) is the 
zero map. Taking the colimit we derive that fn is flat. This shows (i). In order to show (ii) we 
consider, for any prime number p, the following condition 

(*p) m/p • m is generated (as a V-module) by the p-th powers of its elements. 

Clearly (B) implies (*p) for all p. In fact we have : 
Claim 2. 1.9. (B) holds if and only if (*p) holds for every prime p. 
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Proof of the claim: Suppose that holds for every prime p. The polarization identity 

k\-Xi-X2- ...■Xk= ■ I j 

/C{l,2,...,fc} Vie/ / 

shows that if N := Ylix^m^^^ A;! • m C A^. To prove that = m it then suffices to show 
that for every prime p dividing k\ we have m = p ■ xn + N . Let : V/pV V/pV be the 
Frobenius {x ^— x^); we can denote by {V/pVY the ring V/pV seen as a K/pV^-algebra via the 
homomorphism 0. Also set cjfM := M ®v/pv {V/pVY for a V/pV-moAxxlt M. Then the map 
0*(m/]9 ■ m) — > (m/p ■ m) (defined by raising to p-th power) is surjective by (*p). Hence so is 
{(ff)*{m/p ■ m) — > (m/p ■ m) for every r > 0, which says that m = p ■ m + N when k = p^ , 
hence for every k. 

Next recall (see Exp. XVII 5.5.2]) that, if M is a V^-module, the module of symmetric 
tensors TS*^ (M) is defined as (®y M)'^'= , the invariants under the natural action of the symmetric 
group Sk on ®yM. We have a natural map r'^(M) TS'^(M) that is an isomorphism when M 
is flat (see loc. cit. 5.5.2.5; here denotes the fc-th graded piece of the divided power algebra). 

Claim 2.1.10. The group Sk acts trivially on ®yVC\. and the map m ®v va^m{x®y®z^ 
X ® yz) is an isomorphism. 

Proof of the claim: The first statement is reduced to the case of transpositions and to A; = 2. 
There we can compute : x ® yz = xy ® z = y ® xz = yz ® x. For the second statement note 
that the imbedding m ^ V is an almost isomorphism, and apply remark |2.1.4| (i). 

Suppose now that m is flat and pick a prime p. Then Sp acts trivially on ®yxn. Hence 
(2.1.11) rP(m)~®^m~m. 

But rP(m) is spanned as a l^-module by the products 7ii(a;i) ■ ... ■ 'jif^ixk) (where Xi e m and 
= p). Under the isomorphism ( |2.1.1 ID these elements map to (.^ ^ .J ■ x*/ ■ ... ■ x^*; but 
such an element vanishes in ffi/p- fix unless ik = P for some k. Therefore m/p-m is generated by 
p-th powers, so the same is true for m/p ■ m, and by the above, (B) holds, which shows (ii). □ 

Theorem 2.1.12. Let {si \ i E I) be a family of generators ofm and, for every subset S G I, 
denote by xxis C m the subideal generated by {ei \ i E S). Then we have: 

(i) Every countable subset S G I is contained in another countable S' G I such that: 

(a) m|, = ras'. 

(b) If m is aflat V -module, the same holds for ms' ®v ^s'- 

(ii) Suppose that m is countably generated as a V -module. Then : 

(a) m is countably presented as a V -module. 

(b) If m is aflat V -module, then it is of homological dimension < 1. 

Proof. For every iEl,we can write Si = J2j ^ij^j^ for certain Xij E m. For any i,j E I such 
that Xij 7^ 0, let us write Xij = Xijk£k for some Xijk E V. We say that a subset S* C / is 
saturated if the following holds: whenever i E S and Xijk ^ 0, we have j, k E S. 

Claim 2.1.13. Every countable subset 5 C / is contained in a countable saturated subset 6*00 C 
I. 

Proof of the claim: We let Sq := S and define recursively Sn for every n > as follows. 
Suppose Sn-i has already been given; then we set 

Sn '■= Sn-i U {i E I \ there exists a E Sn^i, b E I such that either Xaib 7^ or Xabi 7^ 0}. 

Notice that, for every i E I we have Xij = for all but finitely many j E I, hence Xijk = for 
all but finitely many j, A; G /. It follows easily that := UnGN will do. 
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(i.a) is now straightforward, when one remarks that ms = tn| for every saturated subset S. 

Next, let S* C / be any saturated subset. Clearly the family {si Sj \ i, j E S) generates 
xhs := ms ®v and ei ■ Sj ■ {sk ® ei) = e^- sr {si ® Sj) for all i, j, k, l E S. Let F{S) be the 
V-module defined by generators (ejj)jjg5, subject to the relations: 



£{ • Sj • Cki S^ ' Si ' C. 



E 



•^ij^jk 



for all i, j, k,l e S. 



We get an epimorphism ns : F{S) 
^ '■= J2k,i Vki^^ki e Ker TTs, then Si ■ Ej 
and 1 



ms by Cij ^ Si ® 
X = 0, so ■ Ker vr^ 
-Ks is an isomorphism. We consider the diagram 



The relations imply that, if 
0. Whence ms ®v Ker vr^ = 



ms ®v F{S) 



F{S) 



ms ®v 

V- 

■ms 



where and if) are induced by scalar multiplication. We already know that ip is an isomorphism, 
and since -^(5*) = ■ F{S), we see that (j) is an epimorphism, so tts is an isomorphism. If 
now / is countable, this shows that (ii.a) holds. Now (ii.b) follows from (ii.a) and the following 
lemma |2!l.l6| . In order to show (i.b) we will use the following well known criterion. 



Claim 2.1. U. ([^ Ch.I, Th.1.2]). Let i? be a ring, M an i?-module. Then M is i?-flat if 
and only if, for every finitely presented _R-module N, every morphism N — > M factors as a 
composition N L ^ M where L is a free i?-module of finite rank. 



In order to apply claim |2.1.14| we show: 



Claim 2.1.15. Let S* C / be a countable saturated subset. Then there exists a countable satu- 
rated subset a{S) C / containing S, with the following property. For every finitely presented 
\^-module N and every morphism / : iV — > fn-s, we can find a commutative diagram: 



f 



ms 



L 



m 



a{S) 



colimMa, where A is some filtered 



where L is free V"-module of finite rank and j is the natural map. 

Proof of the claim: In view of (ii.a), we can write rhs 

countable set and every Ma is a finitely presented V^-module. Given / as in the claim, we can 
find a E A such that / factors thorugh the natural map La : Ma ms, so we are reduced to 
prove the claim for = Ma and f = La- However, by assumption tn is flat, so by claim |2!TT4 
the composition Ma tn^ — > m factors through some map La m, with La free of finite 



rank over V. Furthermore, thanks to claim |2.1.13| we have m = colimmj, where J runs over 

the family of all countable saturated subsets of /. It follows that, for some countable saturated 
Sa D S, the map La ^ m factors through ms^ - Clearly a{S) := IJogA '^a will do. 

Finally, for any countable subset S C I, let us set 5" := UngN ^"('^oo)^ where 5*00 is the 
saturation of S as in claim |27TT3|. One verifies easily that (i.b) holds for this choice of S'. □ 



The proof of following well known lemma is due to D.Lazard ([pT], Ch.I, Th.3.2]), up to some 



slight imprecisions which were corrected in [ p5| , pp. 49-50]. For the convenience of the reader 
we reproduce the argument. 
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Lemma 2.1.16. Let R be any ring. A flat countably presented R-module has homological 
dimension < 1. 

Proof. Let M be flat and countable presented over R, and choose a presentation Fi Fq — > 
M — > with Fq and Fi free i?-modules of (infinite) countable rank. Let (e^ | j G N) be 
a basis of Fq and (/j | i G N) a basis of Fi. Say that = Xli^ii'^j with Xij G -R, for 

every i G N. For every i G N we define the finite set Si := {j G N | Xij ^ 0}; also, let 
^'n •= Uj<n({*} ^i)- Define _R-modules Gn ■= ®i<nfiR, Hn := ©jgs^ej-R; the restriction 



of (j) induces maps 0„ : G„ ^ iJ„ and we have M ^ colim Coker0„. By claim 2.1.14, the 

nGN 



natural map Coker (pn ^ M factors as a composition Coker 0„ ^ L„ ^ M, where L„ is 
a free i?-module of finite rank. Then ^„ factors through a map ip'^ : Ln ^ Coker (f)t{n) for 
some G N. We further define tp" : Ln ^ Coker (f)k(n) as the composition of tp'^ with 
the natural transition map Coker — > Coker where k{n) is suitably chosen, so that 
k{n) > max(n,t(n)) and the composition ip" o an '■ Coker 0„ Coker is the natural 
transition map. We define by induction on n G N a direct system of maps r„ : Lh„ — > Lh„^-^, as 
follows. Set ho := 0; next, suppose that hn E N has already been given up to some n G N; we 
let hn+i := k{hn) and r„ := o tp'^^^. Clearly M ~ colimL/j„; set L := ©„eN-^^fc„ and let 

r : L L be the map given by the rule r(x„ | n G N) := {xn — Tn{xn-i) \ n E N). We derive 
a short exact sequence: ^ L ^ L ^ M ^0, whence the claim. □ 

2.2. Categories of almost modules and algebras. If ^ is a category, and X, Y two objects 
of ^, we will usually denote by Hom^^^ (X, Y) the set of morphisms in from X to F and by 
Ix the identity morphism of X. Moreover we denote by the opposite category of ^ and 
by s.^ the category of simplicial objects over that is, functors A" ^, where A is the 
category whose objects are the ordered sets [n] := {0, n} for each integer n > and where a 
morphism (p : [p] [q] is a non-decreasing map. A morphism / : X ^ y in s.^ is a sequence 
of morphisms /[„] : X[n] — > ^[n], n > such that the obvious diagrams commute. We can 
imbed ^ in s.^ by sending each object X to the "constant" object s.X such that s.Xfn] = X 
for all n > and = Ix for all morphisms (p in A. 

2.2.1. If ^ is an abelian category, D('^) will denote the derived category of ^. As usual we 
have also the full subcategories D^('^), D~(^) of complexes of objects of ^ that are exact for 
sufficiently large negative (resp. positive) degree. If i? is a ring, the category of _R-modules 
(resp. -R-algebras) will be denoted by i?-Mod (resp. i?-AIg). Most of the times we will write 
Hom/j(M, N) instead of Hom/j.Mod(M, N). 

We denote by Set the category of sets. The symbol N denotes the set of non-negative inte- 
gers; in particular G N. 

2.2.2. The full subcategory S of V-Mod consisting of all V-modules that are almost isomor- 
phic to is clearly a Serre subcategory and hence we can form the quotient category V^-Mod/S. 
There is a localization functor 

V-Mod y-Mod/S M^M" 

that takes a F-module M to the same module, seen as an object of \^-Mod/S. In particular, 
we have the object V"" associated to V\ it seems therefore natural to use the notation V-Mod 
for the category V-Mod/S, and an object of V"-Mod will be indifferently referred to as "a 
V^"-module" or "an almost V-module". In case we need to stress the dependance on the ideal 
m, we can write {V, m)"-Mod. 



Since the almost isomorphisms form a multiplicative system (see e.g. [ |67| , Exerc. 10.3.2]), it 
is possible to describe the morphisms in V-Mod via a calculus of fractions, as follows. Let 
\/-al.Iso be the category that has the same objects as V-Mod, but such that Homv'.ai.iso(M, N) 
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consists of all almost isomorphisms M N. If M is any object of F-al.Iso we write 
(V-sdlso/M) for the category of objects of y-al.Iso over M (i.e. morphisms (p : X ^ M). 
If (pi : Xi ^ M {i = 1,2) are two objects of (\^-aI.Iso/M) then Hom(y.ai.iso/A/)(0i, ^2) 
consists of all morphisms ^/^ : Xi — > X2 in y-al.Iso such that (pi = (p2 o tp. For any two 
l^-modules M, N we define a functor : (V-al.Iso/M)" V-M.od by associating to an 
object (p : P ^ M the F-module Homv/(P, A^) and to a morphism a : P Q the map 
Homy(Q, A^) Homy(P, A^) : {3 ^ j3 o a. Then we have 

(2.2.3) Homya.Mod(M^A^") = colim ^n- 

(y-al.Iso/J\/)° 

However, formula ( |2.2.3| ) can be simplified considerably by remarking that for any V-module 
M, the natural morphism fn ®v M — > M is an initial object of (y-al.Iso/M). Indeed, let 
(/) : — > M be an almost isomorphism; the diagram 



N 



(cp. remark |2.1.4| (i)) allows one to define a morphism ip : m ®y M —* N over M. We 
need to show that ip is unique. But if -01, '02 : ^ ®y M N are two maps over M, then 
lm.{ipi — ip2) C Ker(0) is almost zero, hence lm.{ipi—ip2) = 0, since fri®y M = m- (fri®y M). 
Consequently, ( [2. 2. 3D boils down to 

(2.2.4) Homy..Mod(M", AT") = Homy(m ®v M, N). 

In particular Homy a. Mod N) has a natural structure of ^-module for any two V^'^-modules 
M, A^, i.e. Homy a. Mod (—7 — ) is a bifunctor that takes values in the category V^-Mod. 



2.2.5. One checks easily (for instance using ([2.2.4D) that the usual tensor product induces a 



bifunctor — (8)y — on almost l^-modules, which, in the jargon of [ p4| ] makes of y -Mod an 
abelian tensor category. Then an almost V -algebra is just a commutative unitary monoid in 
the tensor category V^"-Mod. Let us recall what this means. Quite generally, let ®, U) be 
any abelian tensor category, so that ® : ^ x ^ ^ ^ is a biadditive functor, U is the identity 
object of ^ (see [E^, p. 105]) and for any two objects M and A^ in we have a "commutativity 



constraint" {i.e. a functorial isomorphism 9m\n '■ M ® N ^ N ® M that "switches the two 
factors") and a functorial isomorphism um '■ U M ^ M. Then a ^-monoid A is an object 
of ^ endowed with a morphism fj,A ■ A i^) A ^ A (the "multiplication" of A) satisfying the 
associativity condition 

fiA o (1a ® fiA) = fJ'AO ifJ'A ® 1a)- 

We say that A is unitary if additionally A is endowed with a "unit morphism" lj^:U^A 
satisfying the (left and right) unit property : 

l^A o (Ia ® 1a) = Va /iA o (Ia ® 1a) °dA\U = fJ'A° (1a ® Ia)- 

Finally A is commutative if ha = l^A ° Oa\a (to be rigorous, in all of the above one should 
indicate the associativity constraints, which we have omitted : see p^). A commutative unitary 



monoid will also be simply called an algebra. With the morphisms defined in the obvious way, 
the "^-monoids form a category; furthermore, given a "^-monoid A, a left A-module is an object 
M of ^ endowed with a morphism gm/a : A® M ^ M such that au/A ° (Ia ® ctm/a) = 
o'M/A o (/Wa ® 1m)- Similarly one defines right A-modules and A-bimodules. In the case of 
bimodules we have left and right morphisms aM,i '■ A0 M M, aM,r : M ® A — > M and one 
imposes that they "commute", i.e. that 



<yM,r O ((Tm,/ ® Ia) = 0-A/,Z O (1^ (g) crM,r). 
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Clearly the (left resp. right) A-modules (and the A-bimodules) form an additive category with 
A-linear morphisms defined as one expects. One defines the notion of a submodule as an 
equivalence class of monomorphisms N ^ M such that the composition A®N—^A®M^ 
M factors through N . Especially, a two-sided ideal of A is an A-sub-bimodule I ^ A. For 
given submodules I, J of A one denotes IJ := Im(/® J —* A^A ^ A). For an A-module M, 
the annihilator AnnA(M) of M is the largest ideal j : I ^ Aoi A such that the composition 

I ® M A® M M is the zero morphism. 

2.2.6. If / : M — » is a morphism of left A-modules, then Ker(/) exists in the underlying 
abelian category ^ and one checks easily that it has a unique structure of left A-module which 
makes it a submodule of M. If moreover is right exact when either argument is fixed, then 
also Coker / has a unique A-module structure for which Coker / is A-linear. In this 
case the category of left A-modules is abelian. Similarly, if A is a unitary ^-monoid, then one 
defines the notion of unitary left A-module by requiring that (Tm/a ° (Ia ® 1m) = and these 
form an abelian category when ® is right exact. 

2.2.7. Specialising to our case we obtain the category y-Alg of almost V-algebras and, 
for every almost V-algebra A, the category A-Mod of unitary left A-modules. Clearly the 
localization functor restricts to a functor V-Alg — > V^°-Alg and for any V-algebra R we have 
a localization functor i?-Mod _R''-Mod. 

Next, if A is an almost V-algebra, we can define the category A-Alg of A-algebras. It 
consists of all the morphisms A ^ B of almost l^-algebras. 

2.2.8. Let again 0, U) be any abelian tensor category. By p^ , p. 119], the endomorphism 
ring End<^([/) of U is commutative. For any object M of ^, denote M* = Hom<(^ (f/, M); 
then M ^ M* defines a functor ^ End<i5f (f/)-Mod. Moreover, if A is a ^-monoid, A^ 
is an associative Endf^(f/)- algebra, with multiplication given as follows. For a, 6 G A* let 
a ■ h := fiA ° {ci ® b) o u^^. Similarly, if M is an A-module, is an A^,-module in a natural 
way, and in this way we obtain a functor from A-modules and A-linear morphisms to A^- 
modules and A^-linear maps. Using Prop. 1.3], one can also check that End^^(U) = f/* as 
End<^(f/)- algebras, where U is viewed as a ^-monoid using uu- 

2.2.9. All this applies especially to our categories of almost modules and almost algebras : in 
this case we call M i— M^, the functor of almost elements. So, if M is an almost module, an 
almost element of M is just an honest element of M*. Using ( |2.2.4| ) one can show easily that 



for every V-module M the natural map M — > (M")* is an almost isomorphism. 

2.2.10. Let A be a V^'^-algebra. For any two A-modules M, A^, the set RouiA-ModiM, N) has 
a natural structure of A,,, -module and we obtain an internal Hom functor by letting 

alHomA(M, AT) = HomA-Mod(M, A^)^ 

This is the functor of almost homomorphisms from M to A^. 

2.2.11. For any A-module M we have also a functor of tensor product M ® ^ — on A-modules 
which, in view of the following proposition |2.2.13| can be shown to be a left adjoint to the 



functor alHomA(M, -). It can be defined as M ®a N := {M^ N^T- 

With this tensor product, A-Mod is an abelian tensor category as well, and A-AIg could 
also be described as the category of (A-Mod)-algebras. Under this equivalence, a morphism 
(f) : A ^ B of almost V^-algebras becomes the unit morphism 1^ : A ^ B of the corresponding 
monoid. We will sometimes drop the subscript and write simply 1. 
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Remark 2.2.12. Let V ^ W he a. map of base rings, W taken with the extended ideal mW. 
Then W"" is an almost ^-algebra so we have defined the category IV-Mod using base ring V 
and the category {W, miy)"-Mod using base W. One shows easily that they are equivalent: 
we have an obvious functor {W, miy)"-Mod W^°-Mod and a quasi-inverse is provided by 
M I— > M*. Similar base comparison statements hold for the categories of almost algebras. 

Proposition 2.2.13. Let Abe a V"^ -algebra, R a V -algebra. 

(i) There is a natural isomorphism A ~ A" of almost V -algebras. 

(ii) The functor M ^ M^from R^-Mod to R-Mod (resp. from i^^-AIg to -R-AIgj is right 
adjoint to the localization functor R-Mod i?''-Mod (resp. i?-Alg R'^-Alg). 

(Hi) The counit of the adjunction ^ M is a natural isomorphism from the composition of 
the two functors to the identity functor lija.Mod (resp. iRa.Aig)- 



Proof, (i) has already been remarked. We show (ii). In light of remark [2.2. 12| (applied with 
W = R) we can assume that V = R. Let M be a V-module and N an almost V-module; we 
have natural bijections 

Homy..Mod(M", N) ^ Homya.Mod(M", (iV,)'^) ^ Homy(m ®y M, A^,) 

~ Homy(M, Homy(m, A^,)) ~ Homy(M, Homya.Mod(^, (N^T)) 
~ Homy (M, AT,) 



which proves (ii). Now (iii) follows by inspecting the proof of (ii), or by Ch.III Prop. 3] . □ 

Remark 2.2.14. (i) Let Mi, M2 be two A-modules. By proposition |2.2.13| (iii) it is clear that 
a morphism : Mi M2 of A-modules is uniquely determined by the induced morphism 
Ml,, — i> M2=K. On this basis, we will very often define morphisms of A-modules (or A-algebras) 
by saying how they act on almost elements. 

(ii) It is a bit tricky to deal with preimages of almost elements under morphisms: for instance, 
if : Ml — > M2 is an epimorphism (by which we mean that Coker ~ 0) and m2 € M2*, then 
it is not true in general that we can find an almost element mi G Mi* such that 0*(mi) = m2. 
What remains true is that for arbitrary e G m we can find mi such that 0*(mi) = e ■ 1122. 



(iii) The existence of the right adjoint M 1-^ M* follows also directly from [ ]38| , Chap. Ill §3 
Cor.l or Chap.V §2]. 

Corollary 2.2.15. The categories A-Mod and A-Alg are both complete and cocomplete. 

Proof. We recall that the categories A*-Mod and A^-Alg are both complete and cocomplete. 
Now let / be any small indexing category and M : I ^ A-Mod be any functor. Denote by 
M=K : / y4*-Mod the composed functor i M(i)^. We claim that coUm M = (coUm M^)"-. 

The proof is an easy application of proposition |2.2.13| (iii). A similar argument also works for 



limits and for the category A-Alg. □ 
2.2.16. For any V"-algebra A, The abelian category A-Mod satisfies axiom (AB5) (see e.g. 



[57, §A.4]) and it has a generator, namely the object A itself. It then follows by a general result 



that A-Mod has enough injectives. 

Corollary 2.2.17. The functor M hh^ M^from _R"-Mod to i?-Mod sends injectives to injec- 
tives and injective envelopes to injective envelopes. 

Proof. The functor M ^ M* is right adjoint to an exact functor, hence it preserves injectives. 
Now, let J be an injective envelope of M ; to show that J* is an injective envelope of M*, it 
suffices to show that J* is an essential extension of M*. However, if C J* and A^ fl M* = 0, 
then A^" n M = 0, hence mA^ = 0, but J* does not contain m-torsion, thus A^ = 0. □ 
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2.2.18. Note that the essential image of M i— > M^, is closed under limits. Next recall that the 
forgetful functor A^-Alg Set (resp. y4*-Mod Set) has a left adjoint v4,,[— ] : Set 
y4*-AIg (resp. A^^^ : Set y4*-Mod) that assigns to a set S the free A*-algebra A* [5] (resp. 
the free A*-module Ai^^) generated by S. If S is any set, it is natural to write A[S] (resp. A^^^) 
for the A-algebra (yl*[S'])° (resp. for the A-module {Ai^^)°-. This yields a left adjoint, called 
the free A-algebra functor Set A-Alg (resp. the free A-module functor Set A-Mod) to 
the "forgetful" functor A-AIg Set (resp. A-Mod Set) B ^ B^. 

2.2.19. Now let R be any V-algebra; we want to construct a left adjoint to the localisation 
functor i?-Mod R'-Mod. For a given i?''-module M, let 

(2.2.20) Ml :=m®y(M,). 

We have the natural map (unit of adjunction) R i?", so that we can view M as an i?-module. 

Proposition 2.2.21. Let Rbe a V -algebra. 

(i) The functor i?'^-Mod — > i?-Mod defined by ( |2.2.20| ) is left adjoint to localisation. 

(ii) The unit of the adjunction M is a natural isomorphism from the identity functor 
li?<"-Mod to the composition of the two functors. 

Proof, (i) follows easily from ( |2.2.4| ) and (ii) follows easily from (i). □ 



Corollary 2.2.22. Suppose thatxn is aflat V -module. Then we have : 

(i) the functor M ^ M\ is exact; 

(ii) the localisation functor i?-Mod i^'^-Mod sends injectives to injectives. 



Proof. By proposition [2.2.21| it follows that M Mi is right exact. To show that it is also left 



exact when m is a flat V-module, it suffices to remark that M i-^ is left exact. Now, by (i), 
the functor M i— > M"- is right adjoint to an exact functor, so (ii) is clear. □ 

2.2.23. Let B be any A-algebra. The multiplication on B^ is inherited by B\, which is there- 
fore a non-unital ring in a natural way. We endow the V-module V ® B\ with the ring structure 
determined by the rule: (v, h) ■ {v', h') := (v ■ v' ,v ■ b' + v' ■ b + b ■ b') for all v,v' ^ V and 
6, b' E Bt. Then y © i?; is a (unital) ring. We notice that the l^-submodule generated by all the 
elements of the form {x ■ y, — x ® |/ ® 1) (for arbitrary x,y E m) forms an ideal I of V ® B\. 
Set B\i := (y © B\)/I. Thus we have a sequence of V-modules 

(2.2.24) ^ m ^ V © 5. ^ 5,1 ^ 

which in general is only right exact. 



Definition 2.2.25. We say that B is an exact V"^ -algebra if the sequence (2.2.24) is exact 



Remark 2.2.26. Notice that if m ^ m (e.g. when m is flat), then all l^"-algebras are exact. 
In the general case, if B is any A-algebra, then x B is always exact. Indeed, we have 
{V X fi)^ ~ X B^ and, by remark IT^i), m ©y V;" ~ m. 

Clearly we have a natural isomorphism i? ~ i?n. 

Proposition 2.2.27. The functor B Bu is left adjoint to the localisation functor An-Alg 
A-Alg. 

Proof. Let B be an A-algebra, C an An-algebra and : 5 — > C"^ a morphism of A-algebras. 
By proposition |2.2.21| we obtain a natural A^-linear morphism B\ — > C. Together with the 
structure morphism V ^ C this yields a map (f) : V ® Bi ^ C which is easily seen to be a 
ring homomorphism. It is equally clear that the ideal / defined above is mapped to zero by (j). 
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hence the latter factors through a map of Aii-algebras B\\ C. Conversely, such a map induces 
a morphism of A-algebras B ^ just by taking localisation. It is easy to check that the two 
procedures are inverse to each other, which shows the assertion. □ 

Remark 2.2.28. (i) The functor of almost elements commutes with arbitrary limits, because 
all right adjoints do. It does not in general commute with colimits, not even with arbitrary 
infinite direct sums. Dually, the functors M ^ M\ and B ^ Bw commute with all colimits. In 
particular, the latter commutes with tensor products. 

(ii) Resume the notation of remark [2.2. 12| . The change of setup functor {W, miy)"-Mod — > 



IV"-Mod commutes with the operations M ^ and M ^ Mi. The corresponding func- 
tor F : (ly, miy)''-Alg ^ l^-Alg satisfies the identity: F{B)u (g)vF,? W = Bu for every 
{W,xnWY-dXgQhxa.B. 

2.3. Uniform spaces of almost modules. Let A be a l^"-algebra. For any cardinal number c, 
we let ^c{A) be the set of isomorphism classes of A-modules which admit a set of generators 
of cardinality < c. In the following we fix some (very) large infinite cardinality uj, and suppose 
that the isomorphism classes of all our A-modules lie in ^^^{A). The choice of uj is required to 
avoid set-theoretical inconsistencies, but it is immaterial for our purposes, so we will henceforth 
just write ^{A) instead of ^^^{A). 

Definition 2.3.1. Let A be a V^"-algebra and M an A-module. 

(i) We define a uniform structure on the set J^yi(M) of A-submodules of M, as follows. 
For every finitely generated ideal nxo C m, the subset of ^a{M) x J^^(M) given by 
-EA/(nxo) := {(Mo, Mi) | moMo C Mi and rrioMi C Mq} is an entourage for the uniform 
structure, and the subsets of this kind form a fundamental system of entourages. 

(ii) We define a uniform structure on ^{A) as follows. For every finitely generated ideal 
mo C m and every integer n > we define the entourage _E'^(mo) C ^{A) x ^[A], 
which consists of all pairs of A-modules (M, M') such that there exist a third module 

and morphisms cp : N M, : N ^ M', such that mo annihilates the kernel 
and cokernel of (p and tp. We declare that the E,^{xno) form a fundamental system of 
entourages for the uniform structure of ^{A). 

Remark 2.3.2. Notice that the entourage _E',^(mo) can be defined equivalently by all the pairs 
of A-modules (M, M') such that there exists a third module L and morphisms p' : M ^ L, 
ip : M' — > L such that mo annihilates the kernel and cokernel of <p and <p. Indeed, given a 
pair (M, M') G -E',^(mo), and a datum {N, (p, ip) as in definition |2.3.1| (ii), a datum (L, 0', ip') 
satisfying the above condition is obtained from the push out diagram 

N ^M 

(2.3.3) ^ 

^' 



Conversely, given a datum (L, ip'), one obtains another diagram as ( |2.3.3D , by letting be 
the fibred product of M and M' over L. 

23 A. We will also need occasionally a notion of "Cauchy product" : let ^ formal 

infinite product of ideals /„ C A. We say that the formal product satisfies the Cauchy condition 
(or briefly : is a Cauchy product) if, for every neighborhood of A in ^a{A) there exists 
no > such that n^tf„ /m e ^ for all n > no and all p > 0. 

Lemma 2.3.5. Let M be an A-module. 



(i) ^a{M) with the uniform structure of definition [2.3. 1| is complete and separated. 
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(ii) The following maps are uniformly continuous : 

(a) J^a{M) X J^a{M) ^a{M) : (M', M") ^ M' n M". 

(b) J^a{M) X ^a(M) ^a(M) : (M', M") ^ M' + M". 

(c) ^a{A) X ^^(A) ^ ^^(A) : (/, J) ^ IJ. 

(iii) For any A-linear morphism (p : M N, the following maps are uniformly continuous: 

(a) ^a(M) ^a(A^) : M' ^ 0(M'). 

(b) ^a{N) ^a(M) : A^' ^ 0~^(A^')- 

Proof, (i) : The separation property is easily verified. We show that ^a{M) is complete. 
Therefore, suppose that ^ is some Cauchy filter of ^a{M). Concretely, this means that 
for every finitely generated mo C m, there exists F(mo) G ^ such that mo/ C J for ev- 
ery I,J e -F(mo). Let L := [jp^^^f]^^^, I). We claim that L is the limit of our fil- 
ter. Indeed, for a given finitely generated mo C m, we have mo/ C fljeFCmo) every 
/ G F{mo), whence mo/ C L. On the other hand, if / G F C F{mo), we can write: 
moL = [JF'cF^oirijeF' J) ^ UE'cpiCljeF' ^oJ) C Uf'cf^ = / (where F' runs over 
all the subsets F' e ^ such that F' C F). This shows that {L,I) G F^/(mo) whenever 
/ G F(mo), which implies the claim, (ii) and (iii) are easy and will be left to the reader. □ 

Remark 2.3.6. In general, the uniform space ^{A) is not separated. In view of proposition 
3.2.301 , a counterexample is provided by remark |3.2.29| . 



Lemma 2.3.7. Let (p : M ^ N be an A-linear morphism, B an A-algebra. The following 
maps are uniformly continuous : 

(i) J^{A) Ja{A) : M ^ AnnA(M). 

(ii) ^a(M) X ^AiN) Jl{A) ■ [M\ N') ^ (0(M') + N')/(j){M'). 

(iii) ^{A) X ^{A) ^{A) : {M',M") ^ alHomA(M', M"). 

(iv) ^{A) X ^{A) J{\A) ■ (M', M") ^ M' ®a M". 

(v) ^{A) Ji({B) : M y-^ B®aM. 

(vi) ^{A) JI\a) : M ^ k\M for any r > 0, provided (B) holds. 

Proof. We show (iv) and leave the others to the reader. By symmetry, we reduce to verifying 
that, if (M', M") G F^(mo) and N is an arbitrary A-module, then (iV ®a M', N ^a M") G 
E^iyc^). Then we can further assume that there is a morphism (p : M' M" with mo ■ 
Ker0 = mo ■ Coker^ = 0. We factor as an epimorphism followed by a monomorphism 

Mi ^ Im(/), ^ Mi;, and then we reduce to checking that the kernels and cokemels of both 
Iat ®a 4>i and Iat ®a 4>2 are killed by mo. This is clear for 1^ ®a 4>i, and it follows easily for 
1 N ®A <p2 as well, by using the Tor sequences. □ 

Definition 2.3.8. For a subset S of a topological space T, let S denote the adherence of S in T. 
Let M be an A-module. 

(i) M is said to he. finitely generated if its isomorphism class lies in IJneN -^niA). 



(ii) M is said to be almost finitely generated if its isomorphism class lies in IJneN -^niA). 

(iii) M is said to be uniformly almost finitely generated if there exists an integer n > such 
that the isomorphism class of M lies in ^„(A) := ^„(y4). Then we will say that n is a 
uniform bound for M. 

(iv) M is said to be finitely presented if it is isomorphic to the cokemel of a morphism of 
free finitely generated A-modules. We denote by ^(A) C ^(A) the subset of the 
isomorphism classes of finitely presented A-modules. 

(v) M is almost finitely presented if its isomorphism class lies in ^ ^(A). 
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Remark 2.3.9. Under condition (A), an A-module M lies in ^n{A) if and only if, for every 
e G m there exists an A-linear morphism ^ M whose cokernel is killed by e. 

Proposition 2.3.10. Let M be an A-module. 

(i) M is almost finitely generated if and only if for every finitely generated ideal mo C m 
there exists a finitely generated submodule Mq C M such that xn^M C Mq. 

(ii) The following conditions are equivalent: 

(a) M is almost finitely presented. 

(b) for arbitrary e, 5 G m there exist positive integers n = n{e), m = m{e) and a three 
term complex A™ A" M with e ■ Coker((/)e) = and 5 ■ Ker C Im ifje- 

(c) For every finitely generated ideal nio C m there is a complex A™ A" M with 
mo ■ Coker = and mo ■ Ker (p dlvciip. 

Proof, (i): Let M be an almost finitely generated A-module, and mo C m a finitely generated 
subideal. Choose a finitely generated subideal mi C m such that mo C m^; by hypothesis, there 
exist y4-modules M' and A/", where M" is finitely generated, and morphisms / : M' — > M, g : 
M' — > M" whose kernels and cokemels are annihilated by mi. We get morphisms mi ®vM" 
Im((7) and mi ®v M', hence a composed morphism : mi ®y nxi ®y M" — > M'; it 

is easy to check that Coker(/ o 0) is annihilated by mf , hence Mq := Im(/ o 0) will do. 
To show (ii) we will need the following : 

Claim 2.3.1 1. Let Fi be a finitely generated A-module and suppose that we are given a,b eV 
and a (not necessarily commutative) diagram 

Fi^^M 




such that go0 = a ■ p, p o ip = b ■ q. Let / C be an ideal such that Ker q has a finitely 
generated submodule containing / ■ Kerg. Then Keip has a finitely generated submodule 
containing ab ■ I ■ Ker p. 

Proof of the claim: Let R be the submodule of Ker q given by the assumption. We have Im(^ o 
(f) — ab ■ Ipj) C Kerp and '0(-R) C Kerp. We take Ri := lra(ijj o cj) — ab ■ l^J + ipiR). 
Clearly 0(Kerp) C Kerg, so / ■ 0(Kerp) C R, hence I ■ ip o 0(Kerp) C ^/'(-R) and finally 
ab ■ I ■ Ker p d Ri. 

Claim 2.3.12. If M satisfies condition (b) of the proposition, and : F ^ Af is a morphism 
with F ^ A", then for every finitely generated ideal mi C m ■ Anny (Coker 0) there is a finitely 
generated submodule of Ker containing mi ■ Ker 0. 

Proof of the claim: Now, let 5 G Anny (Coker 0) and £i, £2, £^3, ^ nx. By assumption there is 
a complex M with si ■ Coker g = 0, £2 ■ Ker g C Im t. Letting Fi := F , F2 := A'^ , 

a := £1 ■ £3, 6 := £4 ■ 5, one checks easily that ip and can be given such that all the assumptions 
of claim [2.3.1 1| are fulfilled. So, with / := £2 ■ ^ we see that ei ■ 62 ■ s^^ ■ ■ 5 ■ Ker lies in 



a finitely generated submodule of Ker 0. But mi is contained in an ideal generated by finitely 
many such products ei ■ 82 ■ ■ 64^ - 5. 

Now, it is clear that (c) implies (a) and (b). To show that (b) implies (c), take a finitely 
generated ideal mi C m such that mo C m ■ mi, pick a morphism : A" — > M whose cokernel 
is annihilated by mi, and apply claim ^3TT2| . We show that (a) implies (c). For a given finitely 



generated subideal mo C m, pick another finitely generated mi C m such that mo C mi; find 
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morphisms / : M' —>■ M and g : M' — > M" whose kernels and cokemels are annihilated by mi, 
and such that M" is finitely presented. Let €:= (ei, ...,£,.) be a finite sequence of generators of 
mi, and denote by i^, := K,(e) the Koszul complex of K-modules associated to the sequence 
e. Set m[ := Coker(_ft"2 — ^ -^i); we derive a natural surjection d : m'l ^ mi and, for every 
i = 1, r, maps et : V ^ m[ such that the compositions 

m^^ ^ mi ^ K ^ m^^ V ^ xxii ^ xni "-^ V 

are both scalar multiplication by Si. Hence, for every V"-module A^, the kernel and cokemel of 
the natural morphism m'^^ ®y ^ are annihilated by mi. Let now be as in the proof of (i); 
notice that the diagram: 

mi ®y mi ®v M' ^ M' 

mi ^v- mi ®v M" ^ M" 

commutes. It follows that the composed morphism 

m[ (g)v m[ ®y M" mi (g)v mi ®y M" ^ M' ^ M 
has kernel and cokernel annihilated by m'^, so the claim follows. □ 

2.3.13. Suppose that m = Uaga where (mA | A G A) is a filtered family of subideals such 
that m\ = mx for every A e A. Let i? be a F-algebra, M an i?-module, and denote by (resp. 
R"^) the {V, mA)"-algebra (resp. {V, m)-algebra) associated to R; define similarly and M^, 
for all A G A. 

Lemma 2.3.14. With the notation of ( |2.3.13| ), the following conditions are equivalent: 

(i) M"- is an almost finitely generated (resp. almost finitely presented) R'^ -module. 

(ii) is an almost finitely generated (resp. almost finitely presented) R^module for all 
A G A. 

Proof. We only give the proof for the case of almost finitely presented modules, and let the 
reader spell out the analogous (and easier) argument for almost finitely generated modules. 

(i) =^ (ii) : for given A G A and a finitely generated subideal mo C mA, pick a complex 
(R"-)'^ (/?")" — > as in proposition |2.3.10| (ii.c); after applying termwise the natural 
functor _R"-Mod — * _R^-Mod, we obtain another complex that satisfies again the condition of 
proposition |2 . 3 . 1 0| (ii .c) , so the claim follows. 



(ii) =^ (i) : for finitely generated mo C m find A G A such that mo C mA; then pick a complex 

(i?^)™ X (i?«)" ^ as in the foregoing. Set A^ := let A^'^ be the image of A^ in 

_R'*-Mod and notice that (M", A^") G E,^{mo). Let ei, be a set of generators for mo; let 
a : -R™ — > (-Ra*)" '^he composition of the adjunction map i?™ (-^a*)™ the map ip*- 
Let ei, Cfc be a basis ofV^ and /i, .../„ a basis of i?*"; we define a map f3 : V'^^yR"^ -R™ 
by the rule: ® fj ^ £i ■ fj. The map a o p lifts to an /?- linear map 7 : V'' ®v ~^ R^ 
and 0* induces an _R-linear map Coker 7 — A^ whose kernel and cokemel are annihilated by 
mo ■ m. All in all, this shows that (Coker 7", M") G E^lxn^), so the claim follows. □ 

The following proposition generalises a well-known characterization of finitely presented 
modules over usual rings. 

Proposition 2.3.15. Let M be an A-module. 
(i) M is almost finitely generated if and only if, for every filtered system {Nx, (pXfi) (indexed 
by a directed set A ) the natural morphism 

(2.3.16) M : conmalHomA(M, A^a) ^ alHomA(M, colim A^a) 

A A 
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is a monomorphism. 

(ii) M is almost finitely presented if and only if for every filtered inductive sytem as above, 
( [2.3.16[ ) is an isomorphism. 

Proof. The "only if" part in (i) (resp. (ii)) is first checked when M is finitely generated (resp. 
finitely presented) and then extended to the general case. We leave the details to the reader and 
we proceed to verify the "if" part. For (i), choose a set / and an epimorphism p : A^^'^ M. 
Let A be the directed set of finite subsets of /, ordered by inclusion. For 5 G A, let Ms ■ = 
p(A^). Then colim (Ml Ms) = 0, so the assumption gives colimalHom^fM, M/Ms) = 0, i.e. 

A A 

colim Homyi(M, Ml Ms) = is almost zero, so, for every e G m, the image of e ■ 1m in the 

A 

above colimit is 0, i.e. there exists 5* G A such that eM C Ms, which proves the contention. For 
(ii), we present M as a filtered colimit colim Ma, where each M\ is finitely presented (this can 

A 

be done e.g. by taking such a presentation of the y4^,-module and applying N hh> A^"). The 
assumption of (ii) gives that colim Hom^(M, Mx) Hom^(M, M) is an almost isomorphism, 

A 

hence, for every 5 G m there is A G A and (f)^ : M ^ Mx such that px o (ps = £ ■ 1m, where 
Px '■ Mx M is the natural morphism to the colimit. If such a (f)^ exists for A, then it exists 
for every fi > \. Hence, if nxo C m is a finitely generated subideal, say mo = Yl'j ^^j' 
then there exist A G A and (pi : M ^ Mx such that px ° <Pi = £i ■ Im for ^ = 1, k- Hence 
lm(0j — ■ 1 Mx ) is contained in Ker px and contains ■ Ker px. Hence Ker px has a finitely 
generated submodule L containing mo ■ Keipx- Choose a presentation A"^ ^ Mx- 

Then one can lift x^qL to a finitely generated submodule L' of A". Then Ker(7r) + L' is a 
finitely generated submodule of Ker(pA o tt) containing mg ■ Ker(pA o tt). Since we also have 



mo ■ Coker(pA o tt) = and mo is arbitrary, the conclusion follows from proposition [2.3. 10| . □ 



Lemma 2.3.17. Let M' M M" —>■ be an exact sequence of A-modules. Then: 

(i) IfM', M" are almost finitely generated (resp. presented) then so is M. 

(ii) If M is almost finitely presented, then M" is almost finitely presented if and only if M' is 
almost finitely generated. 



Proof. These facts can be deduced from proposition [2.3. 15| and remark |2.4.12| (iii), or proved 



directly. □ 

Lemma 2.3.18. Let {Mn ; (pn '■ Mn — > M„+i \ n E N) be a direct system of A-modules and 
suppose there exist sequences (£„ | n G N) and (5„ | n G N) of ideals ofV such that 

(i) lim £^ = V"" (for the uniform structure of definition |2.3.1[ j and H^n ^ Cauchy 

n^oo J 

product (see ( |2.3.4| ); 

(ii) for all n E N there exist integers N(^n) and morphisms of A-modules ipn '■ A^^'^'^ Mn 
such that 6n ■ Coker ipn = 0; 

(iii) 6n ■ Coker 0„ = for all n G N. 

Then colim M„ is an almost finitely generated A-module. 

nGN 

Proof Let M := colim M„. For any n G N let a„ = r\m>aiW^=n ^j)- Then lim a„ = V. 

ngN — n— >oo 

For m > n set (f)n,m = 4>m ° ■■■ ° 4>n+i o 4>n '■ Mn — > M^+i and let 0„_oo : Mn — M be the 
natural morphism. An easy induction shows that YYjLn ' Coker 0„_m = for all m > n G N. 
Since Coker (pnoo = colim Coker 0„ „ we obtain a„ ■ Coker 0„ oo = for all nGN. Therefore 

' rrteN ' ' 

En ■ On ■ Coker(0„ oo o ipn) = for all nGN. Since lim £„ ■ a„ = V, the claim follows. □ 

' n— >oo 

In the remaining of this section we assume that condition (B) of ( |2.1.6| ) holds. We wish to 
define the Fitting ideals of an arbitrary uniformly almost finitely generated A-module M. This 
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will be achieved in two steps: first we will see how to define the Fitting ideals of a finitely 
generated module, then we will deal with the general case. We refer to [ |5T| , Ch.XIX] for the 
definition of the Fitting ideals Fj(M) of a finitely generated module over an arbitrary ring R. 

Lemma 2.3.19. Let R be a V -algebra and M, N two finitely generated R-modules with an 
isomorphism of R"^ -modules ~ A^'*. Then Fi{MY = Fi{NY for every i > 0. 

Proof. By the usual arguments, for every e G m we have morphisms a : M ^ N, P : N ^ M 
with kernels and cokernels killed by e^. Then we have: Fi{N) D Fj(Ima;) ■ Fo(Coker a). If 
is generated by k elements, then the same holds for Coker a, whence Ann/j(Coker a)^ C 
Fo(Cokera), therefore e'^^R C Fo(Cokera;), and consequently Fi{N) D e'^'' Fi{lm a) . Since 
Im(a) is a quotient of M, it is clear that Fi{M) C Fi{lma), so finally e'^'^Fi^M) C Fi{N). 
Arguing symmetrically with (3 one has e^^Fi^N) C Fi{M). Since we assume (B), the claim 
follows. □ 



2.3.20. Let M be a finitely generated A-module. In light of lemma [2.3. 19| , the Fitting ideals 
Fi{M) are well defined as ideals in A. 

Lemma 2.3.21. Let mo C m be a finitely generated subideal and n G N. Pick ei, ...,ek G m 

suchthatvn-Q C (ef", e^") and set xui := {ei,...,ek). Then {Fi{M) , Fi{M')) G EA{mo)for 
every (M, M') G -E.^(mi) such that M and M' are generated by at most n of their almost 
elements. 

Proof. Let M, M' be as in the lemma. By hypothesis, there exist an A-module A^ and mor- 
phisms (f) : N ^ M and ip : N ^ M' such that nxi annihilates the kernel and cokernel of and 
ip. By symmetry, it suffices to show that ef^Fi{M) C Fi{M') for every i = 1, /c. Now, for 
every i < k, the morphism M ^ M : x ^-^ Ei ■ x factors through a morphism a : M — > 0(A^), 
and similarly, scalar multiplication by Si on A^ factors through a morphism P : (j){N) — > A^. 
Then r] := ip o p o a : M M' has kernel and cokernel annihilated by ef. Pick finitely 
generated A* -modules L d M^, L' d Ml such that = M and L"" = M' . Replacing L' 
by L' + r]^{L) we can assume that r/*(L) C L' . Then F,(M) = F^(L)^ Fi{L'Y = F,{M') 
and Fi{L') D Fi{L/{L fl Ker r]^)) ■ Fo{L' /rj^L). Since L'/r]^{L) is generated by at most 
n elements and is annihilated by ■ m, we have ef" ■ m C Fq{L' /{r]^L)). Furthermore 
Fi{L/{L n Ker r/*)) D Fi{L), so the claim follows. □ 

Proposition 2.3.22. For every i,n > 0, the map Fi : ^„(A) — > J^a{A.) is uniformly continu- 
ous and therefore it extends uniquely to a uniformly continuous map Fi : ^„(v4) — > J'^i^A). 



Proof. The uniform continuity follows readily from lemma |2.3.21| . Since J^AiA) is complete, it 
follows that Fi extends to the whole of Finally, the extension is unique because J^a(^) 

is separated. □ 

Definition 2.3.23. Let M be a uniformly almost finitely generated A-module. We call Fi{M) 
the i-th Fitting ideal of M. 

Proposition 2.3.24. (i) Let M' M M" be a short exact sequence of uniformly 
almost finitely generated A-modules. Then: J2j+k=i^ji^^')'^k{M") C Fi{M) for every i > 0. 

(ii) For every uniformly almost finitely generated A-module M, any A-algebra B and any 
i>Owe have Fi{B M) = Fi{M) ■ B. 



Proof, (i): Let n be uniform bound for M and M'\ by remark 2.3.2 we can find, for every 



subideal mo C m, A-modules Mq, M'q, L, L' and morphisms M ^ L ^ Mo, M' ^ L' ^ 
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whose kernels and cokemels are annihilated by mo, and such that Mq and Mq are generated by 
n almost elements. Let be defined by the push-out diagram 

M' M -^-^ L 



L' 



N. 



Furthermore set M{ := lm{j'of3' : N), Mi := Im((7o/5)©(7'o/3') : Mq®M^ N) and 

let M" be the cokernel of the induced monomorphism M[ — > Mi . We deduce a commutative 
diagram with short exact rows: 







M' 



M 



M" 







(2.3.25) 



Im7' 



Coker 7' 



M[ Ml M'l 0. 

One checks easily that the kernels and cokemels of all the vertical arrows in ( |2.3.25D are an- 



nihilated by mg, /.e. (M,Mi), (M',M{), (M",M") e E,^{ml). Letxi,...,x„ G Mq* (resp. 
x'l, G Mq^) be a set of generators for Mq (resp. for Mq). For every i = 1, ...,n, let 

Zi := 7 o and z[ := 7' o Let Q' C A^* (resp Q C A^*) be the A* -module gen- 

erated by the z[ (resp. and by the z-^. It is clear that the bottom row of ( [2.3.25[ ) is naturally 



isomorphic to the short exact sequence {{^ ^ Q' Q ^ Q/Q' ^ 0)". It is well-known 
that Fi{Q') ■ Fj{Q/Q') C Fi+j{Q) for every i,j G N; by lemma |2.3.5K ii.c) and proposi- 
tion [2.3.22| all the operations under considerations are uniformly continuous, so we deduce 
Fi{M') ■ Fj{M/M') C Fi+j{M), which is (i). 

(ii): since the identity is known for usual finitely generated modules over rings, the claim 
follows easily from proposition [2.3.22| and lemma |2.3.7| (v). □ 



2.4. Almost homological algebra. In this section we fix an almost \^-algebra A and we con- 
sider various constructions in the category of A-modules. 



2.4.1. By corollary [2.2. 15| any inverse system (M„ | n G N) of A-modules has an (inverse) 



limit limM. As usual, we denote by lim^ the right derived functor of the inverse limit functor. 

ngN 

Notice that [ |67| , Cor. 3.5.4] holds in the almost case since axiom (AB4*) holds in A-Mod (on 
the other hand, [ |67| , Lemma 3.5.3] does not hold under (AB4*), (the proof given there uses 
elements : for a counterexample in an exotic abelian category, see []57[]). 



Lemma 2.4.2. Let (M„ ;(/)„: M„ ^ M^+i | n G N) (resp. (A^„ ; ipn ■ Nn+i ^ A^„ | n G N)) 
be a direct (resp. inverse) system of A-modules and morphisms and (£„ | n G N) a sequence of 
ideals ofV converging to V (for the uniform structure of definition [2.3. l| j. 



(i) If En ■ M„ = Ofor alln eN then colim M„ ~ 0. 

neN 

(ii) If En ■ Nn = Ofor all neN then limNn ^ ~ lim^A^„. 

neN ngN 



(iii) If En ■ Cokei ^jJn = Ofor a// n G N and YHLo ^ Cauchy product, then lim^A^„ ~ 0. 



neN 



Proof, (i) and (ii) : we remark only that lim^A^„ ~ lirn^ Nn+,n for all p G N and leave the details 

neN neN 

to the reader. We prove (iii). From \WA Cor. 3.5.4] it follows easily that (lim 

^ — ' neN neN 



ALMOST RING THEORY 



23 



It then suffices to show that lim^A^„^. is almost zero. We have el ■ Cokei ipn* = and the 
product Hjlo^i again a Cauchy product. Next let A^;^ := f]p>Q Im(A^„+p* A^n*)- If 
Jn ■= nn>o(^" ■ ^n+i ' ■■■ ' ^n+pf then J„A^„* C N^^ and lim = In view of (ii), 
\m)}Nn*/N' is almost zero, hence we reduce to showing that lim^A^^ is almost zero. But 

neN neN 

Jn+p+q ■ K c "^^{K+p+q ^ K) c imiK+p K) 

for all n,p,q G N. On the other hand, since the ideals converge to V"-, we get U^o ^ ' 
J n+p+q = nx, hence mN^ C Im(A^;^_^p N'^) and finally vciN'^ = m^Nl^ C Im(mA^^_^p 
xnN!^) which means that {mA^^} is a surjective inverse system, so its lim^ vanishes and the 
result follows. □ 



Example 2.4.3. Let (V, m) be as in example [2. 1.2| . Then every finitely generated ideal in V is 
principal, so in the situation of the lemma we can write Ej = (xj) for some xj E V. Then the 
hypothesis in (iii) can be stated by saying that there exists c G N such that Xj ^ for all j > c 
and the sequence n t-^ Y['j=c l-'-il Cauchy in T. 

Definition 2.4.4. Let M be an A-module. 

(i) We say that M is flat (resp. faithfully flat) if the functor N M ®a N, from the category 
of A-modules to itself is exact (resp. exact and faithful). 

(ii) We say that M is almost projective if the functor A^ i— > alHom^(M, A^) is exact. 

For euphonic reasons, we will use the expression "almost finitely generated projective" to de- 
note an A-module which is almost projective and almost finitely generated. This convention 
does not give rise to ambiguities, since we will never consider projective almost modules : in- 
deed, the following example [2. 4. 5| explains why the categorical notion of projectivity is useless 
in the setting of almost ring theory. 



Example 2.4.5. First of all we remark that the functor M i-^ Mi preserves (categorical) pro- 
jectivity, since it is left adjoint to an exact functor. Moreover, if Pi is a projective V-module P 
is a projective l^'^-module, as one checks easily using the fact the the functor M i— > Mi is right 
exact. Hence one has an equivalence from the full subcategory of projective K"-modules, to 
the full subcategory of projective V"-modules P such that P = m ®v P- The latter condition is 
equivalent to P = mP; indeed, as P is flat, we have raP = ra ®v P- 

As an example, suppose that V is local; then every projective V"-module is free, so if m 7^ \^ 
the condition P = mP implies P = 0, ergo, there are no non-trivial projective \^"-modules. 



Lemma 2.4.6. Let M be an almost flnitely generated A-module and B aflat A-algebra. Then 
AnnB(P M) = B®a AnnA(M). 



Proof. Using lemma |ZX7| (i),(v) we reduce easily to the case of a finitely generated A-module 
M. Then, let xi, G M* be a finite set of generators for M; we have: Ann^(M) = : 
A M^), where is defined by the rule: a (a ■ Xi, a ■ Xk) for every a G A*. Since B is 
flat, we have Ker(lB ®a (p) — B ®^ Ker 0, whence the claim. □ 



Lemma 2.4.7. Let P be one of the properties : "flat", "almost projective", "almost flnitely 
generated", "almost flnitely presented". If B is a P A-algebra, and M is aP B-module, then 
M is P as an A-module. 



Proof. Left to the reader. 



□ 
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2.4.8. Let i? be a F-algebra and M a flat (resp. faithfuUy flat) i?-module (in the usual sense, 



see [|4|, p.45]). Then M'' is a flat (resp. faithfully flat) i^^-module. Indeed, the functor M(^r- 
preserves the Serre subcategory of almost zero modules, so by general facts it induces an exact 
functor on the localized categories (cp. p. 369]). For the faithfuUness we have to show that 
an i?-module N is almost zero whenever M is almost zero. However, M 0ji N is almost 
zero ^ M i^R{xn0v N) = m = is almost zero. It is clear that A-Mod has 

enough almost projective (resp. flat) objects. 

2.4.9. Let i? be a V^-algebra. The localisation functor induces a functor G : D(_R-Mod) — > 
D(i?"-Mod) and, in view of corollary |2.2.22| , M ^ AL induces a functor F : D(i?''-Mod) 
D(i?-Mod). We have a natural isomorphism G o F ^ lD(i?"-Mod) and a natural transforma- 
tion F o G lD(i?-Mod)- These satisfy the triangular identities of [ |53| , p. 83] so F is a left 
adjoint to G. If S denotes the multiplicative set of morphisms in D(i?-Mod) which induce 
almost isomorphisms on the cohomology modules, then the localised category S~^D(_R-Mod) 
exists (see e.g. [ |57| , Th. 10.3.7]) and by the same argument we get an equivalence of categories 
S-iD(i?-Mod) ^ D(i?"-Mod). 

2.4.10. Given an A-module M, we can derive the functors M ®a — (resp. alHom^(M, — ), 
resp. alHomyi(— , M)) by taking flat (resp. injective, resp. almost projective) resolutions : 
one remarks that bounded above exact complexes of flat (resp. almost projective) A-modules 
are acyclic for the functor M ®a — (resp. alHom^(— , M)) (recall the standard argument: if 
F, is a bounded above exact complex of flat A-modules, let $, be a flat resolution of M; then 
Tot($, ®aF,) M®aF, is a quasi-isomorphism since it is so on rows, and Tot($, 0a -^•) is 
acyclic since its columns are; similarly, if P, is a complex of almost projective objects, one con- 
siders the double complex alHomA(-P., J') where J* is an injective resolution of M; cp. [ |67| , 
§2.7]); then one uses the construction detailed in Th. 10.5.9]. We denote by Torf (M, — ) 
(resp. alExt^(M, — ), resp. alExt^(— , M)) the corresponding derived functors. If A := R"^ for 
some V^-algebra R, we obtain easily natural isomorphisms 

(2.4.11) Torf (M, A^)" ~ Torf (M^ A^'^) 

for aU i?-modules M, A^. A similar resuk holds for Ext^(M, A^). 

Remark 2.4.12. (i) Clearly, an A-module M is flat (resp. almost projective) if and only if 
Torf (A//, A^) = (resp. alExt^(M, A^) = 0) for aU A-modules A^ and aU i > 0. In particular, 
an almost projective A-module is flat, because for every £ G m the scalar multiplication by e : 
M ^ M factors through a free module. 

(ii) Let M, A^ be two flat (resp. almost projective) A-modules. Then M ®a A^ is a flat (resp. 
almost projective) A-module and for any A-algebra B, the i?-module B 0a M is flat (resp. 
almost projective). 

(iii) Resume the notation of proposition [2.3. 15| . If M is almost finitely presented, then one has 



also that the natural morphism colimalExt^(M, A^a) alExt^(M, colim A^a) is a monomor- 

A A 

phism. This is deduced from proposition [2.3.15K ii), using the fact that (A^a) can be injected 
into an inductive system (Ja) of injective A-modules (e.g. J\ = E^""'^^^^'^\ where E is an 
injective cogenerator for A-Mod), and by applying alExt sequences. 



Lemma 2.4.13. Resume the notation of ( ]2.3.13| ). The following conditions are equivalent: 



(i) M"^ is a flat (resp. almost projective) R"^ -module. 

(ii) is aflat (resp. almost projective) R^-module for every A G A. 

Proof. It is a straightforward consequence of ( |2.4.1 1| ) and its analogue for Ext^(M, A^). □ 



Lemma 2.4.14. Let Rbe a V -algebra. 
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(i) There is a natural isomorphism: Ext^(M!, N) ~ Ext^a(M, N°-) for every R^-module M, 
every R-module N and every integer i eN. 

(ii) If P is an almost projective -module, then hom.dim/jPi < hom.dimvtn. 

Proof, (here horn. dim denotes homological dimension), (i) is a straightforward consequence of 
the existence of the adjunction (F, G) of ( |2.4.9| ). Next we consider, for arbitrary i?-modules M 
and A^, the spectral sequence: 

El'" := Ext^(m, Ext^(M, A^)) ^ Ext^+^(m ®v M, N). 

(this spectral sequence is constructed e.g. from the double complex Homv(-Fp, Homi^(F^, A^)) 
where F, (resp. F'J is a projective resolution of ffi (resp. of M)). If now we let M := P\, we 
deduce from (i) that Ext^(m, Ext^Pi, A^)) ~ Ext^„(V"", Ext%{P, N)") ~ for every peN 
and every g > 0. Since ftx (g)y Pi ~ Pi, assertion (ii) follows easily. □ 

Lemma 2.4.15. Let M be an almost finitely generated A-module. Then M is almost projective 
if and only if for arbitrary e E xn, there exist n{e) G N and A-linear morphisms 

(2.4.16) M ^ ^ M 

such that Vg o Ue = e ■ 1m- 

Proof. Let morphisms as in ( [2.4.16D be given. Pick any A-module A^ and apply the functor 
alExt^(-, A^) to ( |2.4.16| ) to get morphisms 

dmxi\{M,N) alExt^(A"(^), A^) ^ alExt^(M, A^) 

whose composition is again the scalar multiplication by e\ hence e ■ alExt^(M, A^) = for 
alH > 0. Since e is arbitrary, it follows from remark |2.4.12| (i) that M is almost projective. 
Conversely, suppose that M is almost projective; by hypothesis, for arbitrary e G m we can 
find n := n{e) and a morphism (p^ : ^ M such that e ■ Coker^e = 0. Let be the 

image of 0^, so that 0^ factors as M. Also e ■ 1m ■ M ^ M factors as 

M ^ Me ^ M. Since by hypothesis M is almost projective, the natural morphism induced 

by tpe ■ 

alHomA(M, A") ^ alHomA(M, M^) 
is an epimorphism. Then for arbitrary 5 G m the morphism 5 ■ 7^ is in the image of tp*, in other 
words, there exists an A-linear morphism u^s : M ^ such that il)^ o = 5 ■ If now we 
take ■= 0e, it is clear that v^s o u^s = e ■ 5 ■ 1m- This proves the claim. □ 

Lemma 2.4.17. Let R be any ring, M any R-module and C := Coker(0 : P" — > P™) any 
finitely presented (left) R-module. Let C := Coker(0* : P™ P") be the cokernel of the 
transpose of the map 0. Then there is a natural isomorphism 

Torf (C, M) ~ Homjj(C, M)/Im(Homjj(C, P) ®r M). 

Proof We have a spectral sequence : 

p2. := Torf(i/,(Cone0*),M) ^ Pi+j(Cone(0*) ®r M). 

On the other hand we have also natural isomorphisms 

Cone(0*) ®rM ^ HomK(Cone0,P)[l] ®r M ~ HomR(Cone 0, M) [1]. 

Hence : 

EIq ~ P~ ^ Pi(Cone(0*) ®R M)/E^ ~ P'°(HomR(Cone 0, M))/Im(P^^) 

~ HomR(C, M)/Im(HomR(C, P) ®r M) 

which is the claim. □ 
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Proposition 2.4.18. Let Abe a V -algebra. 

(i) Every almost finitely generated projective A-module is almost finitely presented. 

(ii) Every almost finitely presented flat A-module is almost projective. 

Proof, (ii) : let M be such an A-module. Let £,5 E xn and pick a three term complex 



such that 6 ■ Coker (p = 5 ■ Ker(0) /Im(^) = 0. Set P := Coker this is a finitely presented 
A*-module and 0* factors through a morphism (p^ : P ^ M^. Let 7 G m; from lemma |Z4.17| 
we see that 7 ■ is the image of some element YTj=i 4>j ® ^ HomA»(-P, A^) ®a, M*- 
If we define L := A^ and v : P ^ L, w : L ^ by v{x) := {(f)i{x), (f)n{x)) and 
^ri) := Z]J=i Vj'"'^]^ then clearly 7-0 = wov. Let i^' := Ker 0^. Then 5- i^''^ = and 
the map 6-lpa factors through a morphism a : (P/ K)"- ^ P'^. Similarly the map e ■ 1m factors 
through a morphism A : M ^ {P/K)". Let a := v" oa o X : M ^ L" and f3 := : M. 
The reader can check that P o a = e ■ 5 ■ 'j ■ 1m- By lemma |Z4.15| the claim follows. 

(i) : let P be such an almost finitely generated projective A-module. For any finitely gener- 
ated ideal mo C ra pick a morphism (p : A^' ^ P such that mo ■ Coker = 0. If ei, ^fc is a set 
of generators for mo, a standard argument shows that, for any i < k, Si ■ Ip lifts to a morphism 
ipi : P ^ A^/Ker 0; then, since P is almost projective, ejipi lifts to a morphism ipij : P A!' . 
Now claim |23.11| applies with F\ := A!" , F2 := M = P, p := (p, q := Ip and tp := ipij 
and shows that Ker has a finitely generated submodule Mij containing Si ■ Sj ■ Ker 0. Then 
the span of all such Mij is a finitely generated submodule of Ker containing mg ■ Ker 0. By 
proposition [2.3.10K ii), the claim follows. □ 



In general a flat almost finitely generated A-module is not necessarily almost finitely pre- 
sented, but one can give the following criterion, which extends [ ]T7| , §1, Exerc.13]. 

Proposition 2.4.19. If A ^ B is a monomorphism of V"^ -algebras and M is an almost finitely 
generated fiat A-module such that B ®a M is almost finitely presented over B, then M is almost 
finitely presented over A. 

Proof. Let mo be a finitely generated subideal of m and an A-linear morphism : A" — > M 
such that mo • Coker = 0. By assumption and claim P3.12| , we can find a finitely generated 
5-submodule R of Ker(lB ®a 0) such that 

(2.4.20) ml-Kei{lB^A(p) C R. 

By a Tor sequence we have mo ■ Coker(l5 ®a Ker(0) Ker(lB 0a 4>)) = 0, hence m ■ mo ■ 
Coker(lB^ Ker(0)* — > Keiilp ®a 0)*) = 0, therefore there exists a finitely generated 
submodule -Rq of Ker such that 

(2.4.21) mlR C B ■ Im(i?o ^ Ker(lB ®a 0))- 



By lemma |2.4.17| , for every e G m the morphism s ■ (p : A^ / Rq M factors through a 



morphism ip : / Rq — > F, where F is a finitely generated free A-module. Since F C 
B (^ A F, we deduce easily Ker(A"/i?o ^ B'^/B ■ Rq) C Ker ip; on the other hand, by < \2.A.2Q ) 
and ( I2.4.21D we derive mg ■ Ker0 C Ker(A"/i?o — > B"'/B ■ Rq). Thus ip factors through 



M' := AV(i?o + m^ ■ Ker0). Clearly m^ ■ Ker(M' ^ M) = mo ■ Coker(M' ^ M) = 0; 
hence, for every A-module A^, the kernel of the induced morphism 

(2.4.22) alExt^(M, N) alExt\(M', A^) 



is annihilated by m^; however ( |2.4.22| ) factors through a\Ext\{F, N) = 0, therefore mi 



a\Ext\{M,N) = for every A-module N. This shows that M is almost projective, which 



is equivalent to the conclusion, in view of proposition |2.4.18K i). □ 
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Definition 2.4.23. Let M be an A-module, f : A ^ M an almost element of M. 

(i) The dual A-module of M is the A-module M* := alHom^(M, A). 

(ii) The evaluation morphism is the morphism evM/A '■ M i^a M* A : m® cf) ^ (pirn). 

(iii) The evaluation ideal of M is the ideal (f^f/yi := Imevjvf/^. 

(iv) The evaluation ideal of / is the ideal (Sm/aU) '■= Im(evM/A ° (/ ®a Ia/*))- 

(v) We say that M is reflexive if the natural morphism 

(2.4.24) M {My m^if ^ f{m)) 

is an isomorphism of A-modules. 

(vi) We say that M is invertible if M (g)A M* ~ A. 

Remark 2.4.25. Notice that if B is an A-algebra and M any i?-module, then by "restriction 
of scalars" M is also an A-module and the dual A-module M* has a natural structure of B- 
module. This is defined by the rule {b ■ f){m) := f{b ■ m) (b e 5*, m e and / G M*). 
With respect to this structure ( |2.4.24| ) becomes a i?-linear morphism. Incidentally, notice that 



the two meanings of "M*" coincide, i.e. (M*)* ^ {M* 
2.4.26. If E, F and N are A-modules, there is a natural morphism : 
(2.4.27) E 0A alHom^(F, A^) ^ alHomA(F, E^aN). 

Let P be an A-module. As a special case of ( |2.4.27| ) we have the morphism: 

uJp/A : P^aP* End^(P)'^ := alHomA(P, P) 
such that ujp/a{p ® 4'){q) '■= P ■ 4>{q) for every p,qeP^ and (j) : P ^ A. 
Proposition 2.4.28. Let P be an almost projective A-module. 

(i) For every morphism of algebras A ^ B we have Sb®aP/b = ^pja- B. 

(ii) S'p/A = 'SpiA- 

(iii) P = if and only if SpjA = 0. 

(iv) P is faithfully flat if and only ifSp/A = A. 

(v) S'p/Aif) is the smallest of the ideals J C A such that f G ( JP)*. 

Proof. Pick an indexing set / large enough, and an epimorphism cj) : F := A^^^ P. For 
every i E I we have the standard morphisms A ^ F ^ A such that vTj o Cj = 5ij ■ 1a and 
Zlie/ = '^F- For every x G m choose ip^ £ Hom^(P, F) such that o ?/;^ = x ■ Ip. It is 

easy to check that S'pia is generated by the almost elements vTj o ?/;^ o o Cj {i, j E I, x E m). (i) 
follows already. For (iii), the "only if" is clear; if <fp/A = 0, then ^a;O0 = for all x E m, hence 
tpx = and therefore x ■ Ip = 0, i.e. P = 0. Next, notice that (i) and (iii) imply P/S'p/aP = 0, 
i.e. P = S'p/aP, so (ii) follows directly from the definition of S'p/a- Since P is flat, to show (iv) 
we have only to verify that the functor M ^ P ®a M is faithful. To this purpose, it suffices 
to check that P (g)^ A/ J ^ for every proper ideal J of A. This follows easily from (i) and 
(iii). Finally, it clear that S'p/A{f) C J for every ideal J C A with / G {JP)^. Conversely, for 
given e E m pick a sequence P A" P as in ( |2.4.16| ); we have u{f) = (ai, On) with 
ai, a„ G <^p/Aif)*- (v) follows from the identity ef = ^"^^ cti ■ f (cj) (where ei, e„ is the 
standard basis of the free A*-module A"). □ 

Lemma 2.4.29. Let E, F, N be three A-modules. 



(i) The morphism ( [2.4. 27[ ) is an isomorphism in the following cases : 

(a) when E is flat and F is almost flnitely presented; 

(b) when either E or F is almost flnitely generated projective; 

(c) when F is almost projective and E is almost flnitely presented; 

(d) when E is almost projective and F is almost flnitely generated. 
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(ii) The morphism ( |2.4.27| ) is a monomorphism in the following cases : 

(a) when E is flat and F is almost flnitely generated; 

(b) when E is almost projective. 

(iii) The morphism ( |2.4.27D is an epimorphism when F is almost projective and E is almost 
flnitely generated. 

Proof. If F ~ A^^'> for some finite set /, then alHom^(F, A^) ~ A^*^^) and tlie claims are 
obvious. More generally, if F is almost finitely generated projective, for any e Em there exists 
a finite set / := I{e) and morphisms 

(2.4.30) F ^ A^^^ F 

such that Ve o Ue = e ■ Ip. We apply the natural transformation 

E ®A alHomA(-, A^) alHomA(-, E ®a N) 

to (|2.4.3(J|) : an easy diagram chase allows then to conclude that the kernel and cokemel of 



( [2.4.27 ) are killed by e. As e is arbitrary, it follows that ( |2.4.27D is an isomorphism in this case 



An analogous argument works when E is almost finitely generated projective, so we get (i.b). 
If F is only almost projective, then we still have morphisms of the type ( [2.4. 30D , but now I{e) 



is no longer necessarily finite. However, the cokernels of the induced morphisms 1e ® and 
alHom^(t>£, E ®a N) are still annihilated by e. Hence, to show (iii) (resp. (i.c)) it suffices 
to consider the case when F is free and E is almost finitely generated (resp. presented). By 
passing to almost elements, we can further reduce to the analogous question for usual rings 
and modules, and by the usual juggling we can even replace by a finitely generated (resp. 
presented) A^-module and F by a free A*-module. This case is easily dealt with, and (iii) and 
(i.c) follow. Case (i.d) (resp. (ii.b)) is similar : one considers almost elements and replaces 
E^ by a free A^-module (resp. and F^ by a finitely generated yl^,-module). In case (ii.a) (resp. 
(i.a)), for every finitely generated submodule mo of m we can find, by proposition [2.3. 10[ , a 



finitely generated (resp. presented) A-module Fq and a morphism Fq ^ F whose kernel and 
cokernel are annihilated by mo. It follows easily that we can replace F by Fq and suppose that 
F is finitely generated (resp. presented). Then the argument in [ [T^ , Ch.I §2 Prop. 10] can be 
taken over verbatim to show (ii.a) (resp. (i.a)). □ 

Lemma 2.4.31. Let B be an A-algebra. 

(i) Let P be an A-module. If either P or B is almost flnitely generated projective as an 
A-module, the natural morphism 

(2.4.32) B ®A alHomA(P, A^) -> alHomB(5 ®a B ®a N) 

is an isomorphism for all A-modules N. 

(ii) Every almost flnitely generated projective A-module is reflexive. 

(iii) If P is an almost flnitely generated projective B -module, the natural morphism 

(2.4.33) alHomB(P, fi) Ob alHomA(5,v4) alHomA(P, A) : t/^ t-> ^/^ o 
is an isomorphism of B -modules. 



Proof, (i) is an easy consequence of lemma [2.4. 29[ (i.b). To prove (ii), we apply the natural trans- 



formation ( |2.4.24| ) to ( [2.4. 30[ ) : by diagram chase one sees that the kernel and cokernel of the 
morphism F (F*)* are killed by e. (iii) is analogous : one applies the natural transformation 
( p433[ ) to ( p3b[ ). □ 



Lemma 2.4.34. Let {Mn ; 0n : Mn — ^ M„+i \ n E 'N) be a direct system of A-modules and 
suppose there exist sequences (e^ | n G N) and {6n \ n E N) of ideals ofV such that 
(i) lim En = V and YlJLo ^ Cauchy product (see ( [2.3.4] )); 



n— >oo 
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(ii) En ■ alExt^(M„, N) = 6n ■ alExt^(Coker 0„, A^) = Ofor all A-modules N, all i > and 
all n G N; 

(iii) 5n ■ Ker 0„ = Ofor all n G N. 

Then colim Mn is an almost projective A-module. 

Proof. Let M = colim M„. By remark pXT^i) it suffices to show that alExt^(M, A^) vanishes 

riGN 

for all z > and all A-modules A^. The maps define a map </> : ©„M„ ©n^n such that 

we have a short exact sequence ®nMn ^— ^ ©n^n — ^ M — > 0. Applying the long exact 
alExt sequence one obtains a short exact sequence (cp. 3.5.10]) 

^ lim^alExt^"^(M„, A^) ^ alExt^(M, A^) ^ limalExt^(M„, A^) 0. 

Then lemma ^X^ ii) implies that alExt^(M, A^) ~ for alH > 1 and moreover alExt^(M, A^) 
is isomorphic to lim^alHomyi(M„, A^). Let 

neN 

0: : alHom^(M„+i, N) ^ alHom^(M„, AT) / ^ / o 0, 

be the transpose of 0„ and write 0„ as a composition M„ lm(0„) ^ M„+i, so that 
0* = qn°Pn^ the composition of the respective transposed morphims. We have monomorphisms 

Cokerp* =— > alHom^(Ker 0„, A^) 
Coker ^ alExt^(Coker 0„, A^) 

for all 72 G N. Hence 5.^ ■ Coker 0* = for all n G N. Since H^o ^ Cauchy product, 
lemma [2.4.2K iii) shows that lim^alHomA(M„, A^) ~ and the assertion follows. □ 

neN 



Proposition 2.4.35. Suppose that m is aflat V -module. Then for any V -algebra R the functor 
M ^ M\ commutes with tensor products and takes fiat R"^ -modules to fiat R-modules. 

Proof. Let M be a flat i?'^-module and A^ A^' an injective map of i?-modules. Denote by 
K the kernel of the induced map Mi ©r N ^ M\ ®r N'; we have K"^ ~ 0. We obtain an 
exact sequence ^ fn ©y K ^ m ©y Mi ©/j A^ ^ m ©y M ©/? A^'. But one sees easily 
that m ©y K = and m ©y M — Mi, which shows that M is a flat i?- module. Similarly, 
let M, A^ be two i?°-modules. Then the natural map M* ©^ A^^, (M ©^a A^)^ is an almost 
isomorphism and the assertion follows from remark |2.1.4| (i). □ 

2.5. Almost homotopical algebra. The formalism of abelian tensor categories provides a min- 
imal framework wherein the rudiments of deformation theory can be developed. 

2.5.1. Let {'^^, ©, U) be an abelian tensor category; we assume henceforth that © is a right 
exact functor. Let A be a given ^-monoid. Then, for any two-sided ideal / of A, the quotient 
A/ 1 in the underlying abelian category ^ has a unique ^-monoid structure such that A ^ A/I 
is a morphism of monoids. A/ 1 is unitary if A is. If / is a two-sided ideal of A such that 
P = 0, then, using the right exactness of © one checks that / has a natural structure of an 
yl//-bimodule, unitary when A is. 

Definition 2.5.2. A -extension of a "^-monoid i? by a 5-bimodule / is a short exact sequence 
of objects of ^ 

(2.5.3) X: 0^ I ^ B ^0 

such that C is a "^-monoid, p is a morphism of "^-monoids, / is a square zero two-sided ideal 
in C and the E//-bimodule structure on / coincides with the given bimodule structure on /. 
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The '^-extensions form a category Exmon.^. The morphisms are commutative diagrams with 
exact rows 

X: ^E^^B ^0 

/ 

X' : ^ /' ^ E' — ^ B' ^ 

such that g and h are morphisms of "^-monoids. We let Exmon<^ (5, /) be the subcategory of 
Exmon<g' consisting of all "^-extensions of B by /, where the morphisms are all short exact 
sequences as above such that / := 1/ and h := 1^- 



2.5.4. We have also the variant in which all the "^-monoids in ([2.5.3[) are required to be unitary 



(resp. to be algebras) and / is a unitary 5-bimodule (resp. whose left and right i?-module 
actions coincide, i.e. are switched by composition with the "commutativity constraints" 9b\i 
and 9i\B, see ( [2.2.5^ ); we will call Exun<^ (resp. Exal.^) the corresponding category. 



2.5.5. For a morphism (p : C ^ B of ^-monoids, and a ^-extension X in Exmon<y(_B, /), 
we can puUback X via to obtain an exact sequence X * (f) with a morphism 0* : X * — > X; 
one checks easily that there exists a unique structure of ^-extension on X * such that 0* 
is a morphism of "^-extension; then X * is an object in Exmom^ (C, /). Similarly, given a 
5-linear morphism tjj : I ^ J , we can push out X and obtain a well defined object ^ * X in 
Exmon<(^'(i?, J) with a morphism X ^ tjj * X of Exmon^^. In particular, if Ji and I2 are two 
i?-bimodules, the functors pi* {i = 1, 2) associated to the natural projections pi : Ii (B h ~^ h 
establish an equivalence of categories 

(2.5.6) Exmon.^(i?, Ji © I2) ^ Exmon<:^(i?, Ji) x Exmonc^(i?, I2) 

whose quasi-inverse is given by (£'1, E2) ^ (Ei ® E2) * 5, where 5 : B ^ B ® B i?, the 
diagonal morphism. A similar statement holds for Exal and Exun. These operations can be 
used to induce an abelian group structure on the set Exmon<i^(_B, /) of isomorphism classes of 
objects of Exmon<^<f (5, /) as follows. For any two objects X, Y of Exmon<g'(i?, /) we can 
form X®Y which is an object of Exmon<^(5 © 5, J © /). Let a : / © / / be the addition 
morphism of /. Then we set X + F := a*{X ®Y)*5. One can check that X + Y ~ y + X for 
any X, Y and that the trivial split ^-extension 5 © / is a neutral element for +. Moreover every 
isomorphism class has an inverse —X. The functors X 1— > X * and X t— > ^ * X commute 
with the operation thus defined, and induce group homomorphisms 

*0 : Exmon>^(i?, /) — > Exmon>^(C, /) 
■ip* : Exmon<:^(i?, /) Exmon<i^(i?, J). 

2.5.7. We will need the variant ExaL^(-B, /) defined in the same way, starting from the cate- 
gory Exal<(^ (i?, /). For instance, if A is an almost algebra (resp. a commutative ring), we can 
consider the abelian tensor category ^ = A-Mod. In this case the ^-extensions will be called 
simply A-extensions, and we will write Exa^ rather than ExaL^. In fact the commutative uni- 
tary case will soon become prominent in our work, and the more general setup is only required 
for technical reasons, in the proof of proposition [2.5.13| below, which is the abstract version of 



a well-known result on the lifting of idempotents over nilpotent ring extensions. 

2.5.8. Let A be a "^-monoid. We form the biproduct A'^ := U Q) A in ^. We denote by pi, 
P2 the associated projections from onto U and respectively A. Also, let ii, ^2 be the natural 
monomorphisms from U, resp. A to A'^ is equipped with a unitary monoid structure 

jj,'^ := i2 o jj, o {p2 © P2) +22° ° {Pi ® P2) + «2 o ° {P2 ® Pi) + ?i o u'^ o {pi © Pi) 

where Ea, ^a are the natural isomorphisms provided by [|2^, Prop. 1.3] and u : U U U is 
as in [^, §1]. In terms of the ring ~ © A^ this is the multiplication 61) ■ (^2, ^2) : = 
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{ui ■ U2, bi ■ b2 + bi ■ U2 + ui ■ 62)- Then 12 is a morphism of monoids and one verifies that 
the "restriction of scalars" functor defines an equivalence from the category ^^-Uni.Mod of 
unitary A^-modules to the category A-Mod of all A-modules; let j denote the inverse functor. 
A similar discussion applies to bimodules. 

2.5.9. Similarly, we derive equivalences of categories 



Exunc^ ( At, j(M)) Exmon.^(A, M) 
(-)t 



for all A-bimodules M. 



2.5.10. Next we specialise to A := U : for a given [/-module M let cm ■= ctm/u ° '■ 
M — > M; working out the definitions one finds that the condition that (M, aM/u) is a module 
structure is equivalent to e\f = cm- Let U x U he the product of U by itself in the category 
of ^-monoids. There is an isomorphism of unitary "^-monoids : W ^ U x U given by 
C := ii o pi + i2 o pi + i2 o p2. Another isomorphism is r o C, where r is the flip zi o p2 + ^2 o Pi- 
Hence we get equivalences of categories 

[/-Mod 1 — ^ [/1^-Uni.Mod . {U x f/)-Uni.Mod. 

q (roC)* 

The composition o (^^^ o r o o j defines a self-equivalence of f/-Mod which associates 
to a given U -module M the new U -module A/^'p whose underlying object in ^ is M and such 
that e^/flip = 1m — gm- The same construction applies to [/-bimodules and finally we get 
equivalences 

(2.5.11) Exmon.^(f/, M) ^ Exmonc^(f/, M^'^) X ^ X^'^ 

for aU t/-bimodules M. If X := {0 ^ M ^ E ^ U 0) is an extension and X^'p := (0 ^ 
j\^flip ^ ^flip —i. f/ — * 0), then one verifies that there is a natural isomorphism X^^^ X 
of complexes in ^ inducing —1m on M, the identity on U and carrying the multiplication 
morphism on E^^^ to 

-f^E + o (vT ® 1e) + r^^ o {1e n) : E E ^ E. 

In terms of the associated rings, this corresponds to replacing the given multiplication (x, y) t— > 

X ■ y of E^hy the new operation (x, ?/) ^— > 7r^,(x) ■ y + 7r^,(?/) ■ x — x ■ ?/. 

Lemma 2.5.12. If M is a U -bimodule whose left and right actions coincide, then every exten- 
sion ofU by M splits uniquely. 

Proof. Using the idempotent cm we get a [/-linear decomposition M ~ Mi © M2 where 
the bimodule structure on Mi is given by the zero morphisms and the bimodule structure on 
M2 is given by and r^}. We have to prove that Exmonc^(?7, M) is equivalent to a one- 
point category. By ( |2.5.6D we can assume that M = Mi or M = M2. By ( [2.5.1 ID we have 



Exmon^([/, M2) — Exmon<g'(f/, M2''') and on Mj''' the bimodule actions are the zero mor- 
phisms. So it is enough to consider M = Mi. In this case, \f X := ^ M ^ E ^ U ^0) is 
any extension, fiE ■ E E ^ E factors through a morphism U ®U ^ E and composing with 
u : U ^ U U we get a right inverse of E ^ U, which shows that X is the split extension. 
Then it is easy to see that X does not have any non-trivial automorphisms, which proves the 
assertion. □ 

Proposition 2.5.13. Let X := {0 ^ I ^ A A' ^ 0) be a -extension. 
(i) Let e' G A'^ be an idempotent element whose left action on the A' -bimodule I coincides 
with its right action. Then there exists a unique idempotent e e A* such thatp^{e) = e'. 
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(ii) Especially, if A' is unitary and I is a unitary A' -bimodule, then every extension of A' by I 
is unitary. 

Proof, (i) : the hypothesis e'^ = e' implies that e' : U ^ A' is a morphism of (non-unitary) ^- 
monoids. We can then replace Xhy X*e' and thereby assume that A' = U,p : A ^ U and / is 
a (non-unitary) U -bimodule and the right and left actions on / coincide. The assertion to prove 
is that Ifj lifts to a unique idempotent e G A*. However, this follows easily from lemma |Z5.12| . 
To show (ii), we observe that, by (i), the unit 1^/ of A'^ lifts uniquely to an idempotent e E A^. 
We have to show that e is a unit for A^,. Let us show the left unit property. Via e : U A 
we can view the extension X as an exact sequence of left ?7-modules. We can then split X as 
the direct sum Xi © X2 where Xi is a sequence of unitary U -modules and X2 is a sequence 
of U -modules with trivial actions. But by hypothesis, on / and on A the U -module structure is 
unitary, so X = Xi and this is the left unit property. □ 

2.5.14. So much for the general nonsense; we now return to almost algebras. As already 
announced, /rom here on, we assume throughout that m is aflat V -module. As an immediate 



consequence of proposition [2.5.13| we get natural equivalences of categories 

(2.5.15) ExaU^(5i, Mi) x ExaU2(52, M^) ^ ExaU^xA^l^i x ^2, Mi © M^) 

whenever Ai, A2 are V"-algebras, Bi is a Aj-algebra and Mi is a (unitary) fi^-module, i = 1, 2. 

2.5.16. Notice that, if A := for some V^-algebra R, S (resp. J) is a /2-algebra (resp. an S- 
module) and X is any object of Exal/j(S', J), then by applying termwise the localisation functor 
we get an object X'^ of Exal^(S''*, J"-). With this notation we have the following lemma. 

Lemma 2.5.17. Let B be any A-algebra and I a B -module. 
(i) The natural functor 

(2.5.18) ExaU,,(5,,,/,) ^ ExaU(5,/) X ^ X"" 

is an equivalence of categories. 



(ii) The equivalence ( [2.5.18D induces a group isomorphism Exal^,, (i?n, /*) Exal^(i?,/) 



functorial in all arguments. 

Proof. Of course (ii) is an immediate consequence of (i). To show (i), let X := (0 — / — 
— >■ i? — > 0) be any object of Exal^(_B, /). Using corollary |2.2.22| one sees easily that the 



sequence X\ := (0 — > Ji — ^> Eu — > Bw — > 0) is right exact; Xi won't be exact in general, unless 
B (and therefore E) is an exact algebra. In any case, the kernel of I\ En is almost zero, so 
we get an extension of i^ii by a quotient of I\ which maps to J^,. In particular we get by pushout 
an extension X,, by h, i.e. an object of ExaU,, {B\\, /*) and in fact the assignment X t-^ X^ is 
a quasi-inverse for the functor ( |2.5.18D . □ 



Remark 2.5.19. By inspecting the proof, we see that one can replace J* by := Im(J! J*) 
in (i) and (ii) above. When B is exact, also L will do. 

In [ p6| , II. 1.2] it is shown how to associate to any ring homomorphism R ^ S a natural 
simplicial complex of S-modules denoted hs/R and called the cotangent complex of S over R. 

Definition 2.5.20. Let A ^ B he a morphism of almost F-algebras. The almost cotangent 
complex of B over A is the simplicial -Bn -module 
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2.5.21. Usually we will want to view L^/yi as an object of the derived category D(s.-B!!-Mod) 
of simplicial i^n -modules. Indeed, the hyperext functors computed in this category relate the 
cotangent complex to a number of important invariants. Recall that, for any simplicial ring R 
and any two i?- modules E, F the hyperext of E and F is the abelian group defined as 

Ext^(E,F) := colimHomD(^.Mod)(t^"^,t^"+^i^) 

n>—p 



(where a is the suspension functor of 1.3.2.1.4]). 

Let us fix an almost algebra A. First we want to establish the relationship with differentials. 

Definition 2.5.22. Let B be any A-algebra, M any 5-module. 

(i) An A-derivation of B with values in M is an A-linear morphism d : B ^ M such that 
d{bi ■ 62) = bi ■ 9(62) + &2 • d{bi) for 61, 62 ^ -B*. The set of all A<f -valued A-derivations of 
B forms a V-module Der^(_B, M) and the almost V-module Der^(i?, Af)° has a natural 
structure of 5-module. 

(ii) We reserve the notation Ib/a for the ideal Ker {fj^B /a '■ B ®a B ^ B). The module of 
relative dijferentials of is defined as the (left) i?-module VLb/a '■= Ib/a/ 1%/ a- 
endowed with a natural A-derivation 5 : B ^ VLb/a defined by 6 t— > 1 (g) 6 — 6 (g) 1 for all 
b E B^. The assignment (A ^ B) VIb/a defines a functor 

n : r^'-Alg.Morph ^ V"-AIg.Mod 

from the category of morphisms A ^ B of almost V-algebras to the category denoted 
yi-AIg.Mod, consisting of all pairs {B, M) where B is an almost V-algebra and M 
is a i?-module. The morphisms in V^-Alg.Morph are the commutative squares; the 
morphisms (5, M) {B', M') in V-Alg.yiod are all pairs (0, /) where (p : B ^ B' is 
a morphism of almost \^-algebras and f : B' ®b M ^ M' is a morphism of fi'-modules. 

2.5.23. The module of relative differentials enjoys the familiar universal properties that one 
expects. In particular VLb/a represents the functor DerA(-B, — ), i.e. for any (left) i?-module M 
the morphism 

(2.5.24) HomB(fiij/A,M) ^DerA(5,M) f^fo6 

is an isomorphism. As an exercise, the reader can supply the proof for this claim and for the 
following standard proposition. 

Proposition 2.5.25. Let B and C be two A-algebras. 

(i) There is a natural isomorphism: 

^C(X)aB/C — C ®a ^b/a- 

(ii) Suppose that C is a B -algebra. Then there is a natural exact sequence of C -modules: 

C ®B ^B/A ^C/A ^C/B — * 0. 

(iii) Let I be an ideal ofB and letC := B/I be the quotient A-algebra. Then there is a natural 
exact sequence: I /P C ®b ^b/a — ^ ^c/a 0. 

(iv) The functor : V^"-Alg.Morph — V'^-Alg.Mod commutes with all colimits. □ 

We supplement these generalities with one more statement which is in the same vein as 
lemma [2.3.21| and which will be useful in section ^3] to calculate the Fitting ideals of modules 
of differentials. 

Lemma 2.5.26. Let (p : B ^ B' be a morphism of A-algebras such that I ■ Ker((/)) = / • 
Coker (0) = for an ideal I G A. Let dcj) : VLb/a ®b B' Qb'/a be the natural morphism. 
Then I ■ Coker 46 = and ■ Ker dd = 0. 
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Proof. We will use the standard presentation 

(2.5.27) H{B/A) : B ®a B ®a B ^ B ®a B ^ ^b/a ^ 

where d is defined hy : bi b2 ^ bi ■ db2 and d is the differential of the Hochschild complex : 

6i ® &2 ® &3 hh ® 63 - ^1 ® hh + 6163 ® h- 

By naturality of H{B), we deduce a morphism of complexes : B' 0b H{B/A) H{B' /A). 
Then, by snake lemma, we derive an exact sequence : Ker(l b' ® a0) — > Ker dcp X, where X 
is a quotient of B' ® A^okei^cj)® a'P) ■ Using the Tor exact sequences we see that Ker(lB'®A0) is 
annihilated by P. It follows easily that annihilates Ker dcj). Similarly, Coker dcj) is a quotient 
of Coker(lB' ®a <!>), so / • Coker d(f) = 0. □ 

Lemma 2.5.28. For any A-algebra B there is a natural isomorphism of Bw -modules 
Proof. Using the adjunction ( [2.5.24D we are reduced to showing that the natural map 



>M 



■ Dei A„{B\\,M) DerA(S,M") 



is a bijection for all i?n-modules M. Given d : B ^ M" we construct d\ : B\ ^ Af" — > M. We 
extend to © B\ by setting it equal to zero on V. Then it is easy to check that the resulting 
map descends to B\\, hence giving an A-derivation B\\ M. This procedure yields a right 
inverse ipM to 0a/- To show that is injective, suppose that d : B\\ M is an almost zero 
A-derivation. Composing with the natural A-linear map B[ Bn we obtain an almost zero 
map d' : B\ M. But m ■ Bi = B\, hence d' = 0. This implies that in fact d = 0, and the 
assertion follows. □ 

Proposition 2.5.29. Let M be a B-module. There exists a natural isomorphism of Bw-modules 

Ex4XLb/a,M!) ~ DerA(5,M). 

Proof. To ease notation, set A := V"" A and B := V"" x B. We have natural isomorphisms : 

Ext%XhB/A, M) ~ Ext|,(L^^,/^^,, M) by \^ 1.3.3.4.4] 
~ Der^,,(5n,M!) by [J^ II. 1.2.4.2] 

~ Bei^iB, M) by lemma |2.5.28| . 

But it is easy to see that the natural map 061^(5, M) Der^(_B, M) is an isomorphism. □ 

Theorem 2.5.30. There is a natural isomorphism 

(2.5.31) ExaU(5, M) ^ Ex4,(Lb/a, M). 

Proof. With the notation of the proof of proposition |2.5.29| we have natural isomorphisms 

Extlj,XLBM, M,) ~ Ext|,,(L5^^/^^^, M,) by 1.3.3.4.4] 
~Exal^„(5!,,M,) by [|6|,ni. 1.2.3] 

~ Exal^(5, M) 

where the last isomorphism follows directly from lemma [2.5.17K ii) and the subsequent remark 
2.5. 19| . Finally, ( |2.5.15| ) shows that Exal^(S, M) ^ ExaU(5, M), as required. □ 



Moreover we have the following transitivity theorem as in [g^, II. 2. 1.2] 
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Theorem 2.5.32. Let A ^ B ^ C be a sequence of morphisms of almost V -algebras. There 
exists a natural distinguished triangle of D(s.C!!-Mod) 

C\\ ®Bu Lb/A — > Lc/A — ^ Lc/B — > Cu o''Lb/a 
where the morphisms u and v are obtained by functoriality of L. 

Proof. It follows directly from loc. cit. □ 

Proposition 2.5.33. Let {Ax Bx)\^i be a system of almost V -algebra morphisms indexed 
by a small filtered category L Then there is a natural isomorphism in D(s.colim i?A!!-Mod) 

CoYmi'LBxIAx — LcolimBA/colimAA- 

X^I AG/ AG/ 



Proof. Remark E. 2. 2 81(1) gives an isomorphism : colimAAn (colimAA)ii (and likewise for 
Ae7 " Ae/ 



colim^A). Then the claim follows from [B6L ILl.2.3.4]. □ 



Next we want to prove the almost version of the flat base change theorem 11.2.2.1]. To 
this purpose we need some preparation. 

Proposition 2.5.34. Let B and C be two A-algebras and set Ti := Torf " (i?n, C\\). 

(i) If A, B, C and B^aC are all exact, then for every i > the natural morphismm®vTi — > 
Tj is an isomorphism. 

(ii) If furthermore, Torf (5, C) ~ 0/or some i > 0, then the corresponding Ti vanishes. 

Proof, (i): for any almost ^-algebra D we let kj:, denote the complex of Dn-modules [m ®v 
D\\ D\\\ placed in degrees —1, 0; we have a distiguished triangle 

2^{D) : m ®v D» ^ Du ^ ko ^ xh ®v Du[l\. 

By assumption, the natural map kA ^ A;^ is a quasi-isomorphism and m ®y B\\ ~ B\. On the 
other hand, for alH G N we have 

Toit'ikB^C.) - ToipikA^C.) - H-\kA ®A,, Cu) = H~\kc). 
In particular Torf "(fc^, Cm) = for all z > 1. As ffi is flat over V, we have m ®v Tj ~ 

Tor^ "(m ®v Bn, Cn). Then by the long exact Tor sequence associated to ^{B) ®Au C\\ we 
get the assertion for alH > 1. Next we consider the natural map of distinguished triangles 

L L 

^{A) 0Au ^!! '^{B) ®Au C\\; writing down the associated morphism of long exact Tor 
sequences, we obtain a diagram with exact rows : 

^ Tor^^" {kA, An) (m ®v A) ®a„ ^I! M ®a„ Au 



To4-\kB,Ci{) (m®y Bn) 0Au Cu^^Bn ®a,, Cn. 

By the above, the leftmost vertical map is an isomorphism; moreover, the assumption gives 
Keii ~ Ker(m V) ~ Keri'. Then, since d is injective, also d' must be injective, which 
implies our assertion for the remaining case i = 1. (ii): follows directly from (i). □ 

L 

Theorem 2.5.35. Let B, A' be two A-algebras. Suppose that the natural morphism B 0a ^ 
B' := B ®A A' is isomorphism in D(s.A-Mod). Then the natural morphisms 

B'l ®Bu ^B/A ^B'/A' 

{Bl, 0Bu ^B/a) © (5,', ®a;, La'm) l^B'/A 

are quasi-isomorphisms. 
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Proof. Let us remark that the functor £) i-^ F° x D : A- Alg {V"" x y4)-Alg commutes with 
tensor products; hence the same holds for the functor D ^ (V x D)\\ (see remark |2.2.28K i)). 
Then, in view of proposition [2.5.34K ii), the theorem is reduced immediately to [ffR II.2.2. 1 ] . □ 

As an application we obtain the vanishing of the almost cotangent complex for a certain class 
of morphisms. 

Theorem 2.5.36. Let R S be a morphism of almost algebras such that 
Torf (S, S) ~ ~ Torf^«^(5, S) for alH > 
(for the natural S ®r S-module structure induced by Hs/r)- Then hs/R — in □(S'li-Mod). 

Proof Since Torf (5, S) = for all i > 0, theorem ^3351 applies (with A := R and B := 
A' := S), giving the natural isomorphisms 

(2 5 37^ ®R '5')!! ®S„ ^S/R - ^S^bS/S 

{iS(S)RS)v. ^s/r) © {{S ^R S)ii (g)s,, hs/R) ~ Ls®^s/R. 

Since Torf®«'^(S', S) = 0, the same theorem also applies with A := S ®r S, B := S, A' := S, 
and we notice that in this case B' ^ S; hence we have 

(2.5.38) ^s/s^rS - Sn ®sn ^5/5^^5 ^ hg/s ^ 0. 

Next we apply transitivity to the sequence R ^ S ®r S ^ S,to obtain (thanks to ( |2.5.38| )) 

(2.5.39) 5*!! ®5®flS!! hs<S,RS/R - ^S/R- 

Applying Su ®s<g>RSu ~ to the second isomorphism ( |2.5.37| ) we obtain 

(2.5.40) hs/R © hs/R ~ S[i ©5$5fl5,, hs^j^s/R- 

Finally, composing ( |2.5.39| ) and ( |2.5.40| ) we derive 

(2.5.41) hs/R®hs/R^hs/R. 



However, by inspection, the isomorphism ( [2.5. 41[ ) is the sum map. Consequently hs/R — 0, as 
claimed. □ 

The following proposition shows that L^/a is already determined by L^^^. 

Proposition 2.5.42. Let A ^ B be a morphism of exact almost V -algebras. Then the natural 

map m (8>y Lbm/Am — > hsn/A,, is a quasi-isomorphism. 

Proof. By transitivity we may assume A = V"". Let P, := Pv{B\\) be the standard resolution of 
B\\ (see [ p^ , II.1.2.1]). Each P[nY contains V as a direct summand, hence it is exact, so that we 
have an exact sequence of simplicial ^-modules s.m s.V © {P^)\ {P^)\\ 0. The 
augmentation {P^)\ (-Bn)! ~ -Bi is a quasi-isomorphism and we deduce that {P^)\\ Bw 
is a quasi-isomorphism; hence {P^)]\ — > P, is a quasi-isomorphism as well. We have P[n] ~ 
Sym(F„) for a free V-module F„ and the map (P[n]"-)\\ — * P[n] is identified with Sym(tTi 0^ 
Fn) Sym(F„), whence ^p[n]f,/v ^p[n]f, -PM — ^ ^p[n]/v is identified with m 0v ^p[n]/v 
ilp[n]/v- By II. 1.2. 6. 2] the map L^a-),,/y ^p./v ^ quasi-isomorphism. In view of P5| , 
II.1.2.4.4] we derive that ^l(^pay,/y — > ^lp,/v is a quasi-isomorphism, i.e. m0v^p./v ^p./v 
is a quasi-isomorphism. Since fn is flat and ^p,/v — ^ ^p./v ©p. Bn = hp^/v is a quasi- 
isomorphism, we get the desired conclusion. □ 



Finally we have a fundamental spectral sequence as in III. 3. 3.2]. 
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Theorem 2.5.43. Let (p : A ^ B be a morphism of almost algebras such that B ®a B c::^ B 
(e.g. such that B is a quotient of A). Then there is a first quadrant homology spectral sequence 
ofbigraded almost algebras 

El^ := i7,+,(Sym^^(L^/^)) ^ To<+,(5, B). 

Proof. We replace by lya x and apply the functor B ^ Bn (which commutes with tensor 
products by remark [2.2.28Ki)) thereby reducing the assertion to [HQ, III. 3. 3. 2]. □ 
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3. Almost ring theory 

With this chapter we begin in earnest the study of almost commutative algebra: in section P7T| 
the classes of flat, unramified and etale morphisms are defined, together with some variants. In 



section ^3 derive the infinitesimal lifting theorems for etale algebras (theorem [3.2.18D and 



for almost projective modules (theorem |3.2.28| ). 



In section |3^ we turn to study some cases of non-flat descent; when we specialize to usual 
rings, we recover known theorems (of course, standard commutative algebra is a particular case 
of almost ring theory). But if the result is not new, the argument is : indeed, we believe that 
our treatment, even when specialized to usual rings, improves upon the method found in the 
literature. 

The last section of chapter ^ calls on stage the Frobenius endomorphism of an almost algebra 
of positive characteristic. The main results are invariance of etale morphisms under pull-back 



by Frobenius maps (theorem p.5.13|) and theorem p.5.28|, which can be interpreted as a purity 



theorem. Perhaps the most remarkable aspect of the latter result is how cheap it is : in positive 
characteristic, the availability of the Frobenius map allows for a quick and easy proof. Philo- 
sophically, this proof is not too far removed from the method devised by Faltings for his more 
recent proof of purity in mixed characteristic. 

Taken together, the above-mentioned four sections leave us with a decent understanding of 
the morphisms "of relative dimension zero" (this expression should be taken with a grain of salt, 
since we do not try to define the dimension of an almost algebra). On one hand, a good hold on 
the case of relative dimension zero is all that is required for the applications currently in sight 
(especially for the proof of the almost purity theorem, but also for the needs of our chapters 
^ and on the other hand, having reached this stage, one cannot help wondering what lies 
ahead, for instance whether there is a good notion of smooth morphism of almost algebras. The 
full answer to this question shall be delayed until chapter |] : there we will introduce a class 
of morphisms that generalize "in higher dimension" the class of weakly etale morphisms, and 
that specialize to formally smooth morphisms in the "classical limit" ^ = ra. We will present 
evidence that our notion of smoothness is well behaved and worthwhile; however we shall also 
see that smoothness "in higher dimension" exhibits some extra twists that have no analogue in 
standard commutative algebra, and cannot be easily guessed just by extrapolating from the case 
of etale morphisms of y -algebras (which, after all, reproduce very faithfully the behaviour of 
the classical notion defined in EGA). 

Such extra twists are already foreshadowed by our results on the nilpotent deformation of 
almost projective modules : we show that such deformations exist, but are not unique; however, 
any two such deformations are "very close" in a precise sense (proposition p. 2. 3d|). 



In (usual) algebraic geometry one can also regard projective modules of finite rank n as GL„- 
torsors (say for the Zariski topology); in almost ring theory this description carries through at 
least for the class of almost projective modules of finite rank (to be defined in section pr3| ). 
From this vantage, one is naturally led to ask how much of the standard deformation theory for 
torsors over arbitrary group schemes generalizes to the almost world. We take up this question 
in section focusing especially on the case of smooth ajfine almost group schemes, as a warm 
up to the later study of general smooth morphisms. Having committed seriously to almost group 
schemes and almost torsors, it is only a short while before one grows impatient at the limited 
expressive range afforded by the purely algebraic terminology introduced thus far, which by 
this point starts feeling a little like a linguistic straightjacket. That is why we find ourselves 
compelled to introduce a more geometric language : for our purpose an ajfine almost scheme is 
just an object of the opposite of the category of l^"-algebras; similarly we define quasi-coherent 
modules on affine almost schemes, as well as some suggestive notation to go with it, mimicking 
the standard usage in algebraic geometry. 
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Once these preliminaries are in place, the theory proceeds as in [^Tp : the techniques are 
rather sophisticated, but all the hard work has already been done in the previous sections, and 
we can just adapt lUusie's treatise without much difficulty. 

3.1. Flat, unramified and etale morphisms. Let A — > 5 be a morphism of almost V^-algebras. 
Using the natural "multiplication" morphism of A-algebras fiB/A '■ B ®a B ^ B we can view 
B as a B 0a i?-algebra. 

Definition 3.1.1. Let (p : A ^ Bhe a morphism of almost V-algebras. 

(i) We say that (p is aflat (resp. faithfully flat, resp. almost projective) morphism if i? is a flat 
(resp. faithfully flat, resp. almost projective) A-module. 

(ii) We say that is (uniformly) almost flnite (resp. finite) if is a (uniformly) almost finitely 
generated (resp. finitely generated) A-module. 

(iii) We say that (p is weakly unramified (resp. unramified) if i? is a flat (resp. almost projective) 
B ®A -B-module (via the morphism jiB/A defined above). 

(iv) (p is weakly etale (resp. etale) if it is flat and weakly unramified (resp. unramified). 

Furthermore, in analogy with definition [2.4.4[ , we shall write "(uniformly) almost finite projec- 



tive" to denote a morphism (p which is both (uniformly) almost finite and almost projective. 

Lemma 3.1.2. Let (p : A ^ B and ip : B ^ C be morphisms of almost V -algebras. 

(i) Let A ^ A' be any morphism of -algebras; if (p is fiat (resp. almost projective, resp. 
faithfully fiat, resp. almost finite, resp. weakly unramified, resp. unramified, resp. weakly 
etale, resp. etale) then the same holds for (p ^a 1a'- 

(ii) If both (p and ip are fiat (resp. almost projective, resp. faithfully fiat, resp. almost finite, 
resp. weakly unramified, resp. unramified, resp. weakly etale, resp. etale), then so isipocp. 

(iii) If(p is fiat and ip o cp is faithfully fiat, then cp is faithfully fiat. 

(iv) If(p is weakly unramified and ip o cp is fiat (resp. weakly etale), then ip is fiat (resp. weakly 
etale). 

(v) If(p is unramified and ip o cp is etale, then ip is etale. 

(vi) (p is faithfully fiat if and only if it is a monomorphism and B/Ais a fiat A-module. 

(vii) If(p is almost finite and weakly unramified, then cp is unramified. 

(viii) Ifip is faithfully fiat and ip o cp is fiat (resp. weakly unramified), then cp is fiat (resp. weakly 
unramified). 



Proof. For (vi) use the Tor sequences. In view of proposition [2.4.18K ii), to show (vii) it suffices 



to know that B is an almost finitely presented B ®a -B-module; but this follows from the 
existence of an epimorphism of B ®a -B-modules (B ®a B) ®a B — > Ker fiB/A defined by 
X ® h ^ X ■ {1® h — h ® Vj. Of the remaining assertions, only (iv) and (v) are not obvious, 
but the proof is just the "almost version" of a well-known argument. Let us show (v); the same 
argument applies to (iv). We remark that hb/a is an etale morphism, since (p is unramified. 
Define := Ic ®b I^b/a- By (i), F^ is etale. Define also p := {ip o cp) (g)^ 1^. By (i), p is flat 
(resp. etale). The claim follows by remarking that ip = T^op and applying (ii). □ 

Remark 3.1.3. (i) Suppose we work in the classical limit case, that is, m := (cp. example 
[2.1.2K ii)). Then we caution the reader that our notion of "etale morphism" is more general 
than the usual one, as defined in PO]. The relationship between the usual notion and ours is 



discussed in the digression ( |3.4.44| ). 



(ii) The naive hope that the functor A y-^ Au might preserve flatness is crushed by the fol- 
lowing counterexample. Let (V, m) be as in example [2.1.2K i) and let k be the residue field 
of V . Consider the flat map V x V ^ V defined as (x, y) ^-^ x. We get a flat morphism 
ya y. ya ^ ya \/a_^^g. applying the left adjoint to localisation yields a map V Xf.V ^ V 
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that is not flat. On the other hand, faithful flatness is preserved. Indeed, let : A ^ i? be a mor- 
phism of almost algebras. Then is a monomorphism if and only if 0n is injective; moreover, 
B\\ /\Ta.{A\\) ~ B\/ A\, which is flat over Au if and only if B / A is flat over A, by proposition 



We will find useful to study certain "almost idempotents", as in the following proposition. 

Proposition 3.1.4. A morphism (p : A ^ B is unramified if and only if there exists an almost 
element cb/a ^ B ®a B^ such that 

(ii) i^B/A{eB/A) = 1; 

(iii) X ■ eB/A = for all x e Ib/a*- 

Proof. Suppose that is unramified. We start by showing that for every e e m there exist 
almost elements of B ® ^ B such that 

(3.1.5) el = €-es IJ^B/A{ee) = £ ■ 1 Jb/a* ■ = 0. 

Since B is an almost projective B 0^ -B-module, for every e E m there exists an "approximate 
splitting" for the epimorphism Hb/a '■ B 0^ B ^ B, i.e. a B ®a -B-linear morphism : 
B ^ B 0A B such that I-Ib/a o Ue = £ ■ 1b- Set Ce := Ue o I : A B B. We see that 
l^B/A{^e) = £ ■ k- To show that = e ■ we use the B ®a -B-linearity of to compute 

el = ee- Ue{l) = UeifXB/Aiee) ■ 1) = Ue{flB/Aiee)) = £ ■ Ce- 

Next take any almost element x of Ib/a and compute 

X- ee = X- Ue{V) = Ue{HB/A{x) ■ 1) = 0. 

This establishes ( p.l.5D . Next let us take any other 5 E m and a corresponding almost element es. 
Both e-i—Cg and (5-l—e5 are elements of Jb/a*, hence we have i5-l—es)-e^ = = (e-l— ee)-e5 
which implies 

(3.1.6) 6 ■ = £ ■ es for all e, 5 G m. 
Let us define a map cb/a ■ ®y m ^ B ®a -B* by the rule 

(3. 1 .7) e ® 5 5 ■ for all e,5 E m. 

To show that ( p.l.7p does indeed determine a well defined morphism, we need to check that 
6 ■ V ■ Cs = 6 ■ e^-e and 6 ■ Ce+e/ = 5 • (e^ + e^/) for all e, e',6 E m and all v eV. However, both 



identities follow easily by a repeated application of ( |3.1.6| ). It is easy to see that cb/a defines an 
almost element with the required properties. 

Conversely, suppose an almost element cb/a of B 0a B is given with the stated properties. 
We define u : B ^ B ®a -B by 6 i— > c^/a ■ (1 ® &) (& G B^) and v := fiB/A- Then (iii) says that 



M is a i? ®A -B-linear morphism and (ii) shows that v o u = 1b ■ Hence, by lemma 2.4.15, is 



unramified. □ 



Remark 3.1.8. The proof of proposition [3.1.4| shows that if / is an ideal in an almost V-algebra 



A, then A/ 1 is almost projective over A if and only if / is generated by an idempotent of A^ 
This idempotent is uniquely determined. 

Corollary 3.1.9. Under the hypotheses and notation of the proposition, the ideal Ib/a has a 
natural structure of B 0a B-algebra, with unit morphism given by 1 := Xb^aB/a ~ ^b/a ciiT-d 
whose multiplication is the restriction of jj,B(^AB/A to Ib/a- Moreover the natural morphism 

B®aB^Ib/a®B x^ {x-l® hb/a{.x)) 

is an isomorphism ofB ®a B-algebras. 
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3.2. Nilpotent deformations of almost algebras and modules. Throughout the following, 
the terminology "epimorphism of V^-algebras" will refer to a morphism of \^"-algebras that 
induces an epimorphism on the underlying y^^-modules. 

Lemma 3.2.1. Let A B be an epimorphism of almost V -algebras with kernel I. Let U be 
the A-extension —>■ I/P A/P B —>■ 0. Then the assignment f ^ f * U defines a 
natural isomorphism 

(3.2.2) HomB(///^ M) ^ ExaU(5, M). 

Proof. Let X := if) M ^ E ^ B ^ 0)he any A-extension of B by M. The composition 
g : A ^ E ^ B of the structural morphism for E followed by p coincides with the projection 
A ^ B. Therefore g(I) C M andg{P) = 0. Hence g factors through A/P; the restriction of g 
to I/P defines a morphism / G HomB(J/J^,M) and a morphism of A-extensions /* X. 
In this way we obtain an inverse for ( [3.2.2p . □ 

3.2.3. Now consider any morphism of A-extensions 



(3.2.4) 



B : 

7 

C : 




The morphism u induces by adjunction a morphism of Co-modules 
(3.2.5) Co 0Bo I^J 

whose image is the ideal / ■ C, so that the square diagram of almost algebras defined by / is 
cofibred {i.e. Co — C ®b Bq) if and only if ( p.2.5p is an epimorphism. 

Lemma 3.2.6. Let f : B C be a morphism of A-extensions as above, such that the corre- 
sponding square diagram of almost algebras is cofibred. Then the morphism f : B C is flat 
if and only if fo : Bq ^ Cq is flat and ( p.2.5p is an isomorphism. 

Proof. It follows directly from the (almost version of the) local flatness criterion (see Th. 
22.3]). □ 

We are now ready to put together all the work done so far and begin the study of deformations 
of almost algebras. 

3.2.7. Themorphismw : / — > JisanelementinHomBQ(/, J) ; by lemma |3 . 2 . l] the latter group 
is naturally isomorphic to ExalB{Bo, J). On the other hand, in view of proposition |2.5.42| and 
lemma [2.4.14K i) we have natural isomorphisms: 

(3.2.8) 



Exfco„(Lco/Bo,M,; 



Ext^o(Lc„/Bo,^) 



for every i E N and every Co-module M. By applying transitivity (theorem [2.5.32^ to the 
sequence of morphisms B ^ Bq ^ Cq we deduce an exact sequence of abelian groups 



ExalBo(Co, J) Exalij(Co, J) HomBo(/, J) 



Hence we can form the element uj(B, fo,u) := d{u) E Ext^^ (L^^^^^ , J) . The proof of the next 
result goes exactly as in p^. III. 2. 1.2.3]. 



Proposition 3.2.9. Let the A-extension B, the Bo-linear morphism u : I 
phism of A-algebras fo : Bq ^ Co be given as above. 



J and the mor- 
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(i) There exists an A-extension C and a morphism f : B ^ C completing diagram ( [3.2.4D if 
and only ifij{B, /o, u) = 0. (i.e. lj{B, /q, u) is the obstruction to the lifting of B over f^.) 

(ii) Assume that the obstruction uj{B, /o, u) vanishes. Then the set of isomorphism classes of 
A-extensions C as in (i) forms a torsor under the group: 

ExalBo(Co,J)^Ext^,^(L^„/s,^,J). 

(iii) The group of automorphisms of an A-extension C as in (i) is naturally isomorphic to 



□ 



3.2.10. The obstruction uj{B, /q, u) depends functorially on u. More exactly, if we denote by 

Co ®Bq I, then for any other 



a;(i?,/o)GExt^o(L^o/i,o,Co®Bo/) 



the obstruction corresponding to the natural morphism / 
morphism u : I ^ J v^/e have 

^iBJo,u) = v^, ouj{BJo) 
where v is the morphism ( [3.2.5D . Taking lemma p.2.6| into account we deduce 

Corollary 3.2.11. Suppose that Bq Cq is flat. Then 

(i) The class uj{B, fo) is the obstruction to the existence of a flat deformation of Co over B, 
i.e. of a B-extension C as in ( |3.2.4D such that C is flat over B and C ®b Bq ^ Cq is an 
isomorphism. 

(ii) If the obstruction uj{B, /o) vanishes, then the set of isomorphism classes of flat deforma- 
tions of Cq over B forms a torsor under the group ExalBo{Co, Cq -^)- 

(iii) The group of automorphisms of a given flat deformation of Cq over B is naturally isomor- 
phic to BeiBa {Co, Cq ®Bq I)- □ 

3.2.12. Now, suppose we are given two A-extensions C^, with morphisms of A-extensions 



B 



C' 







J* 



B 



Bq 



fo 



and morphisms v : ^ J"^ , go : Cl ^ Cl such that 

(3.2.13) = vou^ and fl = go o fo- 

We consider the problem of finding a morphism of A-extensions 

C^ : Ji C^ - 



(3.2.14) 



9 

C^: 

h 







J2 



g 

1 



go 







such that = (? o Let us denote by e(C*) G Ext^i(L^i^^, J*) the classes defined by the 
S-extensions C^, C^ via the isomorphisms ( [2.5.31D and ( |3.2.8D , and by 
V* : Ext^i(L^i/^, Ji) ^ Ext^i(L^i/^, .P) 
*gQ : Ext^g(L^",/^, J') ^ Exi],l{cf®cl, L^./^, J') 
the canonical morphisms defined by v and go. Using the natural isomorphism 
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we can identify the target of both v* and *g with Ext^i(L^i^^, J^). It is clear that the problem 

admits a solution if and only if the A-extensions v * and * go coincide, i.e. if and 
only if V * e{C^) — e(C'^) * go = 0. By applying transitivity to the sequence of morphisms 
B ^ Bo ^ Cq we obtain an exact sequence 



It follows from ( p.2.13p that the image of v*e(C^)—e{C'^)*go in the group Hom^;! {CqI^BqI, J"^) 



vanishes, therefore 
(3.2.15) V * e{C^) - e{C^) * go G Ext^,(L^i/^^, .P). 

In conclusion, we derive the following result as in III. 2. 2. 2]. 

Proposition 3.2.16. With the above notations, the class (p.2.15D is the obstruction to the exis- 



tence of a morphism of A-extensions g : ^ as in ( p.2.14[ ) such that = gof^. When the 
obstruction vanishes, the set of such morphisms forms a torsor under the group DerB(,(Co, J^) 
( the latter being identified with Ext^g (Cg ^cVBq ' "^^^ ^' ^ 

3.2.11 . For a given almost V^-algebra A, we define the category A-w.Et (resp. A-Et) as the 
full subcategory of A-AIg consisting of all weakly etale (resp. etale) A-algebras. Notice that, 
by lemma |3TL^ (iv) all morphisms in A-w.Et are weakly etale. 

Theorem 3.2.18. Let Abe a V-algebra. 

(i) Let B be a weakly etale A-algebra, C any A-algebra and I d C a nilpotent ideal. Then 
the natural morphism 

HomA.Aig(5,C) HomA-Aig(5,C'//) 

is bijective. 

(ii) Let I G A a nilpotent ideal and A' := A/L Then the natural functor 

A-w.Et A'-w.m {(j): A^ B)^ (1^' </> : ^' ^ ^' ®A B) 

is an equivalence of categories. 

(iii) The equivalence o/(ii) restricts to an equivalence A-Et — A'-Et. 

Proof. By induction we can assume P = 0. Then (i) follows directly from proposition [3.2.16 



and theorem |2.5.36| . We show (ii) : by corollary [3.2.1 1| (and again theorem |2.5.36| ) a given 



weakly etale morphism (j)' : A' B' can be lifted to a unique flat morphism (p : A ^ B. 
We need to prove that </> is weakly etale, i.e. that B is B 0a -B-flat. However, it is clear that 
fJLB'/A' '■ B' B' B' is weakly etale, hence it has a flat lifting Ji : B ®a B C . Then 
the composition A B ®a B ^ C is flat and it is a lifting of (p'. We deduce that there is an 
isomorphism of A-algebras a : B ^ C lifting 1 b' and moreover the morphisms b t-^ 1) 
and b i— > J1{1 ® b) coincide with a. Claim (ii) follows. To show (iii), suppose that A' B' 
is etale and let J^/ /a' denote as usual the kernel of fj^B' /A'- By corollary p.l.9[ there is a natural 



morphism of almost algebras B' 0a' B' Ib' /a' which is clearly etale. Hence Ib' /a' lifts to 
a weakly etale B 0^ 5-algebra C, and the isomorphism B' 0a' B' ~ Ib' /a' © B' lifts to an 
isomorphism B ® a -B ~ C © 5 of -B ®a -B-algebras. It follows that B is an almost projective 
B ®A -B-module, i.e. A B is etale, as claimed. □ 



We conclude with some results on deformations of almost modules. These can be established 
independently of the theory of the cotangent complex, along the lines of [^, IV.3.1.12]. 
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3.2.19. We begin by recalling some notation from loc. cit. Let i? be a ring and J C i? an ideal 
with J2 = 0. Set R' := R/ J; an extension of i?-modules M := (0 ^ M ^ M' ^ 0) 

where K and M' are killed by J, defines a natural morphism of _R'-modules m(M) : J®r' M' 
K such that m(M)(x ® m') = xm for x G J, m E M and p(m) = m' . By the local flatness 
criterion (Q Th. 22.3]) M is flat over R if and only if M' is flat over R' and m(M) is an 
isomorphism. One can then show the following. 



Proposition 3.2.20. (cp. IV.3.1.5]j With the notation of ( p.2.19D we have: 

(i) Given R' -modules M' and K and a morphism u' : J ®ri M' K there exists an ob- 
struction Lj{R,u') G Ext^,(M',fr) whose vanishing is necessary and sufficient for the 
existence of an extension of R-modules M_ of M' by K such that u{M_) = u'. 

(ii) When u{R, u') = 0, the set of isomorphism classes of such extensions M forms a torsor 
under Ext]^,(M', K); the group of automorphisms of such an extension is isomorphic to 
YLomR>{M\K). □ 

Lemma 3.2.21. Let R be a ring, M a finitely generated R-module such that Ann^jM is a 
nilpotent ideal. Then R admits a filtration = C ... C Ji C Jq = -R such that each Jij Ji^i 
is a quotient of a direct sum of copies of M. 

Proof. This is [ ]4T| , 1.1.5]; for the convenience of the reader we reproduce the proof. Let / : = 
Fq{M) C -R; if M is generated by k elements, we have (Ann^jM)^ C / C Ann^M, especially 
/ is nilpotent. 

Claim 3.2.22. It suffices to show that R := R/I admits a filtration as above. 

Proof of the claim: Indeed, if = Jq C J{ C ... C Jl^_l d J'^ = R/ 1 is such a filtration, we 
deduce fixations C J[{P/P+^) C ... C J'^_^{P/P+^) C for every t G N; the 

graded module associated to this filtration is a direct sum of quotients of modules of the form 
iJ'k/J'k+i) ®R (lyi^^^), so the claim follows easily. 

Let Fo{M/IM) be the 0-th Fitting ideal of the !R-module M/IM; we have Fq{M/IM) = 
Fo(M) ■R = 0, and {knn-nM / 1 Mf C Fq{M/IM), i.e. Ann^M/IM is a nilpotent ideal. 
Thus, thanks to claim [3.2.22| we can replace R and M by i? and M/IM, and thereby reduce 
to the case where Fo(M) = 0. We claim that the filtration = Fo(M) C Fi(M) C ... C 

Ffc_|_i(M) = R will do in this case. Indeed, let Li Lq ^ M ^ be a presentation of M, 
where Lq and Li are free i?-modules and the rank of Lq equals k; by definition Fj{M) is the 
image of the map A^'-'Li ®^ ^rLq — > A'^Lq ~ R defined by the rule x ®y ^ A^~-'0(x) A y. 
We deduce easily that the induced surjection A^^-'Li ®r AjjLo — > Fj{M) / Fj^i{M) factors 
through the module A^~^Li A-jjM; however the latter is a quotient of sums of M, at least 
when j > 1, so the claim follows. □ 

Lemma 3.2.23. Let A ^ B be a finite morphism of almost algebras with nilpotent kernel. 
There exists m > such that the following holds. For every A-linear morphism (p : M ^ N, 

set (pB := (jy^A'^B ■ M ®aB ^ N ®A B; then : 

(i) AnnA(Coker0B)™ C Ann^(Coker 0). 

(ii) (Anny(Ker0B) ■ Anny(Tor^(5, A^)) ■ Annv(Coker 0))™ C AnnA(Ker0). 

If B = A/ 1 for some nilpotent ideal I, and /" = 0, then we can take m = n in (i) and (ii). 

Proof. Under the assumptions, we can find a finitely generated A^.-module Q such that m ■ 5* C 
Q C -B*. By lemma P^2.21| there exists a finite filtration = C ... C Ji C Jq = A* such 



that each Ji/ Ji^i is a quotient of a direct sum of copies of Q. This implies that 
(3.2.24) Ann^(M B)"" C Ann^(M) 
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for every A-module M; (i) follows easily. Notice that if B = A/ 1 and J" = 0, then we 



L 



can take m = n in ( [j.2.24p . For (ii) let C := Cone0. We estimate H := H-^{C' ®a B) 



in two ways. By the first spectral sequence of hyperhomology we have an exact sequence 
Tor^(iV, B) ^ H Ker 0^. By the second spectral sequence for hyperhomology we have an 
exact sequence Tor^(Coker 0, B) Ker(0) ®a B ^ H . Hence Ker(</)) ®a B is annihilated 
by the product of the three annihilators in (ii) and the result follows by applying (p.2.24D with 



M:=Ker0. □ 
Lemma 3.2.25. Keep the assumptions of lemma p.2.23| and let M be an A-module. 



(i) If A ^ B is an epimorphism, M is fiat and Mb '■= B ®a M is almost projective over B, 
then M is almost projective over A. 

(ii) If Mb is an almost finitely generated B -module then M is an almost finitely generated 
A-module. 

(iii) IfToTf{B, M) = and Mb is almost finitely presented over B, then M is almost finitely 
presented over A. 

Proof, (i) : we have to show that Ext^(M, A^) is almost zero for every A-module N. Let 
/ := Ker(y4 — B)\ by assumption / is nilpotent, so by the usual devissage we may assume 
that JA^ = 0. If X e Ext\(M, A^) is represented by an extension Q->N^Q->M^Q 
then after tensoring by B and using the flatness of M we get an exact sequence of 5-modules 
Q ^ N ^ B ®A Q Mb 0. Thus x comes from an element of Ext^^(MB, N) which is 
almost zero by assumption. 

(ii) : for a given finitely generated subideal rao C m, let N C Mb be a finitely generated 
fi-submodule such that moMs C N. Since the induced map M^,(S)^,_B^, — > (M^)* is almost sur- 
jective, we can find a finitely generated A-submodule Nq C M such that moA^ C Im((A'o)B 
Mb)', by lemma [3.2.23K i) it follows that mQ"(M/A^o) = for some n > depending only on 



B, whence the claim. 

(iii) : Let rrio be as above. By (ii), M is almost finitely generated over A, so we can choose 
a morphism (f) : ^ M such that mo ■ Coker0 = 0. Consider 0^ := 0a '■ B^ 



Mb. By claim [2.3. 12| , there is a finitely generated submodule A^ of Ker^s containing raj 



Ker 0^. Notice that Ker(0) 0aB maps onto KeT{B^ lm(0) ®aB) and Ker(lm(0) ®aB 
Mb) — Torf{B, Coker 0) is annihilated by mo. Hence mo ■ Ker 0^ is contained in the image of 
Ker0 and therefore we can lift a finite generating set {x[, xj^} for mlN to almost elements 
{xi, ...,Xn} of Ker0. If we quotient by the span of these x,, we get a finitely presented 
A-module F with a morphism (f) : F ^ M such that Ker(0 0a B) is annihilated by mg and 
Coker is annihilated by mo. By lemma [3.2.23Kii) we derive mg™ ■ Ker = for some m > 0. 



Since mo is arbitrary, this proves the result. □ 



Remark 3.2.26. (i) Inspecting the proof, one sees that parts (ii) and (iii) of lemma p.2.25| hold 



whenever ( p.2.24D holds. For instance, if A ^ i? is any faithfully flat morphism, then ( [3.2.24D 
holds with m := 1. 

(ii) Consequently, if A ^ B is faithfully flat and M is an A-module such that Mb is flat 
(resp. almost finitely generated, resp. almost finitely presented) over B, then M is flat (resp. 
almost finitely generated, resp. almost finitely presented) over A. 

(iii) On the other hand, we do not know whether a general faithfully flat morphism A ^ B 
descends almost projectivity. However, using (ii) and proposition [2.4. 18| we see that if the B- 
module Mb is almost finitely generated projective, then M has the same property. 

(iv) Furthermore, if B is faithfully flat and almost finitely presented as an A-module, then 
A ^ B does descend almost projectivity, as can be easily deduced from lemma p.4.31K i) and 
proposition |2.4.1?j| (ii) . 
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3.221 . We denote by A-Etafp the full subcategory of A-Et consisting of all etale A-algebras 
B such that B is almost finitely presented as an A-module. 

Theorem 3.2.28. Let I d Abe a nilpotent ideal, and set A' := A/ 1. 

(i) Suppose that ftx is a (flat) V -module of homological dimension < 1. Let P' be an almost 
projective A' -module. 

(a) There is an almost projective A-module P with A' ®a P — P'- 

(b) IfP' is almost flnitely presented, then P is almost flnitely presented. 

(ii) The equivalence of theorem [3.2.18K ii) restricts to an equivalence A-Etafp A'-Etafp. 

Proof, (i.a): as usual we reduce to P = 0. Then proposition p.2.20K i) applies with R := A^, 
J := h, R' := AJh, M' := P,', K := h PI and u' := Ik- We obtain a class uj{A^, u') E 
Extl,{Pl,h^R, P!) which gives the obstruction to the existence of a flat A^^-module F lifting 
PI. Since P/ is almost projective, lemma |2 .4 .141 (11) says that Ext^,(P',P 0r' PI) = 0, so 



such F can always be found, and then the A-module P = P° is a flat lifting of P'; by lemma 
3.2.25K i) we see that P is almost projective. Now (i.b) follows from (i.a), lemma |3^2.25| (ii) and 



proposition 2.4.18(1). 



(ii): in view of theorem |3 . 2 . 1 SK iii) , we only have to show that an etale A-algebra B is almost 



finitely presented as an A-module whenever B 0a A' is almost finitely presented as an A'- 
module. However, the assertion is a direct consequence of lemma p.2.25K iii). □ 



Remark 3.2.29. (i) According to proposition |2.1.12K ii.b), theorem p.2.28K i) applies especially 



when m is countably generated as a V^-module. 

(ii) For P and P' as in theorem p.2.28K i.b) let ap : P ^ P' be the projection. It is natural 
to ask whether the pair (P, ap) is uniquely determined up to isomorphism, i.e. whether, for 
any other pair (Q, ag : Q ^ P') for which theorem |3.2.28| (i.b) holds, there exists an A- 



linear isomorphism cf) : P ^ Q such that ctq o = ap. The answer is negative in general. 
Consider the case P' := A' . Take P := Q := A and let ap be the natural projection, while 
aq := [u' ■ 1a') o cTp, where u' is a unit in A'^. Then the uniqueness question amounts to 
whether every unit in A'^ lifts to a unit of A^. The following counterexample is related to the 
fact that the completion of the algebraic closure Qp of Qp is not maximally complete. Let 
V := Zp, the integral closure of Zp in Qp. Then \^ is a non-discrete valuation ring of rank 
one, and we take for m the maximal ideal of V , A := {V/p^VY and A' := A/pA. Choose 
a compatible system of roots of p. An almost element of A' is just a l^-linear morphism (p : 
colimp^/"V — > V/pV. Such a (p can be represented (in a non-unique way) by an infinite series 

n>0 

of the form Yl'^=i cinP^~^^"'' («« G V). The meaning of this expression is as follows. For 
every m > 0, scalar multiplication by the element Yl^=i <^nP^'^^'^' G V defines a morphism 
0m : p^/^V V/pV. For m' > m, let jVrt.m' ■ p^/^V — > p^/"^'-V be the imbedding. Then we 
have (f)rn' °j-m,rn' = <P-m, SO that wc Can define (p := colim 0^- Similarly, every almost element of 

' m>0 

A can be represented by an expression of the form ag + Yl'^=i o-nP^"^^"'^' ■ Now, iia : A ^ A' h 
the natural projection, the induced map a^, : A^, ^ A'^ is given by: + Yl'^=i 0'nP'^~^^^' ^ clq. 
In particular, its image is the subring V/p C (l^/p)* = A'^. For instance, the unit J2'^=iP^~^^"'' 
of A'^ does not lie in the image of this map. 



In the light of remark [3.2.29| , the best one can achieve in general is the following result. 



Proposition 3.2.30. Assume (A) (see ( |2.1.6| )j and keep the notation of theore m [3.2.28K i). Sup- 
pose that (Q, aq : Q ^ P') and (P, ap : P ^ P') are two pairs as in remark p.2.29i n). Then 
for every e G m there exist A-linear morphisms : P ^ Q and : Q P such that 
PQ. X aqote = e ■ ap apoSe = e-aq 

SsOte = e'^ ■ Ip teOSe = e'^ ■ Iq. 
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Proof. Since both Q and P are almost projective and op^aq are epimorphisms, there exist 
morphisms % : P ^ Q and Se : Q ^ P such that aq ot^ = e ■ ap and crp o = e ■ ctq. 
Then we have ap o {^^ ote — ■ Ip) = and aq o (t^ o — e:^ o Iq) = 0, /.e. the morphism 
Ue := e'^ -Ip — Seote (resp. t>e := e"^ -Iq — o s^) has image contained in the almost submodule 
IP (resp. IQ). Since f" = this implies = and = 0. Hence 



e 

m— 1 



e ■lp = [elp) -U^ ^y^^ joSeOtg. 

a=0 



Define S(2m-i)e := {Y.Z^ e^^uf-^-'^) oS,. Notice that S(2™-i). = o (^^=0 ^'X""'"'')- 
This implies the equalities S(2m-i)£ o = e^^™ ■ Ip and te o S(2m-i)e = e^^™ • Iq- Then the pair 
(s(2m-i)E, e^^™"^) ■ tg) satisfies PQ(£:^™~^). Under (A), every element of m is a multiple of an 
element of the form therefore the claim follows for arbitrary e G m. □ 

3.3. Nilpotent deformations of torsors. For the considerations that follow it will be conve- 
nient to extend yet further our basic setup. Namely, suppose that T is any topos; we can define 
a basic setup relative to T as a pair (V, m) consisting of a T-ring V and an ideal m C V satisfy- 
ing the usual assumptions ( |2.1.1| ). Then most of the discussion of chapter ^ extends verbatim to 
this relative setting. Accordingly, we generally continue to use the same notation as in loc.cit.; 
however, if it is desirable for clarity's sake, we may sometimes stress the dependance on T by 
mentioning it explicitly. For instance, an almost T-ring is an object of the category V^-Alg of 
associative, commutative and unitary monoids of the abelian tensor category of V"-modules, 
and sometimes the same category is denoted (T, V, m)"-Alg. 

3.3.1. Let T be a topos and (y^, m) a basic setup relative to T. For every object [/ of T, we can 
consider the restriction (V/u, vn/u) of {V, m) to T/f/, which is a basic setup relative to the latter 
topos. As usual, for every object X ^ U of T/u, one defines V/u{X) := HomT/^ (X, V) and 
similarly for m/[/(X). The restriction functor l^-Mod — > V/ij-yVod clearly preserves almost 
isomorphisms, whence a restriction functor 

(T, V, m)"-Mod ^ {T/u, V/u, m/c/)"-Mod M ^ M/u- 

Similar functors exist for the categories of V^-algebras, and more generally, for A-algebras, 
where A is any (T, V, m) "-algebra. 

3.3.2. For every almost T-module M, we define a functor : T° Z-Mod by the rule: 
U H- * Homv^a^(Vy^, M/u). Let be a l^-module; using the natural isomorphism 

(cp. ( |2.2.4D ) one sees that is a sheaf for the canonical topology of T, hence it representable 
by an abelian group object of T, which we denote by the same name. It is then easy to check 
that is a l^-module, and that the functor M ^ is right adjoint to the localization func- 
tor y-Mod \^"-Mod. We can then generalize to the case of the localization functors 
A-Mod A"-Mod and A-AIg y4°-Alg, for an arbitrary V^-algebra A. Likewise, the left 
adjoint functors to localization M ^ M and B ^ B\\ are obtained in the same way as in the 
earlier treatment of the one-point topos. 



3.3.3. Let T and [V, m) be as in ( [3.3. 1[ ) and let R be any V-algebra. An ajfine R-scheme is 



an object of the category R-Alg°. An qffine almost R-scheme (or an qffine R'^-scheme) is an 
object of the category i?"-AIg°. If X is an affine i?"-scheme, then we may write 0x in place 
of the -R'^-algebra X°, and an X^-module will also be called a quasi-coherent ffx-module. A 
morphism cj) : X oi affine almost schemes is the same as the morphism of almost algebras 
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(fr := (f)° : ffy <^x', moreover, induces puUback (z.e. tensor product 
image functors {i.e. restriction of scalars), which we will denote 



^x) and direct 



(3.3.4) 



?y-Mod 



'X 



-Mod 



and 



J'x-Mod 



'Y- 



Mod 



respectively. In the same vein, if A is any i?"-algebra, we may write Spec A to denote the object 
A° represented by A in the opposite category i?"-AIg°. We say that X is flat over i?" if i^x is 
a flat i?'^-algebra. Clearly the category of affine _R''-schemes admits arbitrary products. Hence, 
we can define an affine R^-group scheme as a group object in the category of affine i?'^-schemes 
(and likewise for the notion of affine i?- group scheme). 

3.3.5. The functors B ^ B^, and B ^ Bw induce functors on almost schemes, which we 
denote in the same way. Notice that the functor X ^ (resp. X ^ Xw) from affine i?"- 
schemes to i?-schemes (resp. to i?j|-schemes) commutes with all colimits (resp. with all limits). 
Especially, if G is an affine i?"-group scheme, then G\\ is an affine i?i|-group scheme. 

3.3.6. Throughout the rest of this section we fix a ^-algebra A and let S := SpecA. 

Let X an affine A-scheme, G an affine A-group scheme. A right action of G on X is a 
morphism of S-schemes p : G Xs X ^ X fulfilling the usual conditions. To the datum 
{X, G, p) one assigns its nerve G*x which is a simplicial affine ^-scheme whose component in 
degree n is G\ := G"' Xs X, and whose face and degeneracy morphisms 



aj : Gx 



X 



0,...,n 



0,...,n 



are defined for every n G N as in pTL Ch.VI, §2.5]. 



3.3.7. Let (X, G, p) be as in ( [3.3.6[ ), and let M be a quasi-coherent 
on M is a morphism of quasi-coherent ^qi -modules 



'X 



-module. A G -action 



(3.3.8) 13 : SqM 

such that the following diagram commutes: 

9o*/3 



dlM 



d*d*M 



(3.3.9) 

and such that 
(3.3.10) 



dldlM 
dldlM 



One also says that (M, /?) is a G-equivariant ^x-fnodule. One defines in the obvious way 
the morphisms of G-equivariant ^x-modules, and we denote by ^x-Mod^ the category of 
G-equivariant ^x-modules. 



Lemma 3.3.11. For every G-equivariant 
phism. 



'X 



-module M, the morphism (3.3.8) is an isomor 



Proof. We let r : G\ G\ be the morphism given on T-points by the rule: {g,x) i— > 
{g,g'^,x). Working out the identifications, one checks easily that r*( |3.3.9| ) boils down to 
the diagram 





dlM. 
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However, dlaQjS = ld*M, in view of ( p.3.1U| ), hence (3 is an epimorphism and T*dQf3 is an 
monomorphism. Since 9o o r is an isomorphism, we deduce that P is already a monomorphism, 
whence the claim. □ 

Lemma 3.3.12. IfG is aflat ajfine S -group scheme acting on an ajfine S -scheme X, then the 
category of G-equivariant quasi-coherent -modules is abelian. 

Proof. We need to verify that every (G-equivariant) morphism : M ^ of G-equivariant 
-modules admits a kernel and a cokernel (and then it will be clear that the kernel of — >^ 
Coker0 equals the cokernel of Ker0 — > M, since the same holds for ^x-modules). The 
obvious candidates are the kernel K and cokernel G taken in the category of ^x-modules, and 
one has only to show that the G-actions of M and induce G-actions on K and G. This 
is always the case for G (even when G is not flat). To deal with K, one remarks that both 
morphisms d^^di : G^ — > X are flat; indeed, this is clear for di. Then the same holds for 
do := di o uj, where uj := (p, Ix) : G ^ — ^ G\ is the isomorphism deduced from the action 
p : Gx X. It follows that Ker (9*0) ~ 9*(Ker 0) for i = 0, 1, whence the claim. □ 

3.3.13. Let : X — i> F be a morphism of affine S'-schemes. A square zero deformation of X 
over y is a datum of the form (j : X ^ X', ^ , (3), consisting of: 

(a) a morphism of F-schemes j : X — > X' such that the induced morphism of i^y-algebras 

: &'x' — ^ &x is an epimorphism and ^ := Ker is a square zero ideal, and 

(b) a quasi-coherent ^x-module with an isomorphism of ^x-modules P : j* ^ ^ y . 

The square zero deformations form a category Exaly(X, J^), with morphisms defined in the 
obvious way. As in the case of the one-point topos, we can compute the isomorphism classes 
of square zero deformations of X in terms of an appropriate cotangent complex. And, just as in 
the earlier treatment, we have to make sure that we are dealing with exact algebras, hence the 
right definition of the cotangent complex of is: 

Lx/y := L*'L(^xUSpecV'^)n/{YUSpccV'^)n 

where i : Xi — > (X 11 SpecV")!! is the natural morphism of schemes. This is an object of 
D(^x„-Mod). 

3.3. 14. Next, let G be a flat affine S-group scheme acting on X and Y, in such a way that is 
G-equivariant; it follows from lemma p.3.12| that ^ has a natural G-action. A G-equivariant 



square zero deformations of X over Y, is a datum (j : X ^ X', J^, /?) as above, such that, 
additionally, X' and y are endowed with a G-action and both j and P are G-equivariant. Let 
us denote by Exaly(X/G, =^) the category of such G-equivariant deformations. We aim to 
classify the isomorphism classes of objects of Exaly(X/G, =^), and more generally, study 
the G-equivariant deformation theory of X by means of an appropriate cotangent complex 
cohomology. This is achieved by the following device. 

3.3.15. Let / be a (small) category; recall ([^ Ch.VI, §5.1]) that aflbred topos over J is a 
pseudo-functor X of / in the 2-category of of topoi, i.e. the datum consisting of: 

(a) for every object i of /, a topos Xj 

(b) for every arrow / : i ^ j in /, a morphism of topoi X/ : Xj — Xj (sometimes denoted 
/) 

(c) for every composition i ^ j k, a transitivity isomorphism X/ ^ : Xg o Xf ^ Xgf, 
submitted to certain compatibility conditions (in practice, we will omit from the notation 
the transitivity isomorphisms). 

Given a fibred topos X over /, one denotes by Top(X) the following category, which is easily 
seen to be a topos ([|7|, Ch.VI, §5.2]). An object of E of Top(X) is the datum of 
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(a) for every i E I, an object Ei of Xi 

(b) for every arrow f : i ^ j, a morphism Ef : f*Ej Ei such that, for every composition 
i j k, one has Egj = Ef o f*Ej, provided one identifies {gf)*Ek with f*g*Ek via 

As an example we have the topos s.T whose objects are the cosimplicial objects of T; indeed 
this is the topos Top(F) associated to a fibred topos F, whose indexing category is the category 
A° defined in : to every object [n] of A° one assigns := T and for every morphism 
f : [n] ^ [m] of A°, one takes Fj := 1^, the identity functor of the topos T. 

There is an obvious functor T s.T that assigns to any object Z of T the constant cosim- 
plicial T-object s.Z associated to Z. Especially, if (T,V,m) is a basic setup for T, then 
(s.T, s. V, s.m) is a basic setup relative to s.T. 

3.3.16. Suppose now that M, is a cosimplicial V^'^-module. By applying termwise the functor 
iV 1-^ A^* we deduce a cosimplicial ^-module (A/.)*, whence an object of s.T which we denote 
by the same name. Clearly (M,)^ is a s.V^-module and we can therefore take its image in the 
localized category (s.V^)"-Mod. This defines a functor 

(3.3.17) s.iV-Mod) {s.V)''-Mod 

and it is not difficult to see that ( |3.3.17| ) is an equivalence of categories. Similar equivalences 
then follow for categories of cosimplicial V-algebras (a.k.a. simplicial ^"-schemes) and the 
like. For instance, for (X, G, p) as in ( [3.3.6D we can regard the nerve G'x as an affine s.S- 
scheme. 



3.3.18. More generally, let X, be any simplicial ^-scheme. A quasi-coherent i^x. -module is 
the same as a cosimplicial ^^-module M,, such that M„ is an ^x„ -module for every n E N, 



and the coface (resp. codegeneracy) morphisms : M„ M^+i (resp. 
are 9j-linear (resp. aj-linear), i.e. they induce M„-linear morphisms M„ 



: M„ - 



1 (resp. 



(jj=KM„„i) (notation of ( |3.3.4| )). It is convenient to introduce the following notation: for 



every i, n e N we let 



: d*M„, 



71+1 



the M„+i-linear morphism deduced from 9* by extension of scalars (and likewise for cr^). 



3.3.19. For every 5- scheme X on which G acts, and for every n G N, set ttx,™ := di o 82 o 
... o dn '■ G\ X. For any G-equivariant quasi-coherent ^^-module Af, we define a quasi- 
coherent i^G^ -module vr^Af as follows. According to ( |3.3.16| ), this is the same as defining a 
module TT^A^^ over the cosimplicial almost algebra &g\\ then wesetvr^A^ri := vr^ ^Af for every 
object [n] of A". Next, we remark that 'Kx,n-i ° di = 7rx,n for every i,n > 0, hence we have 
natural isomorphisms 7r^A<f„ 9*7r^A/„_i, from which we deduce the coface morphisms 
9* : TTxMn^i vr^Afn for every i,n > 0. Finally we use the morphism ( |3.3.8| ) and the 
cartesian diagram: 



G 



do 



X 



Gn—1 
X 



T:=d20...odn 



g\ 



do 



X 



X 



to define as the composition: 



Af, 



n-l 



d*oMn-l = d*o7C*Xn-lM = T^d^M 



r*/3 



Mr. 
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We leave to the reader the task of defining the codegeneracy morphisms; using the cocycle 
relation encoded in ( ]3.3.9| ) one can then verify the required cosimplicial identities. In this way 
we obtain a functor 



(3.3.20) 



fx-Mod 



G 



fc- -Mod 



M 



Proposition 3.3.21. The functor ( p.3.20D is fully faithful, and its essential image is the full 
subcategory of all quasi-coherent ^'cr^-modules {Mn \ n E N) such that 9" : 9*M„_i Mn 
is an isomorphism for every n G N (notation of ( |3.3.18| )j. 

Proof. Let (f), : vr^M — > (px^ be a morphism of i^^^ -modules. Since M„ = vr^^M for every 
n G N, we see that (p, is already determined by its component (po : M ^ N, whence the full 
faithfulness of ( j3.3.20D . On the other hand, let M, be a quasi-coherent -module satisfying 
the condition of the lemma, and set M := Mq. We define a morphism P : BqM ^ d^M as the 

composition d^M ^ Mi ^^X' d^M. 

Claim 3.3.22. /? defines an action of G on M. 



Proof of the claim: The identity a^f] = 1m is immediate, hence it suffices to show that ( p.3.9p 
commutes. This is the same as showing the commutativity of the following diagram: 



d*dlM 



d*d*M 




d*d*M 



9* Ml 



dldlM 



which can be checked separately on each of its three quadrangular subdiagrams. Let us verify 
for instance the commutativity of the bottom left diagram. By linearity, we can simplify down 
to the diagram: 



Ml 



M 



Ml 



whose commutativity expresses one of the identities defining the cosimplicial module M,. 

To conclude the proof, it suffices to exhibit an isomorphism 7, : vr^M ^ M,. For every 
n G N, let 7„ : tt^ „M Mn be the morphism induced by the composition 9" o 5"^^ o ... od^; 
under our assumption, 7„ is an isomorphism, and we leave to the reader the verification that 
(7n I n G N) defines a morphism of cosimplicial modules. □ 

3.3.23. In case G is flat over S, y is G-equivariant, and : X — > F is an equivariant 
morphism of affine S-schemes on which G acts, we deduce a natural functor: 

(3.3.24) Exaly(X/G, ^) ^ ExalG^(G;^, vr^^). 

Namely, to any G-equivariant square zero deformation D := (j : X ^ X', J^, (3) one assigns 
the datum Go ■= {Gj : G'^ ^ G\,, n^J^, 7r^/3). The flatness of G ensures that Ker(^G^, — ^ 
i^^n ) ~ vr^^j^ for every n G N, which means that G/j is indeed a deformation of G'x over 

G\r- 
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The basic observation is contained in the following: 



Lemma 3.3.25. Under the assumptions of ( |3.3.23| ), the functor ( |3.3.24| ) is an equivalence of 
categories. 

Proof. Let (j : G'x — ^ X^,7r^=^,/3) be a deformation of G'x. For every n G N we have a 
commutative diagram of affine S'-schemes: 



XL 



where d := (9i o ^2 o ... o (9„ and 7ry„ is the natural projection as in ( |3.3.19| ). We deduce a unique 
morphism a;„ : X'^ Gy x y Xq ~ G'^/ ■ By construction, aj^ fits into a commutative diagram 



®Gs ^X'^ ^ ^G" ®ffs 



X' 



^X 



hence a„ is an isomorphism for every n G N. To conclude, it suffices to verify that the system 
of morphisms (a;„ | n G N) defines a morphism of simplicial ^'-schemes: a, : X[ G'^, . 
This amounts to showing that the «„ commute with the face and degeneracy morphisms, which 
however is easily checked from the definition. □ 



3.3.26. Combining lemmata |3.3.25| and |2.5.17| (which holds verbatim in the present context) 
we derive a natural equivalence of categories: 

Exaly(X/G, ^) ^ Exalc^^XG^,,, (tt^^).). 

This enables us to use the usual theory of the cotangent complex to classify the G-equivariant 
deformations of X. 



3.3.27. According to pT] , Ch.VI, §5.3], for every n G N we have a morphism of topoi 

[n]T -.T^s.T 

called restriction to the n-th level. It is given by a pair of adjoint functors [n\T*) such that 
[n]^ : s.T — > T is the functor that assigns to any cosimplicial object {Xyk-\ | G N) the object 
X[n] of T. For every A; G N set Nx,k ■= Gx 11 Spec V; the system {Nx,k \ k e N) defines a 
simplicial Spec V""-scheme Nx (and likewise we define Ny). In view of Ch.II, (1.2.3.5)], 
we deduce natural isomorphisms of simplicial complexes of flat i^'xx „„ -modules: 



L 



Nx,uU/NY,n<\ 



for every n G N 



whence natural isomorphisms of simplicial complexes of flat ^^-modules: 



N 



X,nU/XY,nU 



--: L, 



where l, : G'xw — > Nxw is the morphism of simplicial schemes defined as in ( p.3.13D . In 
other words, hc'^/G^, is a mixed simplicial-cosimplicial module L,, whose rows L,„ are the 
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cotangent complexes of the morphisms : Gx — > Gy- Furthermore, for every n E N and 
every i < n + 1 we have a cartesian diagram 



G 



n+l 
X 



Y 



whose horizontal arrows are flat morphisms (since G is S-flat by assumption). Whence, taking 
into account theorem |2.5.35| , a natural isomorphism in D(^7Vjc „+i!!"Mod) : 



L 



Gn + l I f^n 
X /*-'v 



and, by unwinding the definitions, one sees that is induced by the i-th coface morphism 
L,„ IL,„_|_i of the double complex L„. 

Definition 3.3.28. Let G be an affine S-group scheme, : X — ^ F a G-equivariant morphism 
of affine S-schemes on which G acts. We say that is a G-torsor over Y if the action of G on 
Y is trivial (z.e. p : G X5 F — > F is the natural projection) and there exists a cartesian diagram 
of affine ^-schemes 



(3.3.29) 



GxsZ 

Pz 



X 



Y 



such that / is faithfully flat, g is G-equivariant for the action on G x 5 Z deduced from G, and 
Pz is the natural projection. 

3.3.30. Suppose that G is a flat affine S-group scheme and X ^ F is a G-torsor over Y . 
Then the groupoid G x 5 X : X defined by the G-action on X is an effective equivalence 
relation (cp. ( P37TD ) and Y ~ X/G. Furthermore, letX^i'n.= XxyXxy....XyX (the n-ih. 
fold cartesian power of X over Y)\ there are natural identifications G\ ~ j^x^n+i^ amounting 
to an isomorphism of (semi-)simplicial ^-schemes augmented over Y: 



[Y\X]. 



(cp. the notation of Exp.V*^'^, (1.2.7)]). We can regard the cosimplicial T-ring 
ring of the topos r(A x T) deduced from the simplicial topos A x T (notation of 
(1.2.8)]), whence an augmentation of fibred topoi 

(3.3.31) e:(AxT,^G-J^(AxT, 



'g' as a 

bis 



Exp.V 



and it follows from the foregoing and from remark [3.1.3| that ( [3.3.31D is an augmentation of 
2-cohomological descent (see [Bl Exp.V*^'^, Def.2.2.6]). Denote by 



9* : (T, ^y)-Mod ^ (r(A x T), 



-Mod 



'y)-Mod ^ 
Mod. Since 



the morphism obtained as the composition of the constant functor e' 
(r(A X T), ^y)-Mod and the functor T{9*) : (r(A x T), ^y)-Mod 
the morphisms 9^ are isomorphisms, it then follows from general cohomological descent ([|], 
Exp.V^'% Prop. 2. 2.7]) that, for every /c G N, the truncated system {T[^k^G'^/G'}- | n G N) is 
in the essential image of the functor L^9*. In the following we will be only interested in the 
case where the cotangent complex is concentrated in degree zero, in which case one can avoid 
the recourse to cohomological descent, and rather appeal to more down-to-earth faithfully flat 
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descent. In any case, the foregoing shows that there exists a uniquely determined pro-object 
(L^/y^- \keN) of D(^y-Mod) such that 

L+r (L^/^,,) ^ r[„,L^^/G^ for every k e N. 

By trivial duality there follow natural isomorphisms for every A; G N and every complex K' G 
D^(^G^-Mod) such that K = t^.^K : 

(3.3.32) E<^^(L"e^/e^,ir-) ^ E<^(L^/^^„i?+^,ir-). 

Definition 3.3.33. Let G be an affine ^-scheme and e : 5* ^ G its unit section. The colie 
complex of G is the complex of ^5-modules ic/s '■= ^*'^'g/s- 



Proposition 3.3.34. Let G be a flat S -group scheme, (p : X Y be a G-torsor over Y and 

G 

''X/Y,k 



TTy '■ Y ^ S the structure morphism. Then, for every A; G N, the complex iJliyt. is locally 



isomorphic to TCyTl-k^G/s in thefpqc topology ofY. 

Proof. We will exhibit more precisely a faithfully flat morphism f : Z ^ Y such that, for 
every G N there exist isomorphisms i?+/*L^/y^, ~ f*-KYT[_k^G/s in D(^^-Mod). Let 
-kq : G ^ S the structure morphism; first of all we remark: 

Claim 3.3.35. — t^g^g/s- 

Proof of the claim: Indeed, ttg is trivially a G-torsor over S, hence we have a compatible 
system of isomorphisms r[_fcLg^^ ~ vTyL^y^^. If e : S* — >^ G is the unit section, we deduce: 

r[_fc£G/s — ^*'T~[-kVG/s — ■"-'G/sfc every G N. After taking txq of the two sides, the claim 
follows. 

Let now / : Z ^ F be a faithfully flat morphism that trivializes the given G-torsor : 
X — i> F, so we have a cartesian diagram ( p.3.29p . Denoting by : G x 5 Z — > G the natural 
projection, we deduce (since G is S-flat) an isomorphism 5f*Lx/y — p*QhG/s- Whence, in view 
of claim |3.3.35| : 

(3.3.36) p*zf*^x/Y,k - Ph^hn-k^G/s - V*zT^*zn-k^G/s - P*zf*T^Yn-k^G/s- 



Let ez ■= e Xs Iz '■ Z ^ G Xs Z;the claim follows after applying e| to ( P.3.36| ). □ 



3.3.37. Finally we can wrap up this section with a discussion of equivariant deformations of 
torsors. Hence, let : X F be a G-torsor over Y, and jy ■ Y Y' a morphism of affine 
S-schemes such that := Ker(jy : ^y/ —>■ Gy) is a square zero ideal of Gyi. We wish to 
classify the square zero deformations of the torsor (f) over Y', that is, the isomorphism classes 
of cartesian diagrams 



Y^^Y' 

such that 0' is a G-torsor over Y' and jx is G-equivariant. 

Theorem 3.3.38. Suppose that G is flat over S, that Hi^ic/s) = 0/or i > and that Hq{Ig/s) 
is an almost finitely generated projective i)'s-module. Furthermore, suppose that the homologi- 
cal dimension ofm is < 1. Then, in the situation of ( [3.3.37[ ), we have: 

(i) The pro-object {h^^yk \ k & is constant, isomorphic to a complex of D(^y-Mod) 
concentrated in degree zero, that we shall denote by IL-x/y 

(ii) The set of isomorphism classes of square zero deformations of the torsor (p : X -^Y over 
Y' is a torsor under the group Ext^^ (JL-x/y ' '^)- 
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naturally isomorphic to Ext^? (L^/y, J^). 



(iii) The group of automorphisms of a square zero deformation (p' : X' ^ Y' as in ( |3.3.37| ) is 

G 



Proof, (i) follows easily from proposition |3.3.34| ; moreover it follows from remark p .2.261 (111) 
that Hq{IJ^iyY Is an almost finitely generated projective ^y-module. Let ^ := Ker(j^ : 
^x' Gx)\ by flatness, the natural morphism 0*^ ^ is a G-equivariant isomorphism. 
We notice that, for every quasi-coherent i^y-module M , there is a natural isomorphism 

^ (7r^0*M),. 

By cohomological descent (or else, by plain old-fashioned faithfully flat descent) it follows that 
the counit of the adjunction: 

is an isomorphism, whence, in light of ( |3.3.32| ), natural isomorphisms: 



(3.3.39) Ext^^^ (L^^/G^, T^U)- Ext^^^(i/o(L^/y), ^) for every G N. 

Claim 3.3.40. The diagram of functors: 



?y-Mod ^y,!-Mod 



is essentially commutative. 

Proof of the claim: Indeed, both of the two possible composition of arrows represent a functor 
^y-Mod ^x!!-Mod which is left adjoint to the functor M t-^ 0*M". 

Claim 3.3.41. The counit of the adjunction: e : iJolL^/y) -^olL^/y)" is an isomorphism. 



Proof of the claim: It follows easily from claim |3.3.40| and lemma |2.5.28| that <p*{e) is an 
isomorphism. Since is faithfully flat, the assertion follows. 



Combining ( P.3.32D , claim p.3.41| and lemma |2.4.14K i),(ii), we deduce that 

Ext|^^(LG^/G^,7ri^) = 0. 



However, by ( |3.3.26| ) and the usual arguments (cp. section one knows that the obstruction to 
deforming the torsor </> is a class in the latter group; since the obstruction vanishes, one deduces 
(ii). (iii) follows in the same way. □ 

3.4. Descent. Faithfully flat descent in the almost setting presents no particular surprises: since 
the functor A ^ A\\ preserves faithful flatness of morphisms (see remark [3.1.3[ ) many well- 



known results for usual rings and modules extend verbatim to almost algebras. 

3.4. 1 . So for instance, faithfully flat morphisms are of universal effective descent for the fibred 
categories F : r'^-Alg.Mod" V"-AIg° and G : V"-AIg.Morph° V-Alg" (see defi- 
nition [2.5.22|: for an almost V"-algebra B, the fibre Fb (resp. Gb) is the opposite of the category 



of i?-modules (resp. fi-algebras)). Then, using remark p.2.26| , we deduce also universal effec- 
tive descent for the fibred subcategories of flat (resp. almost finitely generated, resp. almost 
finitely presented, resp. almost finitely generated projective) modules. Likewise, a faithfully 
flat morphism is of universal effective descent for the fibred subcategories Et° — > V^-Alg" of 
etale (resp. w.Et° V"-Alg° of weakly etale) algebras. 
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3.4.2. More generally, since the functor A A\\ preserves pure morphisms in the sense of 



[p8||, and since, by a theorem of Olivier (loc. cit.), pure morphisms are of universal effective 



descent for modules, the same holds for pure morphisms of almost algebras. 

3.4.3. Non-flat descent is more delicate. Our results are not as complete here as it could be 
wished, but nevertheless, they suffice for the further study of etale and unramified morphisms 
that shall be taken up in chapter |^. (and they also cover the cases needed in [Q). Our first 



statement is the almost version of a theorem of Gruson and Raynaud (p2|. Part II, Th. 1.2.4]). 

Proposition 3.4.4. A finite monomorphism of almost algebras descends flatness. 

Proof. Let (p : A ^ B such a morphism. Under the assumption, we can find a finite A^- 
module Q such that mi?* C Q C B^. One sees easily that Q is a faithful A*-module, so by p2| . 
Part II, Th. 1.2.4 and lemma 1.2.2], Q satisfies the following condition : 

(3 4 5) If (0 ^ ^ ^ -P ^ 0) is an exact sequence of A*-modules with L flat, such 
that Im(A^ (g)^^ Q) is a pure submodule of L (g)^^ Q, then P is flat. 

Now let M be an A-module such that M 0a B is flat. Pick an epimorphism p : F ^ M with F 
free over A. Then F := (0 ^ Ker{p 0a 1b) ^ F 0ia B ^ M 0ia B ^ 0) is universally exact 
over B, hence over A. Consider the sequence X := (0 — Im(Ker(p)! Q) F\ Q 
M\ Q ^ 0). Clearly X" ~ F. However, it is easy to check that a sequence E_ of A-modules 
is universally exact if and only if the sequence E_i is universally exact over A^. We conclude 
that X = (X")! is a universally exact sequence of A*-modules, hence, by condition (p.4.5[), M\ 



is flat over A^, i.e. M is flat over A as required. □ 

Corollary 3.4.6. Let A B be aflnite morphism of almost algebras, with nilpotent kernel. If 
C is aflat A-algebras such that C ®a B is weakly etale (resp. etale) over B, then C is weakly 
etale (resp. etale) over A. 

Proof. In the weakly etale case, we have to show that the multiplication morphism ji : C ®a 
C — s> C is flat. As X := Ker(A — > B) is nilpotent, the local flatness criterion reduces the 
question to the situation over A/N . So we may assume that A — > i? is a monomorphism. Then 
C®aC {C®A C) ®A 5 is a monomorphism, but /i ®c®aC 1{c®AC)ts>AB is the multiplication 
morphism of C (8>a B, which is flat by assumption. Therefore, by proposition |3. 4. 4| , fi is flat. 



For the etale case, we have to show that C is almost finitely presented as a C®AC-module. By 
hypothesis C (8>a B is almost finitely presented as a C ®a C ®a -B-module and we know already 



that C is flat as a C ®a C-module, so by lemma 3.2.25(iii) (applied to the finite morphism 



C ®aC C ®aC ®aB) the claim follows. □ 
3.4.7. Suppose now that we are given a cartesian diagram Si of almost algebras 



(3.4.8) 



A,^A 



92 



such that one of the morphisms Ai ^ A3 (i = 1,2) is an epimorphism. Diagram S induces an 
essentially commutative diagram for the corresponding categories Aj-Mod, where the arrows 
are given by the "extension of scalars" functors. We define the category of S -modules as the 



2-fibre product S-Mod := Ai-Mod x^y-Mod Aa-Mod. RecaU (see % Ch.VII §3] or [|3 
Ch.I] for generalities on 2-categories and 2-fibre products) that ^-Mod is the category whose 
objects are the triples (Mi, M2, ^), where Mj is an Aj-module (i = 1,2) and ^ : ^3 i^Ai Mi ^ 
A3 ®A2 M2 is an As-linear isomorphism. There follows a natural functor 

TT : Ao-Mod S-Mod. 
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Given an object (Mi, M2, ^) of ^-Mod, let us denote M3 := ^3 we have a natural 

morphism M2 M3, and ^ gives a morphism Mi — > M3, so we can form the fibre product 
T(Mi, M2, := Ml Xm:, M2. In this way we obtain a functor T : ^-Mod Ao-Mod, and 
we leave to the reader the verification that T is right adjoint to tt. Let us denote by e : — *^ 
Ton and rj : n oT ^ ls?-Mod the unit and counit of the adjunction. 

Lemma 3.4.9. The functor tt induces an equivalence of full subcategories : 

{X E Ob(Ao-Mod) I Ex is an isomorphism} {Y G Ob(^-Mod) | r]Y is an isomorphism} 

having T as quasi-inverse. 

Proof. General nonsense. □ 

Lemma 3.4.10. Let M be any Ao-module. Then em is an epimorphism. IfToTf°{M, A3) = 0, 
then E M is an isomorphism. 

Proof. Indeed, Em '■ M — ^ {Ai i^Ao M) x^^^^^m (^2 ®Ao M) is the natural morphism. So, the 
assertions follow by applying — M to the short exact sequence of Ao-modules 

(3.4.11) 0^ Ao^ Ai®A2^ A^^O 

where f{a) := (/i(a), /2(a)) and g{a, b) := gi{a) - g2{h). □ 

3.4.12. There is another case of interest, in which em is an isomorphism. Namely, suppose 
that one of the morphisms Ai ^ Aj, {i = 1, 2), say Ai A^, has a section. Then also the 
morphism Aq — > A2 gains a section s : A2 Aq and we have the following : 

Lemma 3.4.13. In the situation of ( |3.4.12| ), suppose that the A^-module M arises by extension 
of scalars from an A2-module M', via the section s : A2 ^ Aq. Then em is an isomorphism. 

Proof. Indeed, in this case ( |3.4.11| ) is split exact as a sequence of A2-modules, and it remains 
such after tensoring by M' . □ 

Lemma 3.4.14. ^7{a/i,M2,?) is an isomorphism for all objects (Mi, M2, 

Proof. To fix ideas, suppose that Ai ^43 is an epimorphism. Consider any ^-module 
(Ml, M2, 0- Let M := T(Mi, M2, 0; we deduce a natural morphism 

: (M ®A, Ai) X (M ®Ao^2)^Mi XM3M2 

such that o Em = 1a/- It follows that Em is injective, hence it is an isomorphism, by lemma 
3.4. 10| . We derive a commutative diagram with exact rows : 

^ M ^ (M Ai) © (M (g)Ao A2) ^ M 0Ao A3 ^ 

4'i®4>2 4>'i 

^ M ^ Ml © M2 ^ M3 ^ 0. 

From the snake lemma we deduce 

(*) Ker(0i) © Ker(02) ^ Ker(03) 

(**) Coker(0i) © Coker(02) - Coker(03). 

Since M3 ~ Mi ©^i ^3 we have A3 ©^^ Coker 0i ~ Coker ^3. But by assumption Ai A3 
is an epimorphism, so also Coker0i Coker03 is an epimorphism. Then (**) implies that 
Coker 02 = 0. But 03 = l^g ©^2 02, thus Coker 03 = as well. We look at the exact sequence 

— » Ker0i M ®Aa Ai ^ Mi — > : applying A3 ©^^ — we obtain an epimorphism 
A3 i^Ai Ker 01 — >■ Ker 03. From (*) it follows that Ker 02 = 0. In conclusion, 02 is an 
isomorphism. Hence the same is true for 03 = 1^3 ©^2 02, and again (*), (**) show that 0i is 
an isomorphism as well, which implies the claim. □ 
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Lemma 3.4.15. In the situation of ( |3.4.7[ ), let M be any Ao-module and n > 1 an integer. The 
following conditions are equivalent: 

(a) Toxf (M, Ai) = Ofor every j < n and i = 1,2,3. 

(b) Tor^" {Ai Oa,, M, A3) = Ofor every j <nandi = 1,2. 

Proof. There is a base change spectral sequence 

(3.4.16) := Tor^'(Tor^°(M, A,), A3) Tor^^,(M, A3). 

If now (a) holds, we deduce that Toip{Ai A^) ~ Torp(M, A3) whenever p < n, and 

then (b) follows. Conversely, suppose that (b) holds; we show (a) by induction on n. Say that 
the morphism Ai — > A3 is an epimorphism, so that the same holds for the morphism Aq ^ A2, 
and denote by / the common kernel of these morphisms. For n = 1 and i = 1, the assumption is 
equivalent to saying that the natural morphism / 0Ai {Ai i^Aq M) — > {Ai (g)^,, M) is injective. 
It follows that the same holds for the morphism / Cg)^,, M — > M , which already shows that 
Torf°(M, A2) = 0. Next, the assumption for i = 2 means that the term Ef^ of the spectral 
sequence ( P.4.16D vanishes, whence an isomorphism Torf°(M, ^3) ~ Tor^°(M, A2) ^3 — 



0. Finally, we use the long exact Tor sequence arising from the short exact sequence ( |3.4.1 1| ) 
to deduce that also Torf°(Af, Ai) vanishes. Let now n > 1 and suppose that assertion (a) is 
already known for all j < n. We choose a presentation 

(3.4.17) O^R^F^M^O 

with F flat over Aq\ using the long exact Tor sequence we deduce that Tor:^°(M, Aj) ~ 



Tor^_JJ^(i?, Aj) for every j > 1 and every z < 3. Moreover, assertion (a) taken with j = 1 



shows that the sequence Ai®Ao^-^Al\) is again exact for z < 3, therefore Torf°(i?, At) van- 



ishes as well for z < 3. In other words, the Ao-module R fulfills condition (b) for every j < n, 
hence the inductive assumption shows that Tor^"(i?, Aj) = for every j < n and i = 1,2, 3; 
in turns this implies the sought vanishing for M. □ 

The following lemma p.4.18K iii) generalizes a result of D.Ferrand ([P5|, lemma]). 



Lemma 3.4.18. Let M be any Ao-module. We have: 

(i) AnnAo(M ®Ao ^1) • AnnAo(M ®Ao ^2) C AnnAo(M). 

(ii) M admits a three-step filtration C FHqM C FiliM C Fil2M = M such that FHqM 
and grgM are A2-modules and gr^^M is an Ai-module. 

(iii) If{Ai X A2) ®Ao M is flat over Ai x A2, then M is flat over Aq. 

Proof. To fix ideas, suppose that Ai — > A3 is an epimorphism, and let / be its kernel; let also 
Mi := Ai ®Ao M for i = 1, 2, 3. 

(i) : clearly / ~ Ker(Ao A2), therefore aM C IM for every a E AnnAo(M2). On the 
other hand, the natural morphism / 0Ai Mi ^ I 0Ao M IM is obviously an epimorphism, 
whence the assertion. 

(ii) : we set FHqM := Kei {em : M Mi M2); using the short exact sequence ( |3.4.16| ) 



we see that FiloM ~ Tor^^°(M, A3)/Torf"(Ai©A2, M). Obviously / annihilates FHqM (since 



it annihilates already Tor^ °(M, A3)), hence the latter is an A2-module. By lemma [3.4.10 



we 



have M' := M/FUqM ~ Mi x ^3 M2. We can then filter the latter module by defining 
FiloM' := 0, FiliM' := Ker(M' M2) ~ Ker(Mi M3), which is a Ai-module, and 
Fil2M' := M'. Since gisM' ~ M2, the assertion follows. 



(iii): in view of lemma |3.4.15| , it suffices to show the following: 
Claim 3.4.19. M is flat over Ao if and only if Mi is A^-flat and Tor^^« (M, Ai) = for i < 2. 
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Proof of the claim: It suffices to prove the non-obvious implication, and in view of (ii) we are re- 
duced to showing that Tor^° (M, L) = whenever L is an Aj-module, for i = 1,2. However, for 
any Aj-module L we have a base change spectral sequence E'^^^ := Torp*(Tor^°(M, Aj), L) =^ 

ToT^lg{M, L). If Tor^^°(M, Ai) = 0, this yields Torf°(M, L) ~ Tor^^'(M„ L), which vanishes 
when Mi is Aj-flat. □ 

3.4.20. For any V"-algebra A, let A-Modfi (resp. A-Modproj, resp. A-Modafpr) denote the 
full subcategory of A-Mod consisting of all flat (resp. almost projective, resp. almost finitely 
generated projective) A-modules. For any integer n > 1, let Ao-Mod„ be the full subcategory 
of all Ao-modules satisfying condition (a) of lemma [3.4. 15|; let also Aj-Mod„ (for i = 1,2) be 



the full subcategory of Aj-Mod consisting of all A^-modules M such that Tor:^'(M, ^3) = 



for every j < n. Finally, Let A-AIgg be the full subcategory of A-Alg consisting of all flat 
A- algebras. 



Proposition 3.4.21. In the situation of ( [3.4.7D , the natural essentially commutative diagram: 



Ao-Mod? *- Aa-Mod? 



Ai-Mod? 



A.-Modv 



is 2-cartesian (i.e. cartesian in the 2-category of categories, cp. [ |43| , Ch.I]j whenever ? = "fl" 



or 



'proj" or? = "afpr", orl = n, for any integer n > 1. 



Proof. The assertion for flat almost modules follows directly from lemmata [3.4.9[ , p.4.1(J| , [3.4.14 
and p.4.18[ (iii). Similarly the assertion for the categories y4j-Mod„ follows from the same 
lemmata and from lemma [3.4. 15t Set B := Ai ^ A2. To establish the assertion for projective 
modules, it suffices to show that, if P is an Ag-module such that B P is almost projective 
over B, then P is almost projective over Aq, or which is the same, that alExt^jj(P, iV) ~ for 
alH > and any Ao-module N . We know already that P is flat. Let M be any Ap-module and 

L 

N any _B-module. The standard isomorphism i?HomB Aq ^? — -RHomAo (M, A^) yields 
a natural isomorphism dXE^i'g{B M, N) alExt^^(M, A^), whenever Tor^»(5, M) = 
for every j > 0. In particular, we have alExt\^{P, A^) ^ whenever comes from either an 
yli-module, or an yl2-module. In view of lemma [3.4.18[ (ii), we deduce that the sought vanishing 
holds in fact for every Ao-module A^. Finally, suppose that P 0a B is almost finitely generated 
projective over B\ we have to show that P is almost finitely generated. To this aim, notice 
that KimAo{P ®a B)^ C AnnAo(-P), in view of lemma |3.4.18[ (i); then the claim follows from 
remark p:fl^ i). □ 



Corollary 3.4.22. In the situation of ( [3.4.7[ ), the natural essentially commutative diagram: 

Ao-^ A2-'t^ 



is 2-cartesian whenever ^ is one of the categories Algg, Et, w.Et, Etafp (notation of ( [3.2.27[ )j. 

□ 



3.4.23. Next we want to reinterpret the equivalences of proposition [3 .4. 2 1[ in terms of descent 
data. If F : ^ — >^ V- Alg° is a fibred category over the opposite of the category of almost alge- 
bras, and if X — i> y is a given morphism of almost algebras, we shall denote by Desc(^, Y/ X) 
the category of objects of the fibre category Fy, endowed with a descent datum relative to the 
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morphism X ^ Y (cp. P^ , Ch.II §1]). In the arguments hereafter, we consider morphisms 
of almost algebras and modules, and one has to reverse the direction of the arrows to pass to 
morphisms in the relevant fibred category. Denote hy pi : Y ^ Y i^x ^ = 1, 2), resp. 
Pij : Y ®x Y —> Y ®x Y ®x ^ (1 < ^ < j < 3) the usual morphisms. 

3.4.24. As an example, Desc(\/"-AIg.Mod°, Y/X) consists of the pairs (M, (3) where M is 
a y-module and /? is a F 0x 1^-linear isomorphism P : pl{M) ^ Pi{M) such that 

(3.4.25) Pui/3)°PUP)=PUP)- 

3.4.26. Let now J C X be an ideal, and set X := X/I, Y := Y/IY. For any F : ^ ^ 



V^-Alg" as in ( [3.4.23D , one has an essentially commutative diagram: 

Desc(^, Y/X) Desc(^,F/X) 

(3.4.27) 

Fy 

This induces a functor : 

(3.4.28) Desc(<^, Y/X) Desc(<^, Y/X) Xp_ Fy. 



Fy. 



Lemma 3.4.29. In the situation of ( p.4.26D , suppose moreover that the natural morphism I —>■ 
lY is an isomorphism. Then diagram ( p.4.27D is 2-cartesian whenever ^ is one of the fibred 
categories F"-AIg.Mod°, \/"-Alg.Morph° Et°, w.Et°. 

Proof. For any n > 0, denote by F®" (resp. y ®") the ri-fold tensor product of Y (resp. Y) with 
itself over X (resp. X), and by p„ : F®" F®" the natural morphism. First of all we claim 
that, for every n > 0, the natural diagram of almost algebras 



Y^ 



Y 



(3.4.30) 



Y 



pi — 



Y 



is cartesian (where yU„ and /!„ are n-fold multiplication morphisms). For this, we need to verify 
that, for every n > 0, the induced morphism Ker p„ — * Ker pi (defined by multiplication 
of the first two factors) is an isomorphism. It then suffices to check that the natural morphism 
Ker pn — > Ker p„_i is an isomorphism for all n > L Indeed, consider the commutative diagram 



Y'' 



Y' 



5n— 1 



lY' 
- Ker p„ 



Y 



Y' 



From lY = (j){Y), it follows thatp' is an epimorphism. Hence also ip is an epimorphism. Since 
Hs a monomorphism, it follows that ip is also a monomorphism, hence ip is an isomorphism 
and the claim follows easily. 

We consider first the case ^ := V^'^-Alg.Mod°; we see that ( |3.4.3C| ) is a diagram of the kind 
considered in ( p.4.8p , hence, for every n > 0, we have the associated functor 7r„ : F®"-Mod 
F®"-Mod Xy.Mod ^-Mod and also its right adjoint T„. Denote by : F ^ F®^ (i = 
1,2) the usual morphisms, and similarly define p^j : F®^ yiX)3 Suppose there is given 
a descent datum (M, /3) for M, relative to X ^ Y. The cocycle condition ( p.4.25p implies 
easily that /i2(/^) is the identity on ]l2{p*M) = M. It follows that the pair 1m) defines 
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an isomorphism 7r2(p*M) ^ 7r2{plM) in the category y®^-Mod Xy.Mo^ F-Mod. Hence 
T2{P, 1m) '■ T2 o tt2{pIM) ^ T2 o 772(^2^) is an isomorphism. However, we remark that 
either morphism yields a section for fi2, hence we are in the situation contemplated in lemma 
3.4.131 , and we derive an isomorphism P : P2{M) ^ pl(M). We claim that (M, P) is an object 



of Desc(^, Y/X), i.e. that [3 verifies the cocycle condition ( |3.4.25D . Indeed, we can compute: 
T^^i.P*ijP) = ip3iPijP),f^*3iPijP)) andby construction we have p*(p*/) = p*j(P) and/x^(p*/) = 
/i2(/?) = 1m- Therefore, the cocycle identity for l3 implies the equality 'iT^{pl2/3) o 773(^23/^) = 
773(^*3/?). If we now apply the functor T3 to this equality, and then invoke again lemma p.4.13| , 
the required cocycle identity for /5 will ensue. Clearly P is the only descent datum on M lifting 
p. This proves that ( |3.4.28| ) is essentially surjective. The same sort of argument also shows that 
the functor ( |3.4.28| ) induces bijections on morphisms, so the lemma follows in this case. Next, 



the case ^ := \^'^-Alg.Morph° can be deduced formally from the previous case, by applying 
repeatedly natural isomorphisms of the kind p*{M 0y N) ~ p*{M) ®y®^Y p*i{N) (i = 1, 2). 
Finally, the "etaleness" of an object of Desc(V^"-AIg.Morph°, Y/X) can be checked on its 
projection onto F-Alg°, hence also the cases ^ := w.Et" and ^ := Et° follow directly. □ 

3.4.31. Now, let B := AiX ^2; to an object (M, p) in Desc(\/''-Alg.Mod°, B/A) we assign 
a ^-module (Mi, M2, (notation of ( ^ITTI )) as follows. Set Mi := Ai ®b M [i = 1, 2) and 
Aij := Ai ®Ao Aj- We can write B B = j=i ^^'^ gives rise to the Ajj-linear 
isomorphisms Pij : Aij ^b^a^b P^i^) ~* ^tj ^b^aqS Pii^). In other words, we obtain 
isomorphisms Pij : Ai Mj Mi 0a.o ^j- However, we have a natural isomorphism 
A12 — A3 (indeed, suppose that Ai — > A3 is an epimorphism with kernel /; then / is also an 
ideal of Aq and Aq/I ~ A2; now the claim follows by remarking that lAi = I). Hence we can 
choose ^ = P12. In this way we obtain a functor : 

(3.4.32) Besc{V''-A\g.Mod°,B/Ao) ^-Mod". 

Proposition 3.4.33. The functor ( P.4.32D is an equivalence of categories. 

Proof. Let us say that Ai A3 is an epimorphism with kernel /. Then / is also an ideal 
of B and we have B / 1 c:^ A3 x A2 and Aq/ I ~ A2. We intend to apply lemma [3.4.29| to 



the morphism Aq ^ B. However, the induced morphism B := B/I — > Aq := Ao//in 
\^"-Alg° has a section, and hence it is of universal effective descent for every fibred category. 
Thus, we can replace in ( |3.4.28P the category Desc(V''-Alg.Mod°, 'B /'Aq) by Zo-Mod", and 



thereby, identify (up to equivalence) the target of ( |3.4.28D with the 2-fibred product (Ai-Mod x 
yl2-Mod)° X (A3-Modx A2-Mod)° A2-Mod°. The latter is equivalent to the category ^-Mod° and 
the resulting functor Desc( V-AIg.Mod°, B /Aq) ^-Mod° is canonically isomorphic to 
( I3.4.32D , whence the claim. □ 

Putting together propositions p.4.21| and p.4.33| we obtain the following : 



Corollary 3.4.34. In the situation of ( |3.4.8D , the morphism Aq AiX A2 is of effective descent 
for the fibred categories of fiat modules and of almost projective modules. □ 

3.4.35. Next we would like to give sufficient conditions to ensure that a morphism of almost 
algebras is of effective descent for the fibred category w.Et° — V'^-AIg" of weakly etale 
algebras (resp. for etale algebras). To this aim we are led to the following : 

Definition 3.4.36. A morphism cp : A ^ B oi almost algebras is said to be strictly finite if 
Ker is nilpotent and B c:^ R"^, where i? is a finite A,,, -algebra. 

Theorem 3.4.37. Let cf) : A B be a strictly finite morphism of almost algebras. Then : 
(i) For every A-algebra C, the induced morphism C ^ C ®a B is again strictly finite. 
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(ii) If M is a flat A-module and B ®a M is almost projective over B, then M is almost 
projective over A. 

(iii) A B is of universal effective descent for the flbred categories of weakly etale ( resp. 
etale ) almost algebras. 

Proof, (i): suppose that B = for a finite A*-algebra R; then S := -R is a finite C*- 

algebra and 5" ~ C. It remains to show that Ker(C C ®a B) is nilpotent. Suppose that R 
is generated by n elements as an 74^,-module and let Fa, (R) (resp. Fc, (S)) be the Fitting ideal 
of R (resp.of S); we have Anne. (-5)" C Fc, (5) C Ann^. (S) (see [g^, Ch.XIX Prop.2.5]); on 
the other hand Fc, (S) = Fa, (R) ■ C^, so the claim is clear. 

(iii): we shall consider the fibred category F : w.Et° V-Alg°; the same argument 
applies also to etale almost algebras. We begin by establishing a very special case : 

Claim 3.4.38. Assertion (iii) holds when B = (A/Ii) x (A/I2), where Ji and I2 are ideals in 
A such that Ii fl I2 is nilpotent. 

Proof of the claim: First of all we remark that the situation considered in the claim is stable 
under arbitrary base change, therefore it suffices to show that is of F-2-descent in this case. 
Then we factor as a composition A A/Ker (p B and we remark that A — » A/Kei is of 
F-2-descent by theorem p.2.18| ; since a composition of morphisms of F-2-descent is again of 



F-2-descent, we are reduced to show that A/Ker — > i? is of F-2-descent, i.e. we can assume 
that Ker ~ 0. However, in this case the claim follows easily from corollary |3.4.34 . 



Claim 3.4.39. More generally, assertion (iii) holds when B = Y[i=i ^^1 h, where Ji, /„ are 
ideals of A, such that nr=i nilpotent. 

Proof of the claim: We prove this by induction on n, the case n = 2 being covered by claim 
p.4.38| . Therefore, suppose that n> 2, and set B' := Aj (nr==L^ By induction, the morphism 
B' XS1=\ ^l^i is of universal F-2-descent. However, according to [ |3^ , Ch.II Prop. 1.1. 3], 
the sieves of universal F-2-descent form a topology on V^"-AIg°; for this topology, {A, 5} is a 
covering family of A x i? and (A — > i?' x (A//„))° is a covering morphism, hence \B' , A/ In} 
is a covering family of A, and then, by composition of covering families, {nr=i^ ^/^i: ^/In} 
is a covering family of A, which is equivalent to the claim. 

Now, let y4 i? be a general strictly finite morphism, so that B = R^ for some fi- 
nite A^^-algebra R. Pick generators /i,...,/m of the A^-module R, and monic polynomials 
Pi(X), ...,p„(X) such that Pi (/i) = for z = l,...,m. 

Claim 3.4.40. There exists a finite and faithfully flat extension C of A^ such that the images in 
C[X] of pi{X),...,pm{X) split as products of monic linear factors. 

Proof of the claim: This extension C can be obtained as follows. It suffices to find, for each 
2 = 1, m, an extension Ci that splits Pi{X), because then C := Ci 0a, ■■■ ®a. Cm will split 
them all, so we can assume that m = 1 and pi{X) = p{X); moreover, by induction on the 
degree of p{X), it suffices to find an extension C such that p{X) factors in C'[X] as a product 
of the formp(X) = {X — a) ■ q{X), where q{X) is a monic polynomial of degree deg(p) — 1. 
Clearly we can take C := A,[T]/ {p{T)). 

Given a C as in claim [3.4.40| , we remark that the morphism A ^ is of universal F- 



2-descent. Considering again the topology of universal F-2-descent, it follows that A ^ B 
is of universal F-2-descent if and only if the same holds for the induced morphism C" 

®A B. Therefore, in proving assertion (iii) we can replace by Ic ®a and assume 
from start that the polynomials Pi{X) factor in as product of linear factors. Now, let 



di := deg{pi) andpi{X) := Y[/{^~<^ij) (fori = 1, ...,m). We get a surjective homomorphism 
of A^-algebras D := A^[Xi, Xj/(pi(Xi), ...,p^(X„)) ^ Rhy the rule Xi v-^ {i = 
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1, m). Moreover, any sequence a := {aij^, a2j25 •■■5 '^mj™) yields a homomorphism tpa '■ 
D A^, determined by the assignment Xi ^-^ ctij^. A simple combinatorial argument shows 
that Yla Ker i/^Q = 0, where a runs over all the sequences as above. Hence the product map 
ria '^'a'-D^ has nilpotent kernel. We notice that the A^-algebra (Wa ^*) ®d -R is a 

quotient of Y\_a heiice it can be written as a product of rings of the form A^/ 1^, for various 
ideals /„. By (i), the kernel of the induced homomorphism R A^/Ia is nilpotent, hence 

the same holds for the kernel of the composition A — > Yla ^/-^a' which is therefore of the kind 
considered in claim p.4.39| . Hence A Yla^/^a is of universal F-2-descent. Since such 
morphisms form a topology, it follows that also A B is of universal F-2-descent, which 
concludes the proof of (iii). 

Finally, let M be as in (ii) and pick again C as in the proof of claim p.4.40| . By remark 
3.2.26K iv), M is almost projective over A if and only if 0a M is almost projective over C"; 



hence we can replace by 1^ <^a (p, and by arguing as in the proof of (iii), we can assume 
from start that B = Yl]^iA/Ij for ideals Ij C A, j = l,...,n such that / := n"=i -^i is 
nilpotent. By an easy induction, we can furthermore reduce to the case n = 2. We factor (p as 
A A/ 1 — i> -B;by proposition [3.4. 21| it follows that {A/ 1) ®a M is almost projective over 
A/ 1, and then lemma |3.2.25K i) says that M itself is almost projective. □ 



Remark 3.4.41. It is natural to ask whether theorem |3.4.37| holds if we replace everywhere 



"strictly finite" by "finite with nilpotent kernel" (or even by "almost finite with nilpotent ker- 
nel"). We do not know the answer to this question. 

3.4.42. On the category - Alg (taken in some universe) consider the topologies t^, (resp. r^) 
of universal effective descent for the fibred category Et° (resp. w.Et°). For a ring R denote by 
Idemp(i?) the set of idempotents of R. 

Proposition 3.4.43. With the notation of ( p.4.42D we have: 

(i) The presheaf A Idemp(A^,) is a sheaf for both t^. and t^. 

(ii) If f : A B is an etale (resp. weakly etale) morphism of almost V -algebras and there is 
a covering family {{A Aa)°} for (resp. r^) such that A^ A^ ®a B is an almost 
projective epimorphism for all a, then f is an almost projective epimorphism. 

(iii) Tg is finer than r^. 

Proof, (i): use descent of morphisms and the bijection 

HomA-Aig(^ X A,A) ^ Idemp(A*) 1-^ 0)- 



(ii): by remark PXB| , Ker(Aa — > Aa ®a B) is generated by G Idemp(y4Q,,,). and 6/3 agree 



in (Aa ®A Af})^, so by (i) there is an idempotent e E A^ that restricts to Cq, in Idemp(y4c 
for each a. The A-algebras B and A/eA become isomorphic after applying — ®a Aa, these 
isomorphisms are unique and are compatible on Aa ®a A/?, hence they patch to an isomorphism 
B ~ A/eA. 

(iii): we have to show that if A is an almost V^-algebra, R a sieve of (V°-Alg)°/A and R 
is of universal vi^.Et°-2-descent, then R is of universal Et°-2-descent. Since the assumption is 
stable under base change, it suffices to show that R is of Et°-2-descent. Descent of morphisms 
is clear. Let R be the sieve generated by a family of morphisms {(A Aa)"}. Any descent 
datum consisting of etale ^Q-algebras Ba and isomorphisms Aa ®a Bp ~ B^ ®a Ap satisfying 
the cocycle condition, becomes effective when we pass to vi^.Et". So one has to verify that if B 
is a weakly etale A-algebra such that B ®a ^a is etale over Aa for all a, then B is etale over 
A. Indeed, an application of (ii) gives that B ®a B ^ B is almost projective. □ 
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3.4.44. We conclude with a digression to explain the relationship between our results and 
known facts that can be extracted from the literature. So, we now place ourselves in the "clas- 
sical limit" m := V (cp. example [2.1.2K ii)). In this case, weakly etale morphisms had already 
been considered in some earlier work, and they were called "absolutely flat" morphisms. A ring 



homomorphism A ^ B is etale in the usual sense of pOQ if and only if it is absolutely flat and 
of finite presentation. Let us denote by u.Et° the fibred category over V-A\g", whose fibre 
over a l^-algebra A is the opposite of the category of etale A-algebras in the usual sense. We 
claim that, if a morphism A ^ B of V^-algebras is of universal effective descent for the fibred 
category w.Et° (resp. Et"), then it is a morphism of universal effective descent for u.Et". 
Indeed, let C be an etale A-algebra (in the sense of definition [3.1.1[ ) and such that C 0a B is 
etale over B in the usual sense. We have to show that C is etale in the usual sense, i.e. that it is 
of finite presentation over A. This amounts to showing that, for every filtered inductive system 
(^a)aga of A-algebras, we have colimHomyi.Aig(C, Ax) ^ HomA-Aig(C', colimAx). Since, by 

assumption, this is known after extending scalars to B and to B ®a B, it suffices to show that, 
for any A- algebra D, the natural sequence 

HomA-Aig(C, D) ^ HomB-Aig(CB, Db) I HomB^^B.Aig(CB®^B, Db^^b) 

is exact. For this, note that Hom^.Aig(C, D) = Hom£).Aig(Cz), D) (and similarly for the other 
terms) and by hypothesis {D ^ D ®a -B)° is a morphism of 1 -descent for the fibred category 
w.Et° (resp. Et°). 

As a consequence of these observations and of theorem p.4.37| , we see that any finite ring 



homomorphism (j) : A ^ B with nilpotent kernel is of universal effective descent for the fibred 
category of etale algebras. This fact was known as follows. By [ pO| , Exp.IX, 4.7], Spec(0) is of 
universal effective descent for the fibred category of separated etale morphisms of finite type. 
One has to show that if X is such a scheme over A, such that X ®a B is affine, then X is affine. 



This follows by reduction to the noetherian case and [ p7| , Ch.II, 6.7.1]. 



3.5. Behaviour of etale morphisms under Frobenius. We consider the following category 
of basic setups. The objects of ^ are the pairs {V, m), where V is a ring and m is an ideal of V 
with m = and m is flat. The morphisms (V, my) {W, vciw) between two objects of ^ are 
the ring homomorphisms f : V W such that mw = /(triy) ■ W. 

3.5.1. We have a fibred and cofibred category ^-Mod ^ (see [g^ Exp.VI §5,6,10] for 
generalities on fibred categories). An object of e^-Mod (which we may call a "e^-module") 
consists of a pair ((V, m), M), where (V, m) is an object of SS and M is a V-module. Given 
two objects X := ((V, my), M) and Y := {{W, nxvy), A^), the morphisms X F are the pairs 
(/, g), where / : (V, my) (VF, mv^) is a morphism in !^ and (7 : M — X is an /-linear map. 

3.5.2. Similarly one has a fibred and cofibred category e^-Alg ^ ^ of e^-algebras. We will 
also need to consider the fibred and cofibred category e^-Mon ^ of non-unitary commuta- 
tive ef^-monoids: an object of ^-Mon is a pair ((y, m), A) where A is a V^-module endowed 
with a morphism A ®y A ^ A subject to associativity and commutativity conditions, as dis- 
cussed in section The fibre over an object (V, m) of SS, is the category of V-monoids 
denoted iy, m)-Mon or simply y-Mon. 

3.5.3. The almost isomorphisms in the fibres of =^-Mod — > SS give a multiplicative system 
S in ^-Mod, admitting a calculus of both left and right fractions. The "locally small" condi- 



tions are satisfied (see [ p7| , p. 381]), so that one can form the localised category =^^"-Mod : = 
S~^(^-Mod). The fibres of the localised category over the objects of SS are the previ- 
ously considered categories of almost modules. Similar considerations hold for =^-AIg and 
e^-Mon, and we get the fibred and cofibred categories e^"-Mod ^"-Alg ^ and 
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e^'^-Mon SS. In particular, for every object (V, m) of SS, we have an obvious notion of 
almost y-monoid and the category consisting of these is denoted l^"-Mon. 

3.5.4. The localisation functors 

^-Mod ^ ^"-Mod ■ M^M" ^-Alg ^ ^'^-Alg : B ^ B" 

have left and right adjoints. These adjoints can be chosen as functors of categories over ^ such 
that the adjunction units and counits are morphisms over identity arrows in On the fibres 
these induce the previously considered left and right adjoints M M\, M t-^ M*, B B\\, 
B ^ B^. We will use the same notation for the corresponding functors on the larger categories. 
Then it is easy to check that the functor M i— M is cartesian and cocartesian {i.e. it sends 
cartesian arrows to cartesian arrows and cocartesian arrows to cocartesian arrows), M ^ M* 
and B h-* B^ are cartesian, and B i— B\\ is cocartesian. 

3.5.5. Let e^/Fp be the full subcategory of ^ consisting of all objects (V, m) where V is an 
Fp-algebra. Define similarly ^-Alg/Fp, ^-Mon/Fp and ^"-Alg/Fp, ^"-Mon/Fp, so that 
we have again fibred and cofibred categories e^"-Alg/Fp ^/¥p and ^"-Alg/Fp SSjFp 
(resp. the same for non-unitary monoids). We remark that the categories ^''-Alg/Fp and 
=^"-Mon/Fp have small limits and colimits, and these are preserved by the projection to SS jFp. 
Especially, \i A ^ B and A — > C are two morphisms in ef^"-Alg/Fp or e^^'^-Mon/Fp, we can 
define B ®a C as such a colimit. 

3.5.6. If A is a (unitary or non-unitary) ^-monoid over Fp, we denote by : A — » A the 
Frobenius endomorphism: x t-^ x'^. If (V, m) is an object of ^/¥p, it follows from proposition 



2.1.7P ) that <l>y : {V, m) {V, m) is a morphism in ^. If B is an object of =^-Alg/Fp (resp. 
^-Mon/Fp) over V, then the Frobenius map induces a morphism ■ B ^ B in ^-Alg/Fp 
(resp. e^-Mon/Fp) over $y. In this way we get a natural transformation from the identity 
functor of ^-Alg/Fp (resp. ^-Mon/Fp) to itself that induces a natural transformation on the 
identity functor of .^'^-Alg/Fp (resp. ^"-Mon/ Fp). 

3.5.7. Using the pull-back functors, any object B of ^-Alg over V defines new objects 

of e^-Alg (m G N) over V, where := i^vTiB), which is just B considered as a V- 

algebra via the homomorphism V — ^ V ^ B. These operations also induce functors B i— > 
on almost e^-algebras. 

Definition 3.5.8. Let (V, m) be an object of ^/Fp. 

(i) We say that a morphism f : A ^ B of almost F-algebras (resp. almost ^-monoids) is 
invertible up to if there exists a morphism f : B ^ Am ^"-Alg (resp. e^"-Mon) 
over such that /' o / = $™ and / o /' = 

(ii) We say that an almost l^-monoid / {e.g. an ideal in a \^°-algebra) is Frobenius nilpotent if 
$/ is nilpotent. 

3.5.9. Notice that a morphism / of V^'^-Alg (or l^"-Mon) is invertible up to ^"^ if and only 
if f^:A^^ B^ is so as a morphism of Fp-algebras. 

Lemma 3.5.10. Let (V, m) be an object of SS j^p and let f : A ^ B, g : B ^ C be morphisms 
of almost V -algebras or almost V -monoids. 

(i) If f (resp. g) is invertible up to (resp. then g o f is invertible up to 

(ii) If f ( resp. g o f) is invertible up to ( resp. $™ j, then g is invertible up to 

(iii) If g (resp.g o f) is invertible up to $" (resp. then f is invertible up to $™+". 

(iv) The Frobenius morphisms induce -linear morphisms (i.e. morphisms in e^"-Mod over 
$y ) $' : Ker / Ker / and $" : Coker / Coker /, and f is invertible up to some 
power of^ if and only if both $' and $" are nilpotent. 
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(v) Consider a map of short exact sequences of almost V -monoids : 

A' A A" 



/' 







B 



B" 







and suppose that two of the morphisms /', /, /" are invertible up to a power of^. Then 
also the third morphism has this property. 

Proof, (i): if /' is an inverse of / up to $" and g' is an inverse of g up to then /' o g' is 
an inverse of (7 o / up to (ii): given an inverse /' of / up to $" and an inverse h' of 

h := g o f u^io let g' := $^ o f o h'. We compute : 

g o g' = g o o f o h' = o g o f o h = ^'(j o 
g'og = ^'%ofoh'og = foh'ogo^'^ = foh'ogofof' 
= /o$™of = $-o/of = $-o$^. 

(iii) is similar and (iv) is an easy diagram chasing left to the reader, (v) follows from (iv) and 
the snake lemma. □ 



Lemma 3.5.11. Let {V, m) be an object of SSjY^. 

(i) If f : A ^ B is a morphism of almost V -algebras, invertible up to then so is A' 
A' ®A B for every morphism A ^ A' of almost algebras. 

(ii) If f : (V, xnv) — ^ {W, mw) is a morphism in =^/Fp, the functors 

/, : {V, rnvT-Alg ^ {W, mwT-Alg and f* : {W, mwT-A\g {V, my)"-Alg 
preserve the class of morphisms invertible up to 

Proof, (i): given f : B v4(m), construct a morphism A' ®a B — > Aj^^ using the morphism 
A' ^'{m) coming from and /'. (ii): the assertion for /* is clear, and the assertion for /* 
follows from (i). □ 



Remark 3.5.12. Statements like those of lemma |3.5.1 1| hold for the classes of flat, (weakly) 
unramified, (weakly) etale morphisms. 

Theorem 3.5.13. Let (V, m) be an object of SS and f : A ^ B a weakly etale morphism of 
almost V -algebras. 

(i) If f is invertible up to (n > 0), then it is an isomorphism. 

(ii) For every integer m > the natural square diagram 

f 



A 



B 



(3.5.14) 



^(m) *■ -O(m) 



IS cocartesian. 



Proof, (i): we first show that / is faithfully flat. Since / is flat, it remains to show that if M 
is an A-module such that M ®a B = then M = 0. It suffice to do this for M := A/I, 
for an arbitrary ideal / of A. After base change hy A A/ 1, we reduce to show that B = 
implies A = 0. However, A^ B^ is invertible up to so = which means A^ = O.ln 
particular, / is a monomorphism, hence the proof is complete in case that / is an epimorphism. 

In general, consider the composition B B 0a B '-^ B. From lemma p.5.1 IK i) it follows 
that 1b®/ is invertible up to then lemma |375.10K ii) says that yU^/A is invertible up to The 
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latter is also weakly etale; by the foregoing we derive that it is an isomorphism. Consequently 
Ifi ® / is an isomorphism, and finally, by faithful flatness, / itself is an isomorphism. 

(ii): the morphisms $™ and are invertible up to $™. By lemm a [3.5.11K i) it follows that 
Ifi ® '■ B ^ B ®A ^(m) is invertible up to $™; hence, by lemma [3.5.10K ii), the morphism 
h : B ® A ^(m) Bi^rn) induced by $5' and /(„) is invertible up to (in fact one verifies that 
it is invertible up to But /i is a morphism of weakly etale A algebras, so it is weakly 
etale, so it is an isomorphism by (i). □ 



Remark 3.5.15. Theorem |3 . 5 . 1 3K ii) extends a statement of Faltings ([[34|, p. 10]) for his notion 
of almost etale extensions. 



3.5.16. We recall (cp. ^% Ch.O, 3.5]) that a morphism f : X ^ Y of objects in a site is 



called bicovering if the induced map of associated sheaves of sets is an isomorphism; if / is 
squarable ("quarrable" in French), this is equivalent to the condition that both / and the diagonal 
morphism X ^ X Xy X are covering morphisms. 

3.5.17. Let F ^ E hQ di. fibered category and f : P ^ Q a squarable morphism of E. 
Consider the following condition: 

(3 5 18) f°^^^^^y base change PxqQ' Q' of/, the inverse image functor Fg/ Fp^qQ' 
is an equivalence of categories. 



Inspecting the arguments in pP|, Ch.II, §1.1] one can show: 



Lemma 3.5.19. With the above notation, let r be the topology of universal effective descent 
relative to F ^ E. Then we have : 

(i) if ( |3.5.18| ) holds, then f is a covering morphism for the topology r. 

(ii) / is bicovering for r if and only if ( p.5.18[ ) holds both for f and for the diagonal morphism 
P^PxoP. □ 



Remark 3.5.20. In [g^, Ch.II, 1 . 1 .3(iv)] it is stated that "la reciproque est vraie si i = 2' 
meaning that ( |3.5.18| ) is equivalent to the condition that / is bicovering for r. (Actually the 



cited statement is given in terms of presheaves, but one can show that ( |3.5.18| ) is equivalent to 
the corresponding condition for the fibered category Eu considered in loc.cit.) However, 

this fails in general : as a counterexample we can give the following. Let E be the category 
of schemes of finite type over a field k\ set P = A^, Q = Spec k. Finally let F ^ E be the 
discretely fibered category defined by the presheaf X t-^ -f^°(X, Z). Then it is easy to show 
that / satisfies ( |3.5.18| ) but the diagonal map does not, so / is not bicovering. The mistake in 



the proof is in Ch.II, 1.1.3.5], where one knows that F~^{d) is an equivalence of categories 
(notation of loc.cit.) but one needs it also after base changes of d. 

Lemma 3.5.21. (i) Let f : A ^ B be a morphism of -algebras. 

(i) If f is invertible up to then the induced functors A-Et B-Et and A-w.Et 
B-w.Et are equivalences of categories. 

(ii) If f is weakly etale and C ^ D is a morphism of A-algebras invertible up to then the 
induced map: HomA-Aig(-B, C) HomA.Aig(-B, -D) is bijective. 

Proof. We first consider (i) for the special case where / := $™ : A ^(m)- The functor 
($y)* : V-Alg — > V^-Alg induces a functor (—)(m) : A-Alg y4(m)-AIg, and by restriction 
(see remark [3.5. 1 1| ) we obtain a functor (— )(m) '■ A-Et — > yl(m)-Et; by theorem [3.5. 13| (ii), the 



latter is isomorphic to the functor ($"*)* : A-Et yl(m)-Et of the lemma. Furthermore, from 
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remark [2.1 .41 (11) and ( [2 .2 .41 ) we derive a natural ring Isomorphism uj : A(^m)* — hence an 



essentially commutative diagram 

A-Et ^-Alg (A, m ■ A,Y-Ah 

A(„)-Et ^ A(„)-Alg m ■ A(„)*)"-Alg 

where a and (5 are the equivalences of remark [2.2.12| . Clearly a and (3 restrict to equivalences 
on the corresponding categories of etale algebras, hence the lemma follows In this case. 

For the general case of (1), let /' : 5 — > A(^rn) be a morphlsm as In definition p.5.8| . Di- 



agram ( [3.5. 14D Induces an essentially commutative diagram of the corresponding categories 
of algebras, so by the previous case, the functor (/% : _B-Et — > A(m)-Et has both a left 
quasi-Inverse and a right quasi-Inverse; these quasl-lnverses must be Isomorphic, so has 
a quasi-Inverse as desired. Finally, we remark that the map In (11) Is the same as the map 
Homc-Aig(-B ®A C,C) Hom£).Aig(-B D,D), and the latter Is a bljectlon In view of 
(i). □ 



Remark 3.5.22. Notice that lemma |3.5.21| (11) generalises the lifting theorem p.2.18K l) (In case 



V Is an Fp-algebra). Similarly, It follows from lemmata [3.5. 2 IKl) and [3.5.lOK lv) that. In case V Is 



an Fp-algebra, one can replace "nllpotent" In theorem [3.2. 1 8[ (11),(111) by "Frobenlus nllpotent". 

3.5.23. In the following, r will denote Indifferently the topology of universal effective descent 
defined by either of the fibered categories w.Et" ^-Alg" or Et" V"--Alg". 

Proposition 3.5.24. If f : A ^ B is a morphism of almost V -algebras which is invertible up 
to then f° is bicovering for the topology r. 

Proof. In light of lemmata [3.5.1 9[ (11) and [3.5.2T[ (l), It suffices to show that ^b/a^^ Invertible up 

to a power of For this, factor the Identity morphlsm of i? as i? B 0a B B and 
argue as In the proof of theorem p.5.13| . □ 



Proposition 3.5.25. Let A —>■ B be a morphism of almost V -algebras and I G A an ideal. Set 
A := A/ 1 and B := B /IB. Suppose that either 

(a) / IB is an epimorphism with nllpotent kernel, or 

(b) V is an ¥p-algebra and I — > IB is invertible up to a power of^. 
Then we have : 

(I) conditions (a) and (b) are stable under any base change A ^ C. 

(II) {A By is covering (resp. bicovering) for r if and only if {A B)" is. 



Proof. Suppose first that / IB Is an Isomorphism; In this case we claim that IC — *• I{C 
B) Is an epimorphism and Ker(/C I{C 0a B)Y = for any A-algebra C. Indeed, since by 
assumption / ~ IB, C 0a B acts on C ®a I, hence Ker(C — > C ®a B) annihilates C ®a I, 
hence annihilates Its Image IC, whence the claim. If, moreover, V Is an Fp-algebra, lemma 
3.5.10K lv) Implies that IC I{C ®a B) Is Invertible up to a power of $. 



In the general case, consider the Intermediate almost V-algebra Ai := A x-^ B equipped 
with the Ideal Ji := x-g- (IB). In case (a), Ji = lAi and A Ai is an epimorphism with 
nllpotent kernel, hence It remains such after any base change A ^ C. To prove (1) In case (a). It 
suffices then to consider the morphlsm Ai B, hence we can assume from start that / IB 
Is an Isomorphism, which Is the case already dealt with. To prove (1) In case (b). It suffices to 
consider the cases of (A, I) (Ai, Ji) and (Ai, Ji) — > (B, IB). The second case Is treated 
above. In the first case, we do not necessarily have Ji = lAi and the assertion to be checked Is 
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that, for every A-algebra C, the morphism IC —>■ Ii{Ai ®^ C) is invertible up to a power of $. 
We apply lemma [3.5.10K v) to the commutative diagram with exact rows: 

/ A A/ 1 



^ IB ^ Ai ^ A/ 1 ^ 

to deduce that A Ai'is invertible up to some power of $, hence so is C ^ Ai ®^ C, which 
implies the assertion. 

As for (ii), we remark that the "only if" part is trivial; and we assume therefore that {A — > B)° 
is r-covering (resp. r-bicovering). Consider first the assertion for "covering". We need to show 
that {A B)° is of universal effective descent for F, where F is either one of our two fibered 
categories. In light of (i), this is reduced to the assertion that (A B)" is of effective descent 
for F. We notice that {A — > Ai)" is bicovering for r (in case (a) by theorem p.2.18| and 



lemma p3T^ ii), in case (b) by proposition [3.5.24p. As (A — > Ai/Ii)° is an isomorphism, 



the assertion is reduced to the case where / IB is an isomorphism. In this case, by lemma 



3.4.291 , there is a natural equivalence: Desc(F, — > Desc(F, x ^_ Fb- Then the 

assertion follows easily from corollary |3.4.22| . Finally suppose that (A B)" is bicovering. 
The foregoing already says that {A — > B)" is covering, so it remains to show that {B ®a B — > 
B)" is also covering. The above argument again reduces to the case where / IB is an 



isomorphism. Then, as in the proof of lemma p.4.29| , the induced morphism I{B 0^ B) — > IB 



is an isomorphism as well. Thus the assertion for "bicovering" is reduced to the assertion for 
"covering". □ 

We conclude this section with a result of a more special nature, which can be interpreted as 
an easy case of almost purity in positive characteristic. 

3.5.26. We suppose now that the basic setup (V,m) consists of a perfect Fp-algebra V, i.e. 
such that the Frobenius endomorphism : V V h bijective; moreover we assume that 
there exists a non-zero-divisor e E m such that m = IJn>o Let us denote by V"-Etuafp 

(resp. y [£:~^]-u.Etfp) the category of uniformly almost finite projective etale V"-algebras (resp. 



of finite etale V[e ^]-algebra in the usual sense of pO|]). We will be concerned with the natural 
functor: 

(3.5.27) F"-Et,afp l^[£-']-u.Etfp : A^ A,[e-\ 



Theorem 3.5.28. Under the assumptions of ( |3.5.26| ), the functor ( |3.5.27| ) is an equivalence of 
categories. 

Proof. Let i? be a finite etale ^[e:^^] -algebra. Since is perfect, the same holds for R, 

in view of theorem |3.5.13| (ii) (applied in the classical limit case of example [2.1.2K ii)). Let us 



choose a finite V-algebra Rq C R such that i?o[£^"^] = R and define Ri := UneN ^li'iRo)- 
Claim 3.5.29. The V^"-algebra Ri does not depend on the choice of Rq. 

Proof of the claim: Let _Rq C -R be another finite V-algebra such that i^gfe^^] = R; clearly 
we have e"^Ro C Rq C e~"'Ro for m G N sufficiently large. It follows that £™/P"$;^''(i?o) C 
C e-™/P"$^"(i?o) for every neN. The claim readily follows. 

Claim 3.5.30. R^ is an unramified V-algebra. 

Proof of the claim: Let e G R '^v[e-^ R be the idempotent provided by proposition [3.1.4| ; for 
m e N large enough, ■ eis contained in the subring Rq ®v Rq- Hence, for every n e N, 
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£"i/p" . e ^ <|)^"(i?o) ®y $^"(-Ro), SO e defines an almost element in {Ri ®v -Ri)" which fulfills 
the conditions (i)-(iii) of proposition p.l.4[ , and the claim follows. 

Claim 3.5.31. is a uniformly almost finite y"-algebra. 

Proof of the claim: For large enough m G N we have: Rq C $^^(i?o) C e~"^Ro, therefore 
$^"(i?o) C $^^"'^^^(i?o) C e-'"/P"$^"(/2o) for every n G N. By an easy induction we 
deduce: $^^"+''^(i?o) C Iljto " '^:^"(^o) C £-'"/p""'$^"(i?o) for every n, G M. 

Finally, this implies that Ri C £-™/P""'$;R"(i?o) for every n G N and the claim follows. 

Claim 3.5.32. Let S be the integral closure of V in R; then R^ = S"-. 

Proof of the claim: Let us endow R with the unique ring topology r such that the induced 
subspace topology on Rq is the er-adic topology and Rq is open in R. It is easy to check that S 
consists of power-bounded elements of R relative to the topology r. Since clearly Ri C S, it 
suffices therefore to show that (-Ri)* C -R is the subring of all power-bounded elements of R. 
However, (i?")* can be characterized as the subring of all x G i? such that m ■ x C -Ri; this 
already implies that (-R")* consists of power-bounded elements. On the other hand, if x G -R 
is power-bounded, it follows that 5 ■ x is topologically nilpotent for every 5 G tn; since Rq is 
open in R, it follows that, for every 5 Em there exists no G N such that {5 • x)" G -Rq for every 
n > uq. By taking n := p'^ for sufficiently large A; G N, we deduce that $^(5 ■ x) G -Rq, that is 
5 ■ X G -Ri, and the claim follows. 



Claim 3.5.33. Ri is an almost projective V"-algebra. 



Proof of the claim: As a special case of claim [3.5.32| , let W be the integral closure of V in 
V[e-^];then: 



(3.5.34) 



W = v. 



Next, let TrR/y[£-i] : R V\e^^] be the trace map of the finite etale extension ^^[e"^] R; 
recall that Tr/j/v/fe-i] sends elements integral over V to elements integral over V (to see this, we 
can assume that R has constant rank n over ^[e"^]; then the assertion can be checked after a 
faithfully flat base change S, so we can further suppose that R ~ ^[e:^^]", in which 

case everything is clear); it then follows from claim p.5.32| and ( p.5.34| ) that Tr^/yj^-i] restricts 
to a morphism T : i?" ^ V"". Furthermore, let e G -R 0v[e-^] R be the idempotent defining 
the diagonal imbedding; by claim [3.5.30| , for every 5 G m we can write 5 ■ e = Xj ® y-i for 



certain Xj, ?/j G Ri. By remark |4.1.17| (whose proof does not use theorem |3.5.28D we deduce 



the identity: 6 ■ b = Xj ■ T{b ■ Ui) for every h G (-R")*. This allows us to define morphisms 
a:Rl^ {V''Y,(3: (V^)" ^ with /5 o a = 5 ■ Irj, namely a(6) = {T{b ■ y^), ...,T{b ■ y„)) 
and f„) = Xj ■ Vi for every b E RI and fi, Vn G V^. By lemma ^74.151 , the claim 

follows. 



Claim 3.5.35. The functor ( p.5.27[ ) is fully faithful. 

Proof of the claim: First of all, it is clear that, for every flat y"-algebras A, B, the natural map 

(3.5.36) Homya.Aig(A, 5) ^ Homv[e-i].Aig(^*[£^"^], -B*[£:"-^]) 

is injective, since C ^^.[e:^^] and similarly for B. Suppose now that A and B are etale and 
almost finite over V; then $^ and $b are automorphisms, due to theorem [3.5.13| (ii) and the 
assumption that V is perfect. Let ^ : y4*[£~^] B^:[£^^] be any map of -algebras; since 

A is almost finite, we have ^/'(A^,) C e^^B^ for m G N large enough. Since Frobenius com- 
mutes with every ring homomorphism, we deduce ^/'(yl^) = 7/'($^"(y4^,)) C = 
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B, which shows that (p.5.36D 



for every n G N, so ^ induces a morphism : A 
surjective. 

It now follows from claims |3.5.29| , p.5.30| , [3.5.31| , |3.5.33| that the assignment R ^ defines 
quasi-inverse to |3.5.27| ; together with claim |3.5.35| , this concludes the proof of the theorem. 

□ 
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4. Fine study of almost projective modules 

An alternative title for this chapter could have been "Everything you can do with traces". 
Right at the outset we find the definition of the trace map of an almost projective almost finitely 
generated A-module. The whole purpose of the chapter is to showcase the versatility of this 
construction, a real swiss-knife of almost linear algebra. For instance, we apply it to characterize 
etale morphisms (theorem [4-.1.14D ; more generally, it is used to define the dijf event ideal of an 
almost finite A-algebra. In section it is employed in an essential way to study the important 
class of A-modules oi finite rank, i.e. those almost projective A-modules P such that A^P = 
for sufficiently large i G N. A rather complete and satisfactory description is achieved for 
such A-modules (proposition [4-.3.27D . This is further generalized in theorem pi-. 3. 2 8| , to arbitrary 



y4-modules so called of almost finite rank (see definition [^.3.9K ii)). The interest of the latter 



class is that it contains basically all the almost projective modules found in nature; indeed, we 
cannot produce a single example of an almost projective module that is almost finitely generated 
but has not almost finite rank (but we suspect that they do exist). In any case, almost finitely 
generated modules whose rank is not almost finite are certainly rather weird beasts : some clue 
about their looks can be gained by analyzing the structure of invertible modules : we do this at 
the end of section O . 



The other main construction of chapter g| is the splitting algebra of an almost projective 
module, introduced in section : with its aid we show that A-modules of finite rank are 
locally free in the flat topology of A. It should be clear that this is a very pleasant and useful 
culmination for our study of almost projective modules; we put it to use right away in the 
following section p3i where we show that an etale groupoid of finite rank over the category 
of affine almost schemes (more prosaically, the opposite of the category of almost algebras) 
is universally effective, that is, it admits a good quotient, as in the classical algebro-geometric 
setting. 

4.1. Almost traces. Let A be a V^-algebra. 

Definition 4.1.1. Let P be an almost finitely generated projective A-module. Then ujp/a is an 
isomorphism by lemma [Z. 4. 29K b). The trace morphism of P is the A-linear morphism 

tip/ A := evp/A o ujpj^ : EndA(-P)" A. 

We let Cp be the unique almost element of P ®a P* such that ujpia{C,p) = Ip- 

Lemma 4.1.2. Let M, N be almost finitely generated projective A-modules, and (f) : M N, 
Ip : N ^ M two A-linear morphisms. Then : 

(i) tTM/A{^ O 0) = tlN/Ai(p O i')- 

(ii) Ifil)o(j) = a- 1m <^nd (p o ip = a ■ Ij^ for some a G A*, and if, furthermore, there exist 
u G EndA(M), v G EndA(A^) such that v o (p = cpou, then a ■ {ti m / a{u) — ti n / a{v)) = 0. 

Proof (i) : by lemma pXI^K i), the natural morphism N®AaMomA{M, A) alHomA(M, A^) 
is an isomorphism (and similarly when we exchange the roles of M and A^). By 74-linearity, we 
can therefore assume that (resp. ip) is of the form x ^-^ n- a{x) for some n E N^:, a : M A 
(resp. of the form x ^ m ■ [3{x) for some m G M^, P : N A). Then a simple computation 
yields: 

(poip = LUN/Ain ■ a{m) ^ (3) ip o ip = ujm/a{^ ■ (3{n) ® a) 
and the claim follows directly from the definition of the trace morphism. For (ii) we compute 
using (i) : a-tiM/A{u) = tTM/A{^°(p°u) = trA//A(V'°^°0) = tiN/A{vo(poip) = a-trN/A{v). □ 



Lemma 4.1.3. Let M, N be two almost finitely generated projective A-modules, (p G EndA(M) 
andip G End^lA^). Then iTM®AN/A{(p ®^)= trMM(0) ■ trAr/A(^). 



ALMOST RING THEORY 



73 



Proof. As usual we can suppose that = ujm/a{it^ ® a),il) = u^/Ain ® 13) for some a G M*, 
13 G A^*. Then (j) ® ijj = lom®aN/a{{^ ® n) ® {a ® 13)) and the sought identity follows by 
explicit calculation. □ 

Proposition 4.1.4. Let M = (0 — > Mi M2 M3 0) be an exact sequence of al- 
most finitely generated projective A-modules, and let u = {ui,U2,u^) : M ^ M be an 
endomorphism of Mj given by endomorphisms Ui : Mj — ^ Mi (i = 1,2,3). Then we have 

tTM2/A{u2) = tlMi/Aiui) + tlM-^/Aius)- 

Proof. Suppose first that there exists a splitting s : M3 M2 for p, so that we can view U2 as a 



matrix ^ ^ ^ / ' ^ ^ Hom^(M3, Mi). By additivity of the trace, we are then reduced 

to show that tiMz/Aii o v o p) = 0. By lemma [4.1 .21 (1), this is the same as tiMs/Aip o i o v), 
which obviously vanishes. In general, for any a G m we consider the morphism = a ■ Ia/s 
and the pull back morphism M * jig ^ M : 

^ Ml M2 M3 ^ 

Ma 

Ml P -^-^ M3 0. 

Pick a morphism j : M3 — ^ M2 such that p o j = a ■ 1m.,; the pair (j, 1^/3) determines a 
morphism a : M-^ — > P such that a o p' = Im^, i-e. the sequence M * is split exact; this 
sequence also inherits the endomorphism u*Ha = iui,v,U3), for a certain v G End^(P). 
The pair of morphisms (a ■ 1m2)P) determines a morphism ip : M2 P, and it is easy to 
check that (p o ip = a ■ and tjj o (p = a ■ Ip. We can therefore apply lemma |4.1.2| to 



deduce that a ■ {tTp/A{v) — tr^//^(M2)) = 0. By the foregoing we know that trp/^(t') = 
trMi/yi(wi) + trA/3/A('U3), so the claim follows. □ 

Lemma 4.1.5. Let Abe a V"^ -algebra. 

(i) If P := M N is an almost projective and faithful (resp. and almost finitely generated) 
A-module, then so are M and N. 

(ii) If M ®A — A then the evaluation map evM '■ M ®a M* —>■ A is an isomorphism. 

(iii) An invertible A-module is faithful and almost finitely generated projective. 

(iv) An epimorphism (p : M ^ N of invertible A-modules is an isomorphism. 

Proof. Clearly (iii) is just a special case of (i). We show (i): by proposition |2.4.28K iv) we know 
that S'p/A = A; however, one checks easily that S'p/a C S'j^/a, whence 

(4.1.6) ^N/A = A. 

Therefore will be faithful, as soon as it is shown to be almost projective, again by virtue 
of proposition [2.4.28K iv). In any case, ( |4.1.6D means that, for every e G m, we can find an 



almost element of the form Y17=i ® 0j G (S>a A^*^ such that X]r=i 4'ii^i) = ^- We use 
such an element to define morphisms A W A whose composition equals e ■ l^- After 
tensoring by M, we obtain morphisms M P M whose composition is e ■ 1m- Then, since 
P is almost projective, it follows easily that so must be M; similarly, if P is almost finitely 
generated, the same follows for M. By symmetry, the same holds for A^. 

(ii): notice that, by (i), we know already that M and A^ are almost finitely generated pro- 
jective. By lemma |4.1.3| we deduce that tiM/AilM) ■ triv/^(l7v) = 1, so both factors are in- 
vertible in A^. It follows that the morphism A — > EndA(M) given by a 1-^ a ■ 1m provides 
a splitting for the trace morphism (and similarly for A^ in place of M). Thus we can write 
EndA(M) ~ A © X, EndA{N) ~ A © F for some A-modules X, Y. However, on one hand 
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we have a natural isomorphism EndA(M) EndA(A^) — A; on the other hand, we have a 
decomposition EndA(M) ®a EndA(A^) ^ A © X © F © (X (g)^ F); working out the identifi- 
cations, one sees that the induced isomorphism A © X © F © (X ©^ F) ~ A restricts to the 
identity morphism on the direct summand A; it follows that X = Y = 0, which readily implies 
the claim. 

(iv): in view of (ii) we can replace by ©^ 1a/., and thereby assume that M = A. Then 
N ~ 74/Ker(0); it is clear that such a module is faithful if and only if Ker(0) = 0. By (iii), the 
claim follows. □ 

Lemma |4.1.5| explains why we do not insist, in the definition of an invertible A-module, that 
it should be almost projective or almost finitely generated: both conditions can be deduced. 

4.1.7. Suppose now that B is an almost finite projective A-algebra. For any b E B^, denote 
hy fib : B ^ B the i?-linear morphism b' ^ b ■ b' . The map b t-^ fib defines a 5-linear 
monomorphism fi : B ^ EndA(-B)". The composition 

Ttb/a ■= tiB/A o fi: B ^ A 
will also be called the almost trace morphism of the A-algebra B. 

Proposition 4.1.8. Let A and B be as in ( |4.1.7D . 

(i) If(f) : A ^ B is an isomorphism, then Tib/a = 

(ii) IfC any other A-algebra, then Ttc»aB/c = Ic ®a Ti^/a- 

(iii) IfC is an almost finite projective B -algebra, then Tic/ a = Ti^/a ° T^t^c/b- 

Proof, (i) and (ii) are left as exercises for the reader. We verify (iii). It comes down to checking 
that the following diagram commutes: 

C ®B alHomB(C, B) ^ C ©b alHomA(C, B) — ^ C ©a alHomA(C, A) 



CVC/B 

B ■ ^A 



Therefore, pick c G C* and (f) G HomB(C, B). For every £ G m we can find elements bi, ...,bk G 
B^ and 0i, (pk G HomA(C, A) such that e ■ (f){x) = J^i^i ' 4>i{^) for every x G C*. The B- 
linearity of translates into the identity: 

(4.1.9) ■ ■ a;) = ^6 ■ 6i ■ 0i(a;) for all 6 G 5*, x G C^. 

i i 

Then e ■ evc/B(c © 0) = J^i ' 4>i{c) ^^d we need to show that 

(4.1.10) TrB/A(5^&. ■ He)) = $^0.(c ■ h). 

i i 

For every i < k,\Qi fii : A ^ B he, the morphism a ^ bi ■ a (for all a G A^)\ furthermore, let 
/ic : 5 — C be the morphism b ^ c-b (for all b G B^). In view of ( |4.1.9[ ), the left-hand side of 
( |4.1.1UP is equal to trB/A(X]i l^i ° 'Pi ° l^c)- By lemma |4. 1 .1^ (1), we have iiB/Ai.jJ'i ° (pi ° l^c) = 
trA/A(0j o yUc o A^i) = 0i(c ■ bi) for every i < k. The claim follows. □ 

Corollary 4.1.11. Let A —>■ B be a faithfully fiat almost finitely presented and etale morphism 
of almost V -algebras. Then Ttb/a '■ B ^ A is an epimorphism. 



Proof. Under the stated hypotheses, B is an almost projective A-module (by proposition [2.4. 18D . 
Let C = Coker(TrB/A) and TrB/B(^AB the trace morphism for the morphism of almost V- 
algebras fis/A- By faithful flatness, the natural morphism C ^ C ©a B = CokeT(TTB(^j^B/B) 
is a monomorphism, hence it suffices to show that TrBf^^B/B is an epimorphism (here B ©a B 
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is considered as a 5-algebra via the second factor). However, from proposition [4-.1.8K i) and (iii) 
we see that Ttb/biS)aB is a right inverse for Tr^^^B/B. The claim follows. □ 

4. 1 . 12. It is useful to introduce the A-linear morphism 

ts/A ■= TiB/A o hb/a : B ®aB ^ a. 
We can view t^/^ as a bilinear form; it induces an A-linear morphism 

tb/a : B ^ B* = alHom^(5, A) 

characterized by the equality t_B/A(&i ® ^2) = tb/a(&i)(&2) for all 61, 62 G 5*. We say that Ib/a 
is a perfect pairing if tb/a is an isomorphism. 

Lemma 4.1.13. Let A ^ B be an almost finite projective morphism of -algebras and C 
any A-algebra. Denote by rjB^c '■ C ®a alHom^(B, A) alHomc(C ^a B, C) the natural 
isomorphism provided by lemma [2.4.3 iK i). Then : 



(i) Tb/a is B-linear (for the natural B-module structure of B* defined in remark [2.4. 251 ); 

(ii) ^B,c is C ®A B-linear; 

(iii) r]B,c o (Ic ® ^b/a) = tc^aB/c- 

Proof. For any 6 G -8=,,, let ^f, : i? — > A the A-linear morphism defined by the rule b' 1— *^ 
TrB/A(&' ■ b) for all b' E B^. Then, directly from the definition we can compute: (?7b,c 0(1^® 
tb/a)){c® b) {d ® b')= r]B,c (c O 6) {C O b') = c ■ c' ■ TrB/A^b' ■ b) for all 6, 6' e 5„c,c' G C,. 
But by proposition [4.1.8[ (ii), the latter expression can be rewritten as Tc(^^B/cic ® 6)(c' ® b'). 



which shows (iii). The proofs of (i) and (ii) are similar direct verifications: we show (i) and 
leave (ii) to the reader. Let us pick any 6, 6', b" G -B*; then (6 ■ TB/A{b')){b") = TB/A{b'){bb") = 
TiB/Aibb'b") = {TB/A{hb')){b"). □ 

Theorem 4.1.14. An almost finite projective morphism (j) : A ^ B of almost V -algebras is 
etale if and only if the trace form Ib/a is a perfect pairing. 

Proof. By lemma [4-.1.13[ , we have a commutative diagram: 

{B 0A B) ®B B B®aB 

(4.1.15) ls®^i3®flTfl Ib^ATB 

Vr R 

[B ®A 5) ®B B* B ®A B* alHomB(5 ®a B, B) 

in which all the morphisms are B ®a -B-linear (here we take the i?-module structure on B ®a B 
given by multiplication on the right factor). Suppose now that is etale; then, by corollary 
3.1.9[ , there is an isomorphism of i?-algebras: B ®a B ^ Ib/a® B. It follows that tb(^aB/b = 



tb/b ® tib/a/b- Especially, 1b ®b®aB tb®aB/b is the iden tity morphism of B (by proposition 
[4.1.8[ (i)). This means that in the diagram B ®b®aB ( [4-.1.15[ ) all the arrows are isomorphisms. In 
particular, tb/a is an isomorphism, as claimed. 

To prove the converse, we consider the almost element Qb of the B ®a -B-module B ®a 
B*. Viewing B* as a .B-module in the natural way (cp. remark [2.4. 25[ ), we also get a scalar 
multiplication morphism (Tb*/b : B 0a B* B* (see ( [2.2.5[ )). 



Claim 4.1.16. With the above notation we have: /b/a • Cb = (^b*/b{Cb) = Tib/a- 

Proof of the claim: Notice that ujb/a is also B ®a -B-linear for the B ®a -B-module structure 
on EndA(-B) such that ((6 ® b') ■ (f>){b") = b' ■ (j){b ■ b") for every b,b',F G -B* and every 
G End^(-B). We compute cub/a((& ® b') ■ Cb)(&") = ((& ® b') ■ cub/a(Cb))(&") = b ■ b' ■ b\ 
Whence x ■ Cb = fJ-B/Aix) ■ Cb for every x G -B 0^ B^ which implies the first claimed identity. 
Next we compute: ctb* /B{CB){b) = evB((l ® b) ■ Cb) = (tiB/A o c^b/a)((1 ® b) ■ Cb) = 
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trB/A((l ® b) ■ ujb/a{Cb)) = trB/A((l ® b) ■ 1b) = Tis/Aib) for every b e B^. The claim 
follows. 

Suppose now that tb/a is an isomorphism. Then we can define e := (1^ Tb]a)^^b)- From 
claim P~I.16| and lemma ^.1.13K i) we derive that Ib/a -6 = and tb/a{(^b/b{^)) = Tr^/^. 
The latter equality implies that aB/B{e) = 1, in other words fJ^B/Ai^) = 1- We see therefore 
that e satisfies conditions (ii) and (iii) of proposition |3. 1 .4| and therefore also condition (i), since 
the latter is an easy consequence of the other two. Thus A ^ 5 is an etale morphism, as 
claimed. □ 



Remark 4.1.17. By inspection of the proof of theorem [4.1. 14] , we see that the following has 



been shown. Let A 5 be an etale morphism of V^'^-algebras. Then {1b® 'Tb/a){^bia) = Cb- 

Definition 4.1.18. The nilradical of an almost algebra A is the ideal nil(y4) = nil(yl*)" (where, 
for a ring R, we denote by nil(i?) the ideal of nilpotent elements in R). We say that A is reduced 
if nil(yl) ^ 0. 

4.1.19. Notice that, if i? is a V-algebra, then every nilpotent ideal in R'^ is of the form I"-, 
where / is a nilpotent ideal in R (indeed, it is of the form /" where / is an ideal, and m ■ / is 
seen to be nilpotent). It follows easily that nil(A) is the colimit of the nilpotent ideals in A; 
moreover nil(i?)'* = nil(i?''). Using this one sees that y4/nil(y4) is reduced. 

Proposition 4.1.20. Let A ^ B be an etale almost finitely presented morphism of almost al- 
gebras. If A is reduced then B is reduced as well. 

Proof. Under the stated hypothesis, B is an almost projective A-module (by virtue of proposi- 
tion [2.4.18K ii)). Hence, for given e G m, pick a sequence of morphisms B ^ A^' ^ B such 
that Ve o = £ ■ 1^; let yUf, : B B he multiplication by 6 G -8=,, and define z/^ : A" — > 
by Uh = Ve o fib ° u^- One verifies easily that z/™ = e™"^ ■ u^m for all integers m > 0. Now, 
suppose that b e nil(i?*). It follows that 6™ = for m sufficiently large, hence = for m 
sufficiently large. Let p be any prime ideal of A*; let tt : A^ ^ A^:/p be the natural projection 
and F the fraction field of A* /p. The F-linear morphism 0a^, If is nilpotent on the vector 
space F", hence vr o tr^j/^^ (z/^^) = tip^/Fii^b* ®a. If) = 0. This shows that tiAi^/AA^b*) 
lies in the intersection of all prime ideals of A^:, hence it is nilpotent. Since by hypothesis A is 
reduced, we get trA^/A:,ii^b*) = 0, whence tiA'^/Aii^b) = 0. Using lemma P~TT^ i) we deduce 
£ • ^^B/AifJ'b) = 0, and finally, tiB/Aib) = 0. Now, for any b' e B^, the almost element bb' will 
be nilpotent as well, so the same conclusion applies to it. This shows that TB/A{b) = 0. But by 
hypothesis B is etale over A, hence theorem [4. 1.14| yields = 0, as required. □ 

Remark 4.1.21. Let M be an A-module. We say that an almost element a of A is M-regular 
if the multiplication morphism m t— > am : M — > M is a monomorphism. Assume (A) (see 
( [2.1.6[ )) and suppose furthermore that m is generated by a multiplicative system y which is a 
cofiltered semigroup under the preorder structure {y, y) induced by the divisibility relation in 
V. We say that y is archimedean if, for all s,t E y there exists n > such that s" y t. 
Suppose that y is archimedean and that A is a reduced almost algebra. Then y consists of 
A-regular elements. Indeed, by hypothesis m\(A^)"- = 0; since the annihilator of y in A^ is 
we get nil(A*) = 0. Suppose that s ■ a = for some s E y and a G A^,. Let t G ^ be arbitrary 
and pick n > such that y s. Then (ta)" = hence ta = for all t E y, hence a = 0. 

Definition 4.1.22. Let : A — S be an almost finite projective morphism of V^'^-algebras. By 
( [4.1.12[ ), we can assign to a 5-linear trace morphism tb/a '■ B ^ B* . The different ideal of 



the morphism (p is the ideal &b/a '■= AnnB(Coker tb/a) C B. 
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Lemma 4.1.23. Let Mi M2 M3 be two A-linear morphisms of invertible A-modules Mi 
(i < 3) and C an A-algebra. Then: 

(i) Annyi(Coker('?/' o 0)) = Ann^(Coker 0) ■ Ann^(Coker ■?/'). 

(ii) Annc(Coker(lc ®a i^)) = C ■ Ann^(Coker ?/^). 

Proof, (i): Since, by lemma ^l.SK iii), M3 is faithfully flat, lemma ^A6| yields 

(4.1.24) AnnA(Coker^) = AnnA(Coker(?/' ®a 1m*)) 

and likewise for 0; hence we can replace Mj by Mi^aM^ and suppose that M3 = A. Moreover, 
since M2 is invertible, bva/j/a is an isomorphism, by lemma |4.1.5K ii). Let Svm2/a ■ ®a 
M2 ^ Abe the map given by the rule: (f) ^ x ^-^ Q'^M2/a{x ® </>), for every G (Mg)* and 
X G M2. Set A := evM2Mo(0®AlM*) : MiO^M^ ^ A; then (/)o(lj,,j^(g)^evAf2/A) = A^aImz, 
so that AnnA(0) = AnnA(A ®a IM2) = AnnA(A). Thus, we can replace by A ®a and 
then we have to show that 

AnnA(Coker o (A ®a '^Nh)) = AnnA(Coker ■?/') ■ AnnA(Coker A). 

However, quite generally we have: 

(4.1.25) AnnA(Coker(M ^ A)) = Im(M A) 

for any A-linear morphism M A. Hence we compute: AnnA(Coker o (A ®a IM2)) = 
Im(^o(A®AlM2)) = V^(Im(A®AlA/2)) = V^(Im(A) -Ma) = Im(A) ■Im(V^) = AnnA(Coker A) • 
AnnA(Coker 'i/'). 

(ii): again, using ( |4.1.24[ ) we reduce to the case where M3 = A; then the claim follows easily 



from (HX^SI). □ 



Lemma 4.1.26. Let cf) : A ^ B be a morphism of V^-algebras as in definition [4.1.22| . Let C 
be an A-algebra. Suppose that either C is fiat over A, or B* is an invertible B -module for its 
natural B -module structure. Then S^c^aB/c = ^b/a ■ {C ®a B). 

Proof. Under the stated assumptions, alHomA(-B, A) is an almost finitely generated projective 
A-module. In particular, Coker tb/a is almost finitely generated; If C is flat over A, it follows 
by lemma pA6| that Annc^^^lC ®a Coker tb/a) = ^b/a ■ {C ®a B); if B* is an invertible B- 



module, the same holds by virtue of lemma |4?1.23| (ii). However, by lemma pi 1.13K iii), the trace 



pairing is preserved under arbitrary base changes, so: C0ACokerTB/A — Coker (Ic^at^/a) — 
Coker tc(s,a/b, which shows the claim. □ 

Proposition 4.1.27. Let B ^ C be a morphism of A-algebras, and suppose that B ( resp. 
C) is an almost finite projective A-algebra (resp. B-algebra). Suppose moreover that B* : = 
alHomA(-B, v4) (resp. C* := alllomB{C, B)) is an invertible B-module (resp. C-module) for 
its natural B-module (resp. C-module) structure. Then 

&C/A = ^C/B ■ ^B/A- 

Proof Let C*^ := alHomA(C, A) and define a C-linear morphism ^ : alHom5(C, B*) C*^ 
by the rule: i-^ (c 1-^ (j){c){l)) for every G HomB(C, B*) and c G C*. 

Claim 4.1.28. C*^ is an invertible C-module and ^ is an isomorphism. 



Proof of the claim: By lemma |2.4.29| (i), the natural morphism A : C*0bB* alHoms(C, S*) 
is a C-linear isomorphism. It suffices therefore to show that ^ o A^^ : C* ®b B* ^ C*^ is an 
isomorphism. One verifies easily that ^ o A^^ is defined by the rule: (p tp t-^ ip o (p, and then 
the claim follows from lemma p.4.31| (iii). 
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Unwinding the definitions, one verifies that the following diagram commutes: 



C 



TCI A 



c 



/A 



c* 



alHoms(CTs/_4) 



alHomB(C,5* 



Thus, taking into account claim P~I.28| , and lemma |^.l .231 (1), we have Annc(Coker t^/a) = 
Ann(7(Coker rc7/B)-Annc(Coker(alHomB(C, tb/a))). However, Coker(alHomB(C, tb/a)) ^ 
C*®B Coker tb/a by lemma pXI^K b). By lemma |03| (iii), C* is faithfully flat; consequently: 

Anne ( Coker (alHomB(C,rB/A))) = Annc( Coker tb/a) 
which implies the assertion. □ 



Lemma 4.1.29. Let cj) : A ^ B be a morphism of -algebras as in definition [4.1.22[ . Suppose 
moreover that B* is an invertible B -module for its natural B -module structure. Then (p is etale 
if and only if^B/A = B. 

Proof. By theorem |4.1.14| it follows easily that QIb/a = B whenever is etale. Conversely, 
suppose that S^b/a = B\ it then follows that tb/a is an epimorphism. Again by theorem |4.1.14| , 
we need only show that tb/a is an isomorphism. This follows from lemma |4-.1.5K iv). □ 

The following lemma will be useful when we will compute the different ideal in situations 
such as those contemplated in proposition |6.3.1 1| . 



Lemma 4.1.30. Let Abe a V"^ -algebra, B an almost finite almost projective A-algebra, and 
let {Ba \ a E J} be a net of A-subalgebras of B, with B^ almost finite projective over A for 

^B/A- 



every a E J, such that lim Ba 

a<=J 



B in Ja{,B). Then lim ^b^/a 

CtdJ 



Proof. For given a E J, e E V such that sB C Ba\ lemma [4. 1 .2K ii) implies that e ■ 



Tr 



Be, /A 



iP) 



TiB/A{f>) for every h E Ba*. Hence the diagrams: 




B^ 



B 



1-Ba/A 



TBa/A 



■Tb/a 



B*^B* 



commute. The rightmost diagram implies that /a ■ Im/i* C lm(e-TB/A) C Itxitb/a- Hence 
^ ■ ^Bc/A C ^B/A, so finally Anny(-B/-BQ,) ■ ^b^/a C ^b/a- From the leftmost diagram 
we deduce that e ■ ^b/a (which is an ideal in Ba) annihilates Coker(£: ■ tb/a '■ B B*) 
and on the other hand AnnyiB/Ba) obviously annihilates Coker (5* fi*); we deduce that 



Aniav{B/Bay ■ ^b/a C ^b^/a, whence the claim. 



□ 



4.2. Endomorphisms of Gm. This section is dedicated to a discussion of the universal ring 
that classifies endomorphisms of the formal group Gm- The results of this section will be used 
in sections ^3] and P] . 

4.2.1. For every ring R and every integer n > we introduce the "n-truncated" version of 
Gm,R- This is the scheme Gm,Bin) := Spec i?[T]/(T"+^), endowed with the multiplication 
morphism which is associated to the co-multiplication map 

i?[T]/(T"+^) ^ R[T, S]/{T, 5)"+^ T + S + T ■ S. 
Then in the category of formal schemes we have a natural identification Gm r — colim Gm nin) . 

' nSN ' 
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4.2.2. In the terminology of [ p2| , §11.4], Gmin) is the n-bud of G^- We will be mainly in- 
terested in the endomorphisms of Gm{n), but before we can get to that, we will need some 
complements on buds over artinian ring. Therefore, suppose we have a cartesian diagram of 
artinian rings 

i?3 ^ i?i 

(4.2.3) 

i?2 ^ Ro 

such that one of the two maps Ri —> Rq (i = 1,2) is surjective. For any ring R, we define 
the category Bud(ra, d, R) of ra-buds over R whose underlying _R-algebra is isomorphic to 

i?[Ti,...,r,]/(Ti,...,r, 



d 



\n+l 



Lemma 4.2.4. Let S be a finite flat augmented algebra over a local noetherian ring R; let I be 
the augmentation ideal, and suppose that = 0. Let k, be the residue fleld ofR, and suppose 
that 5 ®R ~ 4ti, ...,U]/{h, tdr+\ Then S ~ R[T,, Td]/{T,, T,)-+^ 

Proof. Let e : 5* — * i? be the augmentation map. For every i = 1, ci, pick a lifting Tl E S of 
U; set T, = T[- e{Tl). By Nakayama's lemma, the monomials Tf^ ■ ... ■ T^" with X;?=i CLi < n 
generate the i?-module S. Furthermore, under the stated hypothesis, S* is a free _R-module, and 
its rank is equal to dim^ S i^r k; hence the above monomials form an i?-basis of S. Clearly the 
elements Tj lie in the augmentation ideal of S, therefore every product of n + 1 of them equals 
zero; in other words, the natural morphism R[Xi, ...,Xd\ — > S given by Xi h-^ Tj is surjective, 
with kernel containing J := (Xi, Xii)"''^^; but by comparing the ranks over R we see that 
this kernel cannot be larger than J. The assertion follows. □ 



Proposition 4.2.5. In the situation of ( |4.2.3D , the natural functor 



Bud(n, d, R-i) Bud(n, d, Ri) x Bud(n,d,iJo) Bud(n, d, R2) 
is an equivalence of categories. 

Proof. Let ^i^^ro] (i = 0, ...,3) be the category of projective _Rj-modules. By our previous 



discussion on descent, we already know that ( 14.2.3[ ) induces a natural equivalence between 
•^3,proj and the 2-fibered product ^i,proj x ^0 proj '^2.proj- It is easy to see that this equivalence 
respects the rank of i?j-modules, hence induces a similar equivalence for the categories ^i,f .f . of 
free _Rj-modules of finite rank. Given two objects M := (Mi,M2,a : Mi®r^Rq ^ M2®i?2-^o) 
and := {Ni,N2,(3 : A^i ^r, Rq ^ N2 ^r^ Rq), define the tensor product M N : = 
(Ml 0R-^ Ni, M2 ^2, ce P)- Then one checks easily that the above equivalences respect 
tensor products. It follows formally that one has analogous equivalences for the categories of 
finite flat i?j -algebras. From there, one further obtains equivalences on the categories of such 

(n) 

-Rj-algebras that are augmented over Ri, and even on the subcategories i?j-AIg^^gg of those 
augmented i?^ -algebras such that the (n+ l)-th power of the augmentation ideal vanishes. These 
categories admit finite coproducts, that are constructed as follows. For augmented i?i-algebras 
Ea : A ^ Ri and Eb ■■ B Ri, set {A Ri) ® (fi ^ Ri) := {A ^r^ B/KeT^EA 
£^)"+i this is a coproduct of A and B. By formal reasons, the foregoing equivalences 

of categories respect these coproducts. Finally, an object of Bud(n, d, Ri) can be defined as a 
commutative group object in (i?i-Alg["g g )°, such that its underlying i?j-algebra is isomorphic 
to i?i[Ti, Td]/(Ti, Td)"+^. By formal categorical considerations we see that the foregoing 
equivalence induces equivalences on the commutative group objects in the respective categories. 
It remains to check that an i?3-algebra S such that S ^r^ Ri ~ Ri[Ti, ...,Td]/(Ti, Td)"+\ 
(for I = 1,2) is itself of the form Ri[Ti, ...,Td]/{Ti, Trf)"+^ However, this follows readily 
from lemma [4-.2.4| and the fact that one of the maps i?3 — > i?j (i = 1, 2) is surjective. □ 
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4.2.6. For a given ring R, the endomorphisms of Gm,R{n) are all the polynomials /(T) : = 
ao + arT + ... + a„-T" such that /(T) + /(^) + /(T)-/(5) = /(T + 5 + T-5) (mod (T, 5)"+^). 
This relationship translates into a finite set of polynomial identities for the coefficients ag, a„, 
and using these identities we can therefore define a quotient of the ring in n indeterminates 
Z[Xi, ...,Xn] which will be the "universal ring of endomorphisms" of Gm(-R), i-e., such that 
Xi ■ T + X2 ■ + . . . + Xn ■ T" is an endomorphism of Gm,!y„ (n) and such that, for every ring R, 
and every /(T) as above, the map Z[Xi, X„] — > R given by Xj 1— > ai (i = 1, n) factors 
through a (necessarily unique) map ^„ R. One of the main results of this section will be a 
simple and explicit description of the ring 

Proposition 4.2.7. ^„ is a smooth Z-algebra. 

Proof. We know already that ^„ is of finite type over Z, therefore it suffices to show that, for 
every prime ideal p of the local ring ^„ p is formally smooth for the p-adic topology (see 
[BDl Ch.IV, Prop. 17.5.3]). Therefore, let Ri i?o be a surjective homomorphism of local 



artinian rings; we need to show that the natural map End{Gm,Ri{n)) End(Gm,_Ro('^)) 
surjective. Let / G End(Gm,_Ro(n)); we define an automorphism x of Gm,Ro X-Ro ^m,Ro '■ = 
Ro[T, S]/{T, S)"'+\ the n-bud of Gm x by setting (T, S) ^ (T, /(T) + S + f{T) ■ S). 
Then, thanks to proposition |4.2.5|, we obtain an n-bud X„ over R2 := -Ri X/j^ by gluing 



two copies of Gm,R-i X Gm,ifi along the automorphism x- 

Claim 4.2.8. The n-bud X„ is isomorphic to Gm,i?2 ^ Gm,ij2 if ^i^^ only if % lifts to an auto- 
morphism of Gm,R^ X Gm,R^ ■ 

Proof of the claim: Taking into account the decription of B(n, d, R2) as 2-fibered product of 
categories, the proof amounts to a simple formal verification, which is best left to the reader. 

Claim 4.2.9. There exists a compatible system of /c-buds Xk over R2 for every k > n, such that 
Xk reduces to Xk-i over R2, and specializes to (k) over the quotient Ri of R2. 



Proof of the claim: In case R2 is a torsion-free Z-algebra, this follows from [ ]52| , Ch.II, §4.10] 
and an easy induction. If R2 is a general artinian ring, choose a torsion-free Z-algebra -R3 with a 
surjective homomorphism R3 R2. By /oc. c/t (and an easy induction) we can find an n-bud 
Yn over R3 such that F„ specialises to X„ on the quotient R2, and F„ reduces to G'^ j^^{l) over 
i?3. Then, again by loc. cit, we can find a compatible system of A; -buds Yk on .Rs for every 
k > n, such that Y^ reduces to Yk-i over R^ and specializes to (k) over the quotient Ri 

of i?3. The claim holds if we take X^ equal to the specialization of Y^ over R2. 

The direct limit (in the category of formal schemes) of the system {Xk)k>n is a formal group 
X over R2, such that X (g)/?^ _Ri ~ Gm,iji x Grn,R^ ■ This formal group gives rise to a p-divisible 
group (X(r2))„>o, where X{n) is the kernel of multiplication by p"' in X. For every m G N, 
X(m) is a finite flat group scheme over R2, such that X(m) Xj^^Ri ~ /ip™,iji x fXpm ji^. Denote 
by X(m)* the Cartier dual of X(m) (cp. [g6|, §111.14]). Then X(m)* Xr^Ric^ (Z/p'^Z)!^, in 
particular it has p^™ connected components. Since the pair {R2, Ri) is henselian, it follows that 
X{m)* must have p^™ connected components as well, and consequently X(m)* ~ (Z/p^Z)!,^ . 

Finally, this shows that X{n) ^ yUp™,/?2 ^ /^p'",-R2' whence X ~ Gm,_R2 ^ <Gm,i?,2- From 
claim [4.2.81 , we deduce that x lifts to an automorphism x' of Gm,i?i(^) x Gm,i?i(^)- Let 



i : G^,ij,(ra) ^ G^rn,Riin) X G,„,ij,(ra), TT : Gm,RAn) X G„,ij, (n) ^ G„,i?,(n) be respectively 
the imbedding of the first factor, and the projection onto the second factor; clearly n o x' o i 
yields a lifting of /(T), as required. □ 

4.2.10. Next, let us remark that, for every n G N, the polynomial (1 + T)^ - 1 := X ■ T + 
(^) ■ + ... + (^) • G Q[X, T] is an endomorphism of Gm,Q[x] iji). As a consequence, there 
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is a unique ring homomorphism ^„ Z[X, , (^)] representing this endomorphism. The 
following theorem will show that this homomorphism is an isomorphism. 

Theorem 4.2.11. The functor 

Z-Alg ^ Set i? ^ EndK(G„,ij(n)) 

is represented by the ring ('^) , (^)]. 

Proof. The above discussion has already furnished us with a natural surjective map p : ^ 
Z[X, (^) , (^)]. Therefore, it suffices to show that this map is injective. 

Claim 4.2.12. p ®i Iq is an isomorphism. 

Proof of the claim: First of all, the map p can be characterized in the following way. The identity 
map determines an endomorphism /(T) := oq + cti ■ T + ... + a„ ■ T" of Gm,f#„('^); 

then p is the unique ring homomorphism such that p(/) := f{ao) + f{ai)-T + ... + f{an)-T^ = 
(1 + T)^ — 1. On the other hand, the ring ^„ (g)^ Q represents endomorphisms of Gm(n) in 
the category of Q-algebras. However, for every n E N and for every Q-algebra R, there is an 
isomorphism 

log : GmM^) ^ Ga,Bin) 

to the n-bud of the additive formal group Ga,R- The endomorphism group of Ga,R{n) is easily 
computed, and found to be isomorphic to R. In other words, the universal ring representing en- 
domorphisms of Ga{n) over Q-algebras is just Q[X], and the bijection HomQ.Aig(Q[X], R) ~ 
End(Ga,_R(^)) assigns to a homomorphism : Q[X] R, the endomorphism g^{T) : = 
0(X) • T. It follows that, for any Q-algebra R there is a natural bijection HomQ.Aig (Q[-^] , R) — 
End{GmAn)) given by: (0 : Q[X] ^ R) ^ exp(</)(X) • log(l + T)) - 1 = (1 + T)^(^) - 1. 
Especially, f{T) can be written in the form (1 + T)^(^^ - 1 for a unique ring homomorphism 
ijj : Q[X] ^ ®z Q- Clearly ip is inverse to p ®i 1q. 

In view of claim |4.2.T2| , we are thus reduced to show that ^„ is a flat Z-algebra, which follows 



readily from proposition |4.2.7| . □ 

4.2.13. Furthermore, ^„ is endowed with a co-addition, i.e. a ring homomomorphism ^„ 
'^n®ifSn satisfying the usual co-associativity and co-commutativity conditions. The co-addition 
is given by the rule: 

coadd : ^„ ^ ^„ ®z ^ 5Z ) ® (^) • 

Moreover, for every e Z, we have a ring homomorphism vr^ : ^„ ^ Z, which corresponds to 
the endomorphism of Gm,z(^) given by the rule: Ti— i>(l+T)'^ — 1 (raising to the A;-th power 
in Gm,z(^))- Hence we derive, for every G Z, a ring homomorphism 



(4.2.14) ^"""^^ : ^„ ®^ ^„ ^^n^^ 



Remark 4.2.15. (i) On ^„ Q = Q[^], ( PXT4| ) is the unique map such that (f ) ^ (^+'') 
for all i < n, therefore we see that (^^'^) G for all A; G Z, n > and < i < n. Moreover, 



( I4.2.14D is clearly an automorphism for every /c G Z. 

(ii) It is also interesting (though it will not be needed in this work) to remark that ^„ is 
endowed additionally with a co-composition structure, so that ^„ is actually a co-ring, and it 
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represents the functor R ^ End(Gm,i?(^)) from Z-algebras to unitary rings. One can check 
that the co-composition map is given by the rule: 

k 



where (p ranges over all the functions (p : W := N \ {0} N subject to the condition that 

E,eN* J ■ m = k, and Q := ""^"""'^'n^^^c;;!* To show that Q) G one notices 

that = n,eN. C^'^if ^^'^) and then uses (i). 

4.2. 16. For the rest of this section we fix a prime number p and we let : Q ^ Z U {oo} be 
the p-adic valuation. 

Lemma 4.2.17. The ring '^niv) '■= '^n ®z ^(p) is the Z(^pyalgebra generated by the polynomials 
X, (^), {^2),---, (^), where k is the unique integer such that p^ < n < p^^^. 



Proof. We proceed by induction on n. It suffices to prove that (^) is contained in the 1i{p)- 
algebra R := Z(p) [(^) , (^) , (j^)]. We will use the following (easily verified) identity which 
holds in Q[X] for every i,j E N : 

Suppose first that n is a multiple of p'', and write n = {b + l)p^ for some b < p — 1. If b = 0, 
there is nothing to prove, so we can even assume that 6 > 0. We apply ( |4.2.18| ) with i = b ■ p 



k 



and j = p^. By remark [4.2.15K i), ( ) is in R, and so is (^.pfc), by induction. The claim 



will therefore follow in this case, if we show that ('•''''^1^^ ) is invertible in Z(p). However, this is 
clear, since Vp{i) = Vp{i + b ■ p^) for every i = 1, Finally, it remains consider the case 

where n = b- p^ + a for some 6 > and < a < p'^. This is dealt with in the same way: apply 
([4.2. 18[) with i = b ■ p'' and j = a and use the previous case. □ 



Lemma 4.2.19. Let A; G N. If R is aflat Tj^pyalgebra and f E R, then the following two 
conditions are equivalent: 

(i) (p^,) G R for every i = 1, k; 

(ii) locally on Speci? there exists j G Z such that f = j (mod p^). 

Proof. We may assume that R is local. For A; = there is nothing to prove. For A; = 1 we have 
(p) = u- p^^ ■ nf=o (/ ~ ^) a unit u of R. Then the assertion holds since all but possibly one 
of the f — i are invertible. For k > 1, by induction we can write f = i + p ■ g for some g E R 
and <i < p. Since Vp{pH) = 1 + p + p^ + ... + p^^^, we have 

j=i (mod p) 

for some units m, u' G R. The claim follows. □ 

4.2.20. For every integer A; > 0, we construct a scheme X^ by gluing the affine schemes 
Spec Z(p)[^^] (0 < 2 < p'^) along their general fibres. For every fc G N and every i G N with 

< 2 < p'^^^ there is an obvious imbedding Z(p)[^^] C Z(^p-j[^^]. By gluing the duals of 
these imbeddings, we obtain, for every A; G N, a morphism of schemes pk : Xk+i Xk. Let 
also '■ Spec ^p^+i — > Spec ^pk be the morphism which is dual to the imbedding ^pk C ^pk+i. 
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Proposition 4.2.21. With the notation of ( |4.2.2(JD we have: 

(i) For given n > 0, let k be the unique integer such that < n < p^^^. Then there is a 
natural isomorphism of schemes: tt^ '■ Xj. Spec^„ ®z Z(p). 

(ii) For every A; G N the diagram of schemes: 

Xfc+i Spec ^pfc+i ®z Z{p) 



Pfe ^fe^z^Cp) 

Xfc — Spec ®z Z(p) 



Proof. By lemma [4-.2.17| we may assume that n = p^. By lemma |4.2.19| , we see that both 



and Spec^pfe ®i Z(p) represent the same functor from the category of flat Z(p)-schemes to the 
category of sets. Since both schemes are flat over Spec Z(p), (i) follows. It is similarly clear that 
®'L Z(p) and Pk represent the same natural transformation of functors, so (ii) follows. □ 

Corollary 4.2.22. (i) For given G N, let k be the unique integer such that p^~^ < n < p^. 
Then there is a natural ring isomorphism 

End {GmM.in)) {l+Tf - I 

(ii) Let Rbe a ring such that Fp C R. Then there is a natural ring isomorphism 

<^°(Speci?, Zp) ^ End^ (G^,^) ^^{l + Tf- 1. 

Proof, (i): by lemma [4.2. 17| we can assume n = p'^ — 1. In this case, it is clear that the 
polynomials (1 + T)* — 1 are all distinct for z = 0, ....p^ — 1 and they form a subring of 
End(Gm,Fp(^))- However, an endomorphism of Gm Fp(^) corresponds to a unique point in 
Spec ^„(Fp). From proposition |4-.2.21K i) we derive that Spec ^^^^Fp is the union of the special 
fibres of the affine schemes Spec Z[:4--r], for i = 0, — 1. Each of those contribute an 

affine line K\^, so Spec$f„ ®z Fp consists of exactly p^~^ connected components. In total, we 
have therefore exactly p'^ points in Spec^^„(Fp), so (i) follows. 

(ii): to give an endomorphism of is the same as giving a compatible system of endomor- 
phisms of Gm(n), one for each n G N. In case Fp C R, lemma ^2.17| shows that this is also 
equivalent to the datum of a compatible system of morphisms 0^ : Speci? Spec ^pk ®i Fp, 
for every A; > 0. From proposition [4-.2.21K ii) we can further deduce that, under the morphism 
^fe, each of the p^'^^ connected components of Spec^p^+i ®z IFp gets mapped onto one of the 
pfe+i j-ational points of Spec^pfe ®z IFp. Since (pk-i = ° 4>k, we see that the image of (pk-i 
is contained in Spec^pfe-i(Fp), for every A; > 0. Taking (i) into account, we see that an en- 
domorphism of Gm,R is the same as the datum of a compatible system of continuous maps 
Speci? Jjjp^lj. Since the p-adic topology of Zp is the inverse limit of the discrete topologies 
on the Z/p^Z, the claim follows. □ 

4.3. Modules of almost finite rank. Let A be a V-algebra, P an almost finitely generated 
projective A-module and G EndA(-P). 

4.3.1. We say that is K-nilpotent if there exists an integer i > such that K\(j) = 0. Notice 
that the A-nilpotent endomorphisms of P form a bilateral ideal of the unitary ring Endyi(P). 
Notice also that A^P is an almost projective A-module for every z > 0; indeed, this is easily 
shown by means of lemma [2.4. 15| . For a A-nilpotent endomorphism we introduce the notation 



det(lp + 0) := ^trA^p/^(A^0). 



j>0 
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Notice that the above sum consists of only finitely many non-zero terms, so that det(lp + 0) is 
a well defined element of A^. 

Lemma 4.3.2. Let P be an almost finitely generated projective A-module. 

(i) Ifcj) is a A-nilpotent endomorphism of P and a : A A' is any morphism of V"^ -algebras, 
setP' := P (g)A A'. Then: det(lp/ + 0^ 1a') = «(det(lp + </>)). 

(ii) Let (f),ip & End^(P) such that (poip and ip o (p are A-nilpotent. Then: det(l p + (poip) = 
det{lp + ip o (f)). 

Proof, (i) is a straightforward consequence of the definitions. As for (ii), it is clear that ^ o is 
A-nilpotent and the stated identity follows directly from lemma pnr^ (i). □ 



4.3.3. Now, let 0, V e EndA(P) be two endomorphisms. Set B := A[X, F]/(X", y") and 
Pb ■= P ®A B; (j) and ip induce endomorphisms of Pp that we denote again by the same letters. 
Clearly X-cp and F-^^ are A-nilpotent; hence we get elements det(lpg +X-0), det(lp^ +Y -ip) 
and det(lp^ + X ■ cp + Y ■ ip + XY ■ ip o (p) in B^. Notice that any element of B^ can be written 
uniquely as an A*-linear combination of the monomials X^Y^ with < i, j < n. Moreover, it 
is clear that det(lpg + X ■ (p) = X]o<i<n ^^A^p/Ai-^A'P) ' ^^d similarly for ip. 

Proposition 4.3.4. With the above notation, the following identity holds : 

(4.3.5) det(lp^ + X • 0) ■ det{lp^ +Y-^) = det{lp^ + X ■ (P + Y ■ ip + XY ■ tp o (P). 

Proof. First of all we remark that, when P is a free A-module of finite rank, the above identity 
is well-known, and easily verified by working with matrices with entries in A^. Suppose next 
that P is arbitrary, but (p = e ■ cp' ,'ip = e ■ ip' for some 0', ip' E EndA(P) and e E xn. Pick a free 
A-module F of finite rank, and morphisms u : P ^ F, v : F ^ P such that v o u = e ■ Ip. 
Set (pe := u o (p' o V : F F and define similarly ip^. Clearly det(lpg + X ■ 0) = det(lpg + 



X ■ e ■ (p') = det(lp^ + X ■ V o u o (p') = det(lp^ + X ■ 0^) (by lemma p3!2| (ii)) and similarly 



for the other terms appearing in ( [4-.3.5[ ). Thus we have reduced this case to the case of a free 



A-module. Finally, we deal with the general case. The foregoing shows that the sought identity 
is known at least when and ip are replaced by £ ■ 0, resp. e ■ ip, for any e E xn. Equivalently, 
consider the A-algebra endomorphism a : B ^ B defined byXi-^e-X, Fi-^e-F and let C 
be the P-algebra structure on B determined by a; by lemma |43^ (i) we have 

det(lp^ + X ■ e ■ 0) = det(lp^ + (X ■ 0) ®p 1^) = a(det(lp^ + X ■ 0)) 



and similarly for the other terms appearing in ( |4.3.5| ). Thus, the images under a of the two 



members of ( |4.3.5| ) coincide. But applying « to a monomial of the form a ■ X'^Y^ has the effect 
of multiplying it by ; by (B), the (i + j) -powers of elements of m generate m, hence the 
claim follows easily. □ 



Corollary 4.3.6. Ifcp, %p E EndA(P) are two A-nilpotent endomorphisms, then 

det(lp + 0) ■ det(lp + ip) = det(lp + (p + ip + (p o ip). 

Proof. For an arbitrary a E EndA(P), one can define P' := P(8>yiA[[X]] and det(lp/+X-«) : = 
^.>Qtr^i^p/A(A^a) -X* E A^[[X]]. Then proposition ^.3.4| implies that the analogue of ( |4.3.5| ) 



holds in A*[[X, Y]]. But if a is A-nilpotent, the power series det(lp/ + X ■ a) is actually a 
polynomial in A*[X]; the claim then follows by evaluating the polynomials det(lp/ -t- X ■ 0), 
det(lp/ + y ■ ^) and det(lp/ + X- + F- ^ + XF-0o^)forX = F = l. □ 
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4.3.7. Next, for P as above, set 

XpiX) := E.>otrA^PM(Aklp) " G A,[[X]] 

MX) ■■= E.>otrSym^PM(lsym^p) " X' G A[[X]]. 

Corollary 4.3.8. Let P be an almost finitely generated projective A-module. Then: 

(i) the power series Xp{X) defines an endomorphism of the formal group Gm a^- 

(ii) xp{X)-i;p{-X) = l. 

(iii) xp{x) ei + Sp,AA[x]\. 

Proof, (i) is immediate. For (ii), recall that, for every n > there is an acyclic Koszul complex 
(cp. ^ Ch.X, §9, n.3, Prop.3]) 

^ Aig (A--ig) ®^ (Sym\g) ^ ... ^ (A^Q) ®^ (Sym^'Q) ^ Sym^^Q ^ 0. 

From proposition |4.1.4| we derive, by a standard argument, that the trace is an additive function 
on arbitrary bounded acyclic complexes. Then, taking into account lemma [4.1. 3| we obtain: 

^"'p/yi(-'-A;^"'p) ■ t^Sym^p/yi(lsym^p) " for cvcry 72 > 0. TWs is equivalent to 
the sought identity. To show (iii) we remark more precisely that <^A^p/yi C S'pia for every r > 0. 
Indeed, set B := A/^p/a- Then, by proposition |2.4.28K i),(iii): (^a^p/a ' ^ = ^a^(p®aB)/s = 0, 
whence the claim. □ 



Definition 4.3.9. Let P be an almost finitely generated projective A-module. 

(i) The formal rank of P is the ring homomorphism f.rk^(P) : := ^[a, (2)) •■■] ~^ ^* 
associated to xp{X). 

(ii) We say that P is of almost finite rank if, for every e E m, there exists an integer i > such 
that € ■ A\P = 0. 

(iii) We say that P is of finite rank if there exists an integer i > such that A^P = 0. 

(iv) Let r G N; we say that P has constant rank equal to r if A^+^P = and A^P is an 
invertible A-module. 



Remark 4.3.10. (i): It follows easily from lemma |2.3.7K vi) that every uniformly almost finitely 
generated projective A-module is of finite rank. 

(ii): Notice that if P is of finite rank, then Xp(X) is a polynomial, whence it defines an 
endomorphism of the algebraic group Gm,A,- In this case, it follows that XpiX) is of the form 
(1 + X)", where a : Spec A* — Z is a continuous function (where Z is seen as a discrete 
topological space). More precisely, there is an obvious injective ring homomorphism 

(4.3.11) <^°(SpecA„Z) ^ EndA(G„,Aj (3 ^ {I + Xf 

which allows to identify the continuous function a with the formal rank of P. Moreover, if 
A^P = 0, it is clear that a(Spec A*) C {0, - 1}. 

The main result of this section is theorem [4.3.28| , which describes general modules of al- 



most finite rank as infinite products of modules of finite rank. The first step is lemma [4.3. 12| , 
concerned with the case of an A-module of rank one. 

Lemma 4.3.12. Let P be an almost finitely generated projective A-module such that A^P = 0. 
There exists -algebras Aq, Ai and an isomorphism of -algebras A ~ Aq x Ai such that 
P ®A Aq = and P ®a Ai is an invertible Ai-module. 

Proof. Since the natural map P x P ^ h.\P is universal for alternating A-bilinear maps on 
P X P,we have 

(4.3.13) f{p)-(l = f{(l)-P for every / G (P*)* and p,g G P=^. 
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Using ( |4-.3.13| ) we derive ujp/a{p ® f)iq) = ^"^^p/Ai^p/Aip ® f)) ■ q for every / G (P*)* and 



p,q e P*. In other words, co'p/^(p(g)/) = trp/^(co'p/^(p(g)/)) • Ip, for every / G {P*)^,p G P*. 
By linearity we finally deduce 

(4.3.14) = ti p/a{^) ■ Ip for all G End^lP). 



Now, by remark ^.3.101 (11), the hypothesis A\P = also implies that Xpi^) = (1 + X)", for 



a continuous function a : Spec A^, {0, 1}. We can decompose accordingly A = Aq x Ai, so 
that a(Spec Aj^k) = i, which gives the sought decomposition. We can now treat separately the 
two cases A = Aq and A = Ai. In case f.rk^(P) = 0, then trp/A(lp) = 0, and then ( |4.3.14| ) 



implies that P = 0. In case f.rkA(P) = 1, then trp/yi(lp) = 1 and ( [4.3. 14[ ) implies that the 
natural map A — > EndA(P) : a ^— a ■ Ip is an inverse for tip/^, thus A ^ P 0a P* ■ CH 

The next step consists in analyzing the structure of A-modules of finite rank. To this purpose 
we need some preliminaries of multi-linear algebra. 

4.3.15. For every n > let n := {1, n}; for a subset / C n let |/| be the cardinality of /; 
for a given partition n = / U J, let ^ denote the total ordering on n that restricts to the usual 
ordering on / and on J, and such that i j for every i E I, j E J. Finally let ejj be the sign 
of the unique order-preserving bijection (n, <) (n, ^). 

Let M be any A-module. Given elements mi,m2, ■■■,rnn in M<^, and / C n a subset of 
elements ii < i2 < ... < i\i\, let rrii := rrii^ A ... A rrii^^^ E A|{'m,, (with the convention that 
m0 = 1 E A^ = K\M^). 

4.3. 16. Let M, N be any two A-modules. For every j > there is a natural morphism 
(4.3. 17) k\M ®A A{N ^ A'^' (M © A^) 

determined by the rule: 

mi A ... Ami® Til A ... Arij t-> (mi, 0) A (m2, 0) A ... A (0, rii) A ... A (0, rij) 



for all mi, mj G and rii, G A^. The morphisms ( |4.3.17| ) assemble to an isomor- 
phism of A-modules 

(4.3.18) A^M^aA'aN ^A\{M®N). 



Clearly, there is a unique graded A-algebra structure on A\M ^a A^A^ such that ( |4.3.18[ ) is 



an isomorphism of (graded-commutative) A-algebras. Explicitly, given Xi E A^'Af, yi E A^^N 
(i = 1,2) one verifies easily that the product on A\M ©^ A^A^ is fixed by the rule 

(4.3.19) (xi ® yi) ■ {X2 ^2) = (-1)"^'^ ■ (xi A X2) ® {yi A ^2)- 

Then A\M 0a A^A^ is even a bigraded A-algebra, if we let A^M i0a be the graded 
component of bidegree (z, j) . 

4.3.20. Next, let 5 : M ^ M © M be the diagonal morphism m 1— > (m, m) (for all m G M^). 
It induces a morphism A\5 : A\M A\{M © M) of A-algebras. We let A : A\M 
A\M I0A A^A^ be the composition of the morphism A\5 and the inverse of the isomorphism 
( ^4.3.18D . For every a, 6 > we also let A„^;, : A\M A\M ®a be the composition of 



A and the projection onto the graded component of bidegree (a, h). The morphisms A^ are 
usually called "co-multiplication morphisms". An easy calculation shows that: 

(4.3.21) ^a,b{Xi A X2 A ... A Xa+b) = ^£ij ■ Xi ® Xj 

I,J 
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where the sum ranges over all the partitions a + b = I U J such that |/| = a. Let now 
xi, Xa,yi, ■..,yb £ M^:. Since A is a morphism of A-algebras, we have A(xa A yh) = 
A(xa) ■ A(yb)- Hence, using ( |4-.3.19| ) and ( |4.3.2ip one deduces easily: 



(4.3.22) A,,5(xaA yb)= ^/j ■ ^kl ■ (-1)'^' ■ (x/ A yx) ® (xj A y^). 

I,J,K,L 

where the sum runs over all partitions lUJ = a, KUL = h such that \J\ = \K\. 

Lemma 4.3.23. Suppose that A'^^M = for some integer a > 0. Let < b < a and 

xi, ...,Xa,yi, ■■■,yb € M^:. Then the following identity holds in A^M 0^ A\M : 

Xa (S> ?/b = ^ £ji ■ {xj A yb) <S) xi 
i,j 

where the sum ranges over all the partitions a = J U J such that \I\ = b. 
Proof. For a given subset 5 C b we let 

liVB) ■= £ij ■ (xj A ys) ®xj - x^®yB 
i,j 

where the sum is taken over all the partitions / U J = a such that \J\ = \B\. Notice that 
liyz) = 0. We have to show that 7(?/b) = 0. To this purpose we show the following: 

Claim 4.3.24. If > 0, then 

(4.3.25) A,,|B|(xa A ys) = JZ^/^l • (-l)'"^' ■ liyx) A yi 

K,L 

where the sum ranges over all the partitions K U L = B. 



Proof of the claim: Using ( |4.3.22D , the difference between the two sides of ( |4.3.25D is seen to be 



equal to Y.k,l^kl ■ (-l)'^' ■ x^ ® {vk ^yi) = " x^^ys, where the sum runs 

over all partitions K U L = B. A standard combinatorial argument shows that this expression 
can be rewritten as Xa^yn ■ Yl'kloi~^)'' ' Cfe')' which vanishes if \B\ > 0. 

To conclude the proof of the lemma, we remark that A„ vanishes if 6 > because by 
assumption A"^^M = 0; then the claim follows by induction on \B\, using claim |4.3.24| . □ 



Lemma 4.3.26. Let P be an A-module such that A'^^P = and assume that either P is flat 
or 2 is invertible in A^. Then A^(A^P) = 0. 

Proof. For any A-module M and r > there exists an antisymmetrizer operator (cp. [ [T5| , Ch. 
Ill, §7.4, Remarque]) 

ttr : M®*" M®"" mi (g) . . . (g) ^^ ^ sgn{a) ■ m^(i) (g ... (g m„(r). 

Clearly factors thorugh A^M, and in case M is free of finite rank, it is easy to check (just 
by arguing with basis elements) that the induced map : A^M Im(ar) is an isomorphism. 
This is still true also in case r! is invertible in A^, since in that case one checks that a^/r! is 



idempotent (see loc. cit.). More generally, if M is flat then, by [ |51| , Ch.I, Th.1.2], Mi is the 
filtered colimit of a direct system of free A^-modules of finite rank, so also in this case is an 
isomorphism. Notice that, again by pT] , Ch.I, Th.1.2], if Pis flat, then Aj^P is also flat, for every 
/c > 0. Hence, to prove the lemma, it suffices to verify that Im(a2 : (A^P)®^ (A^P)*^^) = 
when A^^^P = 0. However, this follows easily from lemma [4.3.23| . □ 

We are now ready to return to A-modules of finite rank. 
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Proposition 4.3.27. Let P be an almost projective A-module of finite rank; say that A^P = 0. 
There exists a natural decomposition A ~ x x ... x Ar-i such that Pi := P ®a is an 
Ai-module of constant rank equal to ifor every i = 0, r — 1. 

Proof. We proceed by induction on r; the case r = 2 is covered by lemma |4.3.12| . By lemma 
|4-.3.26| we have A^(A^^^P) = 0, so by lemma |T.3.12| , there is a decomposition A ~ 



r-l ^ 



A[._2, such that for := P 0^ A- (i = r - 2, r - 1) the following holds. X\, ^ (Pr-2) = and 

r — 2 

AV^ {Pr-i) is an invertible A^^i-module. It follows in particular that XPt-i (^) is a polynomial 

r — 1 

of degree r — 1, and its leading coefficient is invertible in Ar-i. Hence XPt^i (^) = (1 +Xy^^. 
By induction, A[_2 admits a decomposition A'j._2 ~ x ... x with the stated properties; 
it suffices then to take A^-i := A'^_i. □ 

Theorem 4.3.28. Let P be an almost projective A-module of almost finite rank. Then there 
exists a natural decomposition A ^ Hi^o ^* ■^"'-^ 



(i) \im Kmiy a [ Ai) = (for the uniform structure of definition [2.3. ID ; 

(ii) for i E N, let Pi := P ®a Ai; then P ^ Ili^o ^"'^ every Pj is an Ai-module of finite 
constant rank equal to i. 

Proof. Let {mA}Ae/ be the filtered family of finitely generated subideals of m. For every A G /, 
let Ax := A/ AnnAimx). By hypothesis, Px := P0aAx is an A^-module of finite rank; say that 
the rank is r(A). By proposition |4.3.27| we have natural decompositions Ax — Ax^ x ... x Ax,r(\) 
such that P Ax^i is an A^.j-module of constant rank equal to i for every i < r(A). The 
naturality of the decomposition means that for every \, fi G I such that mA C m^, we have 
A^^i ®A Ax ^ AxA- for every i < r{^). In particular, xnxA^^i = for every i > r(A). By 
considering the short exact sequence of cofiltered systems of A-modules: 

^ (AnnA(mA))Ae/ {A)xei ^ {Ax)xei ^ 
we deduce easily that A ~ limAA and therefore we obtain a decomposition A ^ Ili^o 

with Ai := lim^Ai for every i E N. Notice that, for every i E N and every \ E I, the 

xei 

natural morphism Ai Ax^i is surjective with kernel killed by rriA- It follows easily that 
A^+^(P ®A A,) = and A^^(P ®a Ai) is an invertible Aj-module. Furthermore, for every 
A E /, mA ■ = for alH > r(A), which implies (i). Finally, for every A G /, mA kills the 
kernel of the projection P — > Hlio^ Pi, so P is isomorphic to the infinite product of the Pj. □ 

4.4. Localisation in the flat site. Throughout this section P denotes an almost finitely gen- 
erated projective A-module. The following definition introduces the main tool used in this 
section. 

Definition 4.4.1. The splitting algebra of P is the A-algebra: 

Split(A, P) := Sym^(P © P*)/(l - Cp). 

We endow Sym^(P © P*) with the structure of graded algebra such that P is placed in degree 
one and P* in degree —1. Then (p is a homogeneous element of degree zero, and consequently 
Split (A, P) is also a graded A-algebra. 

4.4.2. We define a functor S : A-Alg Set by assigning to every A-algebra B the set S{B) 
of all pairs (x, 0) where x E {P ®a B)^, (j) : P ®a B ^ B such that = L 

Lemma 4.4.3. (i) Split(A, P) is a fiat A-algebra. 

(ii) Split (A', P ®A -4') ~ Split (A, P) ®a A' for every A-algebra A'. 

(iii) Split (A, P) represents the functor S. 
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Proof. For every A; > we have Cp e (Sym^P) ®a {Sym\P*) C gr°(Sym^'=(P © P*)). It is 
easy to verify the formula: 

(4.4.4) gr'=SpUt(A, P) ^ coUm (Sym^+-'P) (^a (Sym^P*) 

where the transition maps in the direct system are given by multiplication by (p. In particular, 
it is clear that gr^Split(y4, P) is a flat A-module, so (i) holds, (ii) is immediate. To show (iii), 
let us introduce the functor T : A-Alg Set that assigns to every A-algebra B the set of all 
pairs (x, 0) where x E {P (g)^ B)^ and (p : P 0a B ^ B. So S is a subfunctor of T. 

Claim 4.4.5. The functor T is represented by the A-algebra Sym^(P (BP*). 

Proof of the claim: Indeed, there are natural bijections: 

(P ®A B), ^ HomB(P* ®A B, B) ^ Hom^(P*, B) ^ HomA-Aig(Sym^P*, B) 

which show that the functor B ^ {P^aB)^ is represented by the A-algebra Sym^P*. Working 
out the definitions, one finds that the composition of these bijections assigns to an element 
X E {P 0A -B)* the unique A-algebra morphism : Sym^P* B such that fx{^) = i'ix) 
for every if) E Hom^(P, A). Similarly, the functor B ^ Homs(P 0a B,B) is represented 
by Sym^P, and again, one checks that the bijection assigns to : P 0a B ^ B the unique 
A-algebra morphism : Sym^P — » B such that 5'</,(p) = for every p E P*. It follows 
that T is represented by (Sym^P) 0a (Sym^P*) ~ Sym^(P © P*). 

For every A-algebra B we have a natural map: ap '■ T{B) P* given by (x, (p) t-^ <P{x). 
This defines a natural transformation of functors a : T {—)*■ Moreover, let us consider the 
trivial map Pp : T(B) B^ that sends everything onto the element 1 E B^. /3 is another 
natural transformation from T to the almost elements functor. Clearly : 

S{B) = Equal( T(P) P, ). 

/3b 

We remark that the functor B ^ B^ on A-algebras, is represented by A[X] := Sym^74. There- 
fore there are morphisms a*, P* : A[X] Sym^(P © P*) that represent these natural trans- 
formations. It follows that S is represented by the A-algebra 

a* 

Coequal( A[X] =^ Sym^fP © P*) ). 

/3* 

To determine a* and P* it suffices to calculate them on the element X E A[X]^. It is easy to 
see that a*{X) = 1. To conclude the proof it suffices therefore to show: 

Claim 4.4.6. P*{X) = (p. 

Proof of the claim: In view of the definitions, and using the notation of the proof of claim 
^4-.4.5| , the claim amounts to the identity: fx)iCp) = 4>{x) for every (x, 0) E T{B). By 
naturality, it suffices to show this for B = A. Now, for every e E m, we can write e ■ (p = 
Qi ® ipi for some Qi E P,ipi E P* and we have ^ . Qi ■ i>i{h) = e - h for all b E P^. Hence 
i9<l, ® fx)iT.i 1i ® = T.i 'PiQi) ■ tpiix) = (pi^i Qi ■ ^iix)) = (j){ex) and the claim follows. 

□ 



Remark 4.4.7. The construction of the splitting algebra occurs already, in a tannakian context, 
in Deligne's paper [O : see the proof of lemma 7. 15 in loc.cit. 
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4.4.8. We recall that for every A; > there are natural morphisms 

Sym^P ^ T\P ^ Sym^P 

such that I3p o ap = k\ ■ Isym^p ^^^^ ap o (3p = k\ ■ Ipfep- (to obtain the morphisms, one can 
consider the flat A^,-module P, thus one can assume that P is a module over a usual ring; then 
ap is obtained by extending multiplicatively the identity morphism Sym\P = P — P = T\P, 
and Pp is deduced from the homogeneous degree k polynomial law P ®a B ^ {P ®a B)®^ 
defined by x t-> x®^). Moreover {T\P)* ~ Sym^P*. 

Lemma 4.4.9. With the notation of ( |4.4.8p we have: {ap ®a lsym^p*)(Cp) = ^' ' Ct\p- 

Proof. Suppose first that P is a free A-module, let ei, e„ be a base of P* and ej, e* the 
dual base of P* . Then T\P is the free A-module generated by the basis e'j"^' ■ ... ■ el?*' where 
< Hi < k for i = 1, /c and rij = k. The dual of this basis is the basis of Sym^P* 
consisting of the elements e*"^ ■ ... ■ e^"*". Furthermore, (p = J2i ^« ® e* and therefore (p = 
■ ••• ■ ^fc'') ® (<2i"^ e™*"), where n := (ni, n^) ranges over the multi-indices 
submitted to the above conditions and O ■= — — r- Then the claim follows straightforwardly 

from the identity: ap(e"^ ■ ... ■ e^'=) = ni !-...■ n^! ■ e^^^^ ■ ... ■ e^T'^l For the general case we shall 
use the following 

Claim 4.4.10. Let M be an almost finitely generated projective A-module and pick, for a given 
e E m, morphisms u : M ^ F and v : F ^ M with v ou = e - Im- Then v ® m*(Cp) = ^ ' Cm- 

Proof of the claim: We have a commutative diagram 

F F* !^!iL^ M ®A M* 



End^(P) EndA(M) 

where the vertical morphisms are the natural ones, and where the bottom morphism is given by 
t— > ti o o M. Then the claim follows by an easy diagram chase. 

Pick morphisms u : P ^ F and v : F ^ P with vou = e-lp. We consider the commutative 
diagram 

Sym'xF ^A Sym^P* Sym^P ®^ Sym^P* 



Sym^P* 



T>XF ^A Sym^P* T^P ®a Sym^P*. 



By claim |4-.4.10| , we have v ® u*{(f) = ^ ■ Cp', whence Sym^-u (g) Sym^M*(C^) = e'' ■ (p. 
Moreover, we remark that (F^f) o (Sym^-u*)* = (T'Xv) o (F^-u) = e'' ■ Ipfcp, therefore claim 



^.4. 10| (applied for M = F^P) yields F^t;(8)Sym^M*(Cpfc p) = e'^-Cr'' p- Since we already know 



the lemma for P, a simple diagram chase shows that {a 0a lsym^p*)(^^ ' Cp) = e'' ■ k\ ■ Cr\p- 
Since the A;-powers of elements of m generate m, the claim follows. □ 



Lemma 4.4.11. Let P be as above and suppose that (p is nilpotent in Sym^(P © P*). 

(i) If Q C A^, then Xp(X) = (1 + X)~°' for some continuous function a : Spec N. 

(ii) If¥pC A^, then S'p/a is a Frobenius-nilpotent ideal. 
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Proof, (i): Since Q C A^., then k\ is invertible in for every /c > 0; by lemma [4-.4.9| it 
follows that Sym^P = 0, thus V'p(X) is a polynomial. By corollary |4.3.8| , ^p(— X) defines 
an endomorphism of Qm,A,, therefore il)p{X) = (1 + X)" for some continuous function a : 
Spec A^ — > N; then the claim follows by corollary [4.3.8K ii). 

(ii): Let (/, p) G (P* © P)*; in the notation of the proof of lemma [4.4.3| , we can write 
G T(A). It follows that corresponds to a morphism of A-algebras Sym^(/,p)* : 
Sym^(P©P*) A. In part icular Sym^(/,p)*(C^) = Sym^(/,p)*(Cp)'= for every A; > 0. By 
inspecting the proof of claim |4A^ , we deduce Sym^(/, p)*(^p) = f{p) for every f E P* and 
p G P. By hypothesis, Cp = for every sufficiently large n. It follows that S'p/a is Frobenius 
nilpotent. □ 

Lemma 4.4.12. Le? Rq be a noetherian commutative ring, R an R^-algebra and M aflat R- 
module. Then M = if and only if M ®P(, n = Ofor every residue fleld k of Rq (i.e., for every 
fleld K of the form Frac(Po/p). where p is some prime ideal of Rq). 

Proof. Clearly we have only to show the direction <^=. It suffices to show that Mp = for every 
prime ideal of Rq. Hence we can assume that Rq is local, in particular of finite KruU dimension. 
We proceed by induction on the dimension of Rq. If dimPo = 0, then Rq is a local artinian 
ring, hence a power of its maximal ideal m is equal to 0. By assumption, M/mM = 0, i.e. 
M = mM. Then M = m^M for every A; > 0, so M = 0. Next, suppose that dimPo = d 
and the lemma already known for all rings of dimension strictly less than d. Assume first that 
Rq is an integral domain and pick f E S := Rq \ {0}. Then Rq/ /Rq has dimension strictly 
less than d, so by induction we have M/ fM = 0, i.e. M = fM. Due to the flatness of M, 
we have: AnnM(/) = AnnR(/) • M = Annji(f) ■ fM = 0. This implies that the kernel of 
the natural map M S~^M is trivial. On the other hand, by hypothesis S^^M = 0, whence 
M = in this case. For a general Rq of dimension d, notice that the above argument implies 
that, for every minimal prime ideal p of Pq, we have pM = M. But the product of all (finitely 
many) minimal prime ideals is contained in the nilpotent radical of Pq, whence = M, 
and finally M = as claimed. □ 

4.4.13. Let now p G Spec A^. By composing f.rk^(P) with the map A^ A^/p, we obtain 
a ring homomorphism 

f.rk^(P,p):^oo--^*/p. 
In case (A^/p)^ ^ 0, we can interpret f .rk^(P, p) as the formal rank of P ©^ (A/p"). More 
precisely, let vr : A A/p"- he the natural projection; then vr^, factors through a map ir' : 
A^/p (A/p"), and we have: f.rkA/pa(P ®a (^/P")) = vr' o f .rk^(P, p). 

Even if {A^,/pY = 0, the morphism f .rk^(P, p) can still be interpreted as the map associated 
to an endomorphism of Gm,A,/p, so it still makes sense to ask whether f .rk^(P, p) is an integer, 
as indicated in remark |4.3.10K ii). 



Lemma 4.4.14. Let P be an almost flnitely generated projective A-module and p E Spec A^,. 
If B is any A^^-algebra and q G Spec P* such that r(q) := f .rkB(P ®a B, q) is an integer, then 
r(p) := f.rk^(P, p) is also an integer and r(p) = r(q). 

Proof. Indeed, let us consider the natural maps — > A* — > P*; under the assumptions, the 
contraction of q in A^ is contained in p. Since the image of (^) in P,/q is ("^''^), it follows that 
the same holds in A^/p. □ 

Definition 4.4.15. We say that an A-module P admits inflnite splittings if there is an infinite 
chains of decompositions of the form: P ~ A © Pi, Pi ~ A © P2, P2 — A(B P3, ... 



92 



OFER GABBER AND LORENZO RAMERO 



Theorem 4.4.16. Let P be an almost finitely generated projective A-module. The following 
conditions are equivalent: 

(i) P is of almost finite rank. 

(ii) For all A-algebras B 0, we have: nr>o '^As(^''X>aB)/b ~ ^■ 

(iii) For all A-algebras B ^ 0, Pb '■= P ® a B does not admit infinite splittings, and moreover 
if Pb — -B" © Q for some B -module Q and Xq(X) = (1 + X)'^ for some continuous 
function a : Spec 5* N, then (5 = 0. 

(iv) For all A-algebras B ^ 0, Pb does not admit infinite splittings, and moreover if Pb — 
B^ © Q for some B -module Q, then : 

(a) If ¥p G B^: and Q = IQfor a Frobenius-nilpotent ideal I G B, then Q = 0; 

(b) IfQcB^ and Sym^Q = Ofor some r > 1, then Q = 0. 



Proof, (i) =^ (ii) : indeed, from proposition |2.4.28| (iii) one sees that, for every A-module 



of almost finite rank, every A-algebra B and every s E m, there exists r > such that 

(ii) =^ (iii) : let 5 7^ be an A-algebra; by hypothesis, there exists r > such that '■ = 
^K^g{p®AB)/B 7^ B. Suppose that P®aB admits infinite splittings. The 5/ Jr-module Pb/ JrPs 
has rank < r, and at the same time it admits infinite splittings, a contradiction. 

Suppose next, that there is a decomposition P ®a B ~ B'^QQ', then Q is obviously of almost 
finite rank. Suppose that xq{X) = (1 + X)" has the shape described in (ii). We reduce easily 
to the case where a is a constant function. However, xq/j^q(X) is a polynomial of degree < r, 
thus a = 0, and then Q = by theorem p3^ (ii). 

(iii) =^ (iv) : suppose that Fp C B^ and Q = IQ for some Frobenius-nilpotent ideal /. Then 

Xqi^) £ 1 + which means that the image of Xq(X) in End(Gm_B,//J is the trivial 

endomorphism. But we have a commutative diagram 

^0(Spec5„Zp) ^End{Gm,B,) 



^°(Spec5,//„ Zp) ^ End(G„,B,//, 

where the horizontal maps are those defined in remark |4.3.10K ii), and are bijective by corollary 



i.2.22[ The left vertical map is induced by restriction to the closed subset Spec -B*//*, and 
since / is Frobenius-nilpotent, it is a bijection as well. It follows that the right vertical map is 
bijective, whence i-iksiQ) = 0, and finally Q = by (iii). 

Next, consider the case when Q C -B* and Sym^Q = for some r > 1. It follows that (q 
is nilpotent in Sym^(Q © Q*). By lemma |ATT](i), Xq{^) = (1 + X)~" for some continuous 
a : Spec 5^ N. Then (iii) implies that Q = 0. 

To show that (iv) =^ (i), we will use the following: 

Claim 4.4.17. Assume (iv). Then: Split (5, Q) = ^ Q = 0. 

Proof of the claim: Suppose Q ^ and Split (5, Q) = 0; then ( |4.4.4| ) implies that for every 
e E m there exists j > such that £ ■ Cq = 0. We have eQ ^ for some e E xn. From 
the flatness of Q, we derive Annsym^(Q®Q*)(£^) = AniiBie) ■ Sym^((5 © Q*), hence we can 
replace B by B / AnnB{e), Q by Q/AnnB{£) ■ Q, thereby achieving that (q is nilpotent in 
Sym^((5 © Q*) and stiU Q ^ 0. Using lemma PT?!^ (and the functoriality of Split (5, Q) 
for base extensions B B') we can further assume that B^ contains either Q or one of the 



finite fields Fp. If Q C B^, then k\ is invertible in B^ for every A; > 0; by lemma |4.4.9| it 
follows that Sym^Q = 0, whence Q = by (iv), a contradiction. If Fp C 5*, then by lemma 



[4.4.1 iK ii), (S'q/b is Frobenius-nilpotent. However, from proposition |2.4.28| (i) it follows easily 
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that Q = S'q/b ■ Q, whence (5 = 0, again by (iv), and again a contradiction. In either case, this 
shows that SpUt(i?, Q) ^ 0, as claimed. 

Claim 4.4.18. Assume (iv). Then A/S'pia is a flat A-algebra. 

Proof of the claim: It suffices to show that A^/ (<^p/yi)p is a flat Ap-algebra for every prime ideal 
p C A^. If <fp/A* is not contained in p, then {Sp/a)p = ^p, so there is nothing to prove in this 
case. We assume therefore that 

(4.4.19) ,gp,A. C p. 

We will show that Pp = in such case, whence v4p/(<fp/^)p = A^, so the claim will follow. 
From ( I4.4.19D and corollary |4.3.8K iii) we know already that 



(4.4.20) f.rkA(P,p) = 0. 

Suppose that Pp 7^ 0; then there exists e E xn such that ePp 7^ 0. Define inductively Aq := Ap, 
Qo := Pp, Ai^i := Split(Aj, Qi) and Qi+i as an Aj+i -module such that Qi (g)^- Aj+i ~ 
Aj+i © Qi-i-i, for every i > (the existence of Qj+i is assured by lemma |4.4.3K iii)). Then 
colim A„ ~ 0, since, after base change to this V^"-algebra, P admits infinite splittings. This 

neN 

implies that there exists n E N such that eAn+i = and sAn 7^ 0. However, since A^+i is 
flat over A^, we have: A^+i = AnnA„+^ie) = Ann^^le) ■ A „+i. S et A' := A„/AnnA„(e); 
then Split(A', Q„ (g)A„ A') = 0, so Qn ©a,, A' = by claim [4.4. 17| . By flatness of Q„, this 
means that eQn = 0; in particular, n > 0. By definition, Qn-i An — An (B Qn', 

it follows that Q' := Qn-i A' ~ A', in particular f.rk^/(Q') = 1 and consequently 

f.rkA'(P ®A A') = n> 0; in view of lemma |4.4.14| , this contradicts ( |4.4.20| ), therefore Pp = 0, 
as required. 

Claim 4.4.21. Assuming (iv), the natural morphism (p : A (A/S'p/a) x Split(A, P) is faith- 
fully flat. 



Proof of the claim: The flatness is clear from claim pr?7T8| . Hence, to prove the claim, it suffices 



to show that {{A/^p/a) x Split(A, P)) (g)A (A/ J) ^ for every proper ideal J C A,. But the 
construction of (p commutes with arbitrary base changes A A', therefore we are reduced to 



verify that {A/£'p/a) x Split(y4, P) 7^ when A 7^ 0. By claim |4.4.17i this can fail only when 
P = 0; but in this case S'p/a = 0, so the claim follows. 

We can now conclude the proof of the theorem: define inductively as in the proof of claim 



4.4. 18| : Aq := A, Qq := P, Aj+i := Split(y4j, Qi) and Qj+i as an Aj+i-module such that Qi 
Ai^i = Ai+i © Qi+i, for every i > 0. The same argument as in loc. cit. shows that, for every 
e E m, there exists n E N such that eAn = 0. We may assume that eAn-i 7^ 0. Moreover, by 
claim [4.4.21] (and an easy induction), B := Aq/^q^^/AoXAi/^q^/a^ x ... x A„_i/f?Q„_^/A„_i x A„ 
is a faithfully flat A-algebra. However, one checks easily by induction that P ®a i^i/S'Q./Ai) 
is a free A j/^Q./^j -module of rank i, for every i < n. Hence, A^(P ^a B) ~ A^^^(P ®a An), 
which is therefore killed by e. By faithful flatness, so is A^P. The proof is concluded. □ 

Proposition 4.4.22. If P is a faithfully fiat almost projective A-module of almost finite rank, 
then Split (A, P) is faithfully fiat over A. 

Proof. If A = there is nothing to prove, so we assume that A 7^ 0. In this case, it suffices to 
show that Split (A, P) 0^ A// 7^ for every proper ideal I of A. However, Split (A, P) ©a 
A/J ~ Split(A//, PI IP), and since P is faithfully flat, P//P 7^ 0; hence we are reduced to 
showing that Split(y4, P) 7^ when P is faithfully flat. Suppose that Split(yl, P) = 0; then 
( [4.4. 4[ ) implies that for every e E xn there exists j > such that £ ■ = 0. Since P 7^ 0, 



we have eP 7^ for some e E m. From the flatness of P, we derive Annsym^(PeP*)(£^) 
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AnnA{e) ■ Sym^ (P©P*), hence we can replace A by A/AniiAie), P by P / Ann a{s) ■ P, which 
allows us to assume that is nilpotent in Split (A, P). Using lemmata |4- . 4 . 1 2| and [4.4.3K ii), we 
can further assume that contains either Q or one of the finite fields Fp. If Q C A^,, then k\ 
is invertible in A^ for every A; > 0; by lemma ^4 .91 it follows that Sym^P = 0, whence P = 



by theorem [4.4.16K iv), which contradicts our assumptions, so the proposition is proved in this 



case. Finally, suppose that Fp C A^, then by lemma |4-.4.1 IK ii), S'p/a is Frobenius-nilpotent. 
However, since P is faithfully flat, proposition |2.4.28| (iv) says that S'p/a = A, so A = 0, which 
again contradicts our assumptions. □ 



A A. 23. For any l^"-algebra A we have a (large) fpqc site on the category (y4-Alg)° (in some 
fixed universe!); as usual, this site is defined by the pretopology whose covering families are 
the finite families {SpecCj — » SpecP | i = 1, such that the induced morphism B 

Ci X ... X C„ is faithfully flat (notation of ( |3.3.3| )). 



Theorem 4.4.24. Every almost projective A-module of finite rank is locally free of finite rank 
in the fpqc topology of {A-A\^)°. 

Proof. We iterate the construction of SpUt(74, P) to split off successive free submodules of rank 
one. We use the previous characterization of modules of finite rank (proposition [4. 3. 27] ) to show 
that this procedure stops after finitely many iterations. By proposition |4.4.22| , the output of this 
procedure is a faithfully flat A-algebra. □ 



Theorem [4-.4.24| allows to prove easily results on almost projective modules of finite rank, by 
reduction to the case of free modules. Here are a few examples of this method. 

Lemma 4.4.25. Let P be an almost projective A-module of constant rank equal to r G N. 
Then, for every integer < k < r, the natural morphism 



(4.4.26) 

is a perfect pairing. 



A^P 



X ® y ^ X /\y 



Proof. By theorem [4.4.24| , there exists a faithfully flat A-algebra B such that Pb := P ®a B 
is a free P-module of rank r. It suffices to prove the assertion for the P-module Pb, in which 
case the claim is well known. □ 



4.4.27. Keep the assumptions of lemma |4.4.25| . Taking = 1 in ( |4.4.26| ), we derive a natural 
isomorphism 

Pp-.iA^-^-'py^p^A (A^APy. 

Now, let us consider an A-linear morphism (p : P Q oi A-modules of constant rank equal to 
r. We set 

^ := /?P o (A:4-V)* o /5q' : g ®A {A^QY ^ P ®a {A'aP)*- 



Proposition 4.4.28. With the notation of ( |4.4.27[ ), we have: 

V^o (0(g)^ l(ArQ).) = (A^0)* and (0 0^ 1(a^p)*) ° ^ = 1q ®a (A^0)*- 

Especially, is an isomorphism if and only if the same holds for A^0. 

Proof. After faithfully flat base change, we can assume that P and Q are free modules of rank 
r. Then we recognize Cramer's rule in the above identities. □ 
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4.4.29. Keep the assumption of lemma |4.4.25| and let (p be an A-linear endomorphism of P. 
Set B := A[X, X^^] and Pb := P 0a B. Obviously (p induces a A-nilpotent endomorphism of 
Pb, which we denote by the same letter. Hence we can define 

:= X' ■ det(lp^ - • 0) G A,[X] 

(notation of ( p3TTl )). 

Proposition 4.4.30. With the notation of ( |4.4.29D , we have x<i>{<P) = in End^(P). 

Proof. Again, we can reduce to the case of a free A-module of constant finite rank, in which 
case we conclude by Cayley-Hamilton. □ 



Corollary 4.4.31. Keep the assumptions of ( |4.4.29D , and suppose that (p is integral over a sub- 
ring S C A^. Then the coefficients ofxtf, cire integral over S. 

Proof. The assumption means that satisfies an equation of the kind 0" + Yll^Z^ = 0' 
where ai E S for every i = 0, ...,n — 1. We can assume that P is free, in which case we 
reduce to the case of an endomorphism of a free i?-module of finite rank, where i? is a usual 
commutative ring containing S; we can further suppose that R is of finite type over Z, and it 
is easily seen that we can even replace R by its associated reduced ring i?/nil(_R). Then R 
injects into a finite product of fields Yli Ki, and we can replace S by its integral closure in 

. Ki, which allows us to reduce to the case where i? is a field. In this case the coefficients 
of Xcj} elementary symmetric polynomials in the eigenvalues of 0, so it suffices to show that 
these eigenvalues ei, are integral over S. But this is clear, since we have more precisely 

+ Y^^iZo <^i^^ = for every j < r. □ 

To conclude this section, we want to apply the previous results to analyze in some detail the 
structure of invertible modules : it turns out that the notion of invertibility is rather more subtle 
than for usual modules over rings. 

Definition 4.4.32. Let M be an invertible A-module. Clearly M i^a M is invertible as well, 
consequently the map A — > Endyi(M 0a M) A : a ^ a ■ ^m^aM is an isomorphism 
(by the proof of lemma [4.1.5K iii)). Especially, for the transposition endomorphism Qm\m of 
M ®A M : X ® y ^ y ® X, there exists a unique element um G ^* such that 9m\m = 
um ■ lM(g)AM- Clearly ul^ = 1. We say that M is strictly invertible if um = 1- 



Lemma 4.4.33. For an invertible A-module the following are equivalent: 

(i) M is strictly invertible; 

(ii) AIM = 0; 

(iii) M is of almost finite rank; 

(iv) there exists a faithfully fiat A-algebra B such that M 0^ B B. 

Proof, (i) =^ (ii): indeed, the condition um = 1 says that the antisymmetrizer operator 02 
M®2 _^ j^®2 vanishes (cp. the proof of lemma |3]2|); since M is flat, (ii) follows. 



(ii) ^ (iii) and (iv) ^ (i) are obvious. To show that (iii) ^ (iv) let us set i? := Split (A, M); 
by proposition |4.4.22| B is faithfully flat over A, and B ®a M ~ i? © X for some fi-module 



X. Clearly B ©a M is an invertible 5-module, therefore, by lemma [4.1.5K ii), the evaluation 
morphism gives an isomorphism (5 © X) 0^ (5 © X*) ~ 5 © X © X* © (X (g)A X*) ~ 5. By 
inspection, the restriction of the latter morphism to the direct summand B equals the identity of 
B; hence X = and (iv) follows. □ 



Lemma 4.4.34. IfM is invertible, then ti m/a{'^m) = um- 
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Proof. Pick arbitrary / G M*, m,n G M*. Then, directly from the definition of um we deduce 
that /(m) ■ n = Um ■ fin) ■ m. In other words, uju/Ain ® f) = um ■ Q^M/A^n ® f) ■ 1a/- By 
linearity we deduce that = um ■ tiM/A{4') ■ 1m for every (p G End^(M). By letting := 1 m, 
and taking traces on both sides, we obtain: tvM/Ai'^M) = um ■ ^^M/Ai'^Aiy- But since M is 
invertible, tiM/Ai'^M) is invertible in A^, whence um ■ tiM/Ai'^M) = 1, which is equivalent to 
the sought identity. □ 



Proposition 4.4.35. Let M be an invertible A-module. Then: 

(i) M M is strictly invertible. 

(ii) There exists a natural decomposition A ~ x A_i where M Ai is strictly invertible, 
A_u is a Q-algebra and Sym^_^(M 0^ A^i) = 0. 

Proof, (i): it is clear that M®" is invertible for every n. Let a G Snhe any permutation; it is 
easy to verify that the morphism : M®" — ^ M®" : xi ® X2 ^ ■■■ ® Xn ^ ^^-(i) ® Xo-(2) ® 
... (g) Xcr{n) equals u^^'''^'^ ■ 1 a/®"- Especially, the transposition operator on (M ®a M)®^ acts via 
the permutation: x®y®z®w^z®w®x®y whose sign is even. Therefore um(SjaM = 1, 
which is (i). 

(ii): It follows from (i) that the antisymmetrizer operator 02 on (M 0^ M)®^ vanishes; 
a fortiori it vanishes on the quotient (A^M)®^, therefore A\{A\M) ^ Im(a2 : A\M 
A^M) = 0. Then lemma |4!3.12| says that there exists a natural decomposition A ^ x A^i 



such that (A^M) ®a =0 and (A^M) is invertible. To show that A^u is a Q-algebra, 

it is enough to show that A^i/pA^i = for every prime p. Up to replacing A by A/pA, we 
reduce to verifying that, if Fp C A^ and M is invertible, then A<f is of almost finite rank. To 
this aim, it suffices to verify that the equivalent condition (iv) of theorem |4.4.16| is satisfied. 



If S 7^ and Mb := M ®aB ~ B ® X, then the argument in the proof of lemma |4.4.33| 
shows that X = and therefore Mb does not admit infinite splittings. Finally, it remains only 
to verify condition (a) of loc. cit. So suppose that Mb — 5" ® Q. \i n > we have just seen 
that Q = 0; if n = 0, and QjlQ = for some ideal /, then by the faithfulness of M (lemma 
|4.1.5K iii)) we must have / = i?; if / is Frobenius nilpotent it follows that B = 0. Finally, 
set M_i := M ®a A^i, notice that, since A^u is a Q-algebra, the endomorphism group of 
Gm,A_i. is isomorphic to v4_i*, and therefore Xm_i(-^) = (1 + X)"", where a is an element of 
y4_i* which can be determined by looking at the coefficient of xm^i (X) in degree 1. One finds 



a = tiM^i/A-ii'^M^i)- In view of lemma [4. 4. 3 4| , we can rewrite a = um_j^; therefore 

(4.4.36) tT^l_M.,/A.A^Al_Mj = 

On the other hand, since A^_^M_i is an invertible A_i -module of finite rank, we know that the 
left-hand side of ( |4-.4.36D equals 1; consequently um^i = —1- This means that, in M®^, the 



identity x ® y = —y ® x holds for every x,y E M_i*; therefore, the kernel of the projection 
M®i Sym^_^M_i contains all the elements of the form 2 ■ x ® y; in other words, multipli- 
cation by 2 is the zero morphism in Sym^^M_i; since A_i^ is a Q-algebra, this at last shows 
that Sym^_^M_i vanishes, and concludes the proof of the proposition. □ 

4.5. Construction of quotients by flat equivalence relations. We will need to recall some 
generalities on groupoids, which we borrow from Exp. V]. 



4.5.1. If ^ is any category admitting fibred products and a final object, a ^-groupoid is the 
datum of two objects Xq, Xi of ^, together with "source" and "target" morphisms s, t : Xi — > 
Xo, an "identity" morphism <, : Xq — > Xi and a further "composition" morphism c : X2 — >^ Xi, 
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where X2 is the fibre product in the cartesian diagram: 



Xo 



Xi ^ Xq. 

The datum (Xq, Xi, s, t, c, l) is subject to the following condition. For every object S of 
the set Xq(S) := Homt^(5', Xq) is a groupoid, with set of morphisms given by Xi{S), and for 
every (p E Xi(S), the source and target of (p are respectively s{(p) := </) o s and t(s) := o s; 
furthermore the composition law in Xq(S) is given by c{S) : Xi{S) Xxo{S) -^i('S') Xi(S). 
The above conditions amount to saying that soi = toL = Ix^ and the commutative diagrams 



(4.5.2) 



Xo 



Xi 



Xn 



X2 

t' 

X, 



Xi 



Xn 



are cartesian in ^ both for the square made up from the upper arrows and for the square made 
up from the lower arrows (cp. [^Sj Exp. V §1]). 

One says that the groupoid G := (Xq, Xi, s, t, c, l) has trivial automorphisms, if the mor- 
phism (s, t) : Xi — > Xq X Xq is a (categorical) monomorphism. (This translates in categorical 
terms the requirement that for every object S of and every x G Xq(S), the automorphism 
group of X in Xo(S') is trivial). 

It is sometimes convenient to denote by X X(q^) Z the fibre product of two morphisms 
a : X ^ F and /3 : Z ^ r. 



4.5.3. Given a groupoid G, and a morphism Xq Xq, we obtain a new groupoid G x^o Xq 
by taking the datum (X^, Xi x^o Xg, s x^o Ix^, ^ ^Xo Ix^, c x^o Ix^, Ix/,)- 

Moreover, suppose that ^ admits finite coproducts and that all such coproducts are disjoint 
universal (cp. Exp.II, Def.4.5]). Denote by F 11 Z the coproduct of two objects Y and Z of 
^. Let G' := (Xg, X[, s', t' , d , l') be another groupoid; one can define a groupoid G 11 G" by 
taking the datum (Xq H X^, Xi H X^, s H s' , t H t', c H c', i H l'). 

4.5.4. In the following we will be concerned with groupoids in the category A-AIg° of A- 
schemes, where A is any V^'^-algebra. We will use the general terminology for almost schemes 
introduced in ( |3.3.3| ), and complemented by the following: 

Definition 4.5.5. Let : X F be a morphism of A-schemes, G := (Xq, Xi, s,t, c, l) a 
groupoid in the category of A-schemes. 

(i) We say that is a closed imbedding (resp. is almost finite, resp. is etale, resp. is fiat, resp. 
is almost projective) if the corresponding morphism 0" : ffy ^x is an epimorphism 
of ^y-modules (resp. enjoys the same property). We say that is an open and closed 
imbedding if it induces an isomorphism X onto one of the factors of a decomposition 
F = Fi n Y^. 

(ii) We say that G is a closed equivalence relation if the morphism (s, t) : Xi ^ Xq x Xq is 
a a closed imbedding. We say that G is^af (resp. etale, resp. almost finite, resp. almost 
projective) if the morphism s : Xi ^ Xq enjoys the same property. We say that G is of 
finite rank if &x^ is an almost projective ^Xo-rnodule of finite rank. Furthermore, we set 
Xq/G := Spec ^Xo^ where the equalizer of the morphisms and tK 
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4.5.6. Let G := (Xq, Xi, s, t, c, l) be a groupoid of finite rank in A-Alg". by assumption 
is an almost projective i^Xo -module of finite rank, hence, by proposition |4-.3.27| , there is a 
decomposition iffxo — HLo ^^^^ ®^xo °f constant rank equal to i, for 

2 = 0, r. Set Xq-i := Spec -Bj. 

Lemma 4.5.7. In the situation of ( j4.5.6D , f/zere a natural isomorphism of groupoids: 

G'~(G'x;,„Xo,i)n...n(G'xxoXo,,). 

Proof. For every z < r, let : X^^i Xq be the open and closed imbedding defined by ( |4.5.6| ). 
Set Xi^i := Xo,i X(^^_^) Xi (so Xi^i = SpecC.;). Moreover, let X[ - := Xo,i x^^^^t) X^, (3^ : 
X( j — > Xi the open and closed imbedding (obtained by pulling back a^), X2,i := Xi j x (/3.,s')X2 
and X2,i := X[ ■ X(^. X2. There follow natural decompositions Xi ~ X( 11 ... 11 X( ^ and 
X2 ~ X2 1 n ... n X2 ^, such that s' decomposes as a coproduct of morphisms Xf^i X[^. 
By the construction of Xq i, it is clear that X^- has rank equal to i as an X(°-module, for every 
z < r. In other words, the above decompositions fulfill the conditions of proposition |4.3.27| . 



Similarly, we obtain decompositions Xi ~ Xi 1 11 ... 11 Xi and X2 ^ X2,i 11 ... 11 X2,,. 
which fulfill the same conditions. However, these conditions characterize uniquely the factors 
occuring in it, thus Xi j = X[ ^ for i < r. The claim follows easily. □ 

Lemma 4.5.8. Let G := (Xq, Xi, s, t, c, l) be a groupoid of finite rank in A-Alg°. If G has 
trivial automorphisms, then it is a closed equivalence relation. 

Proof. Using lemma [4-.5.7| we reduce easily to the case where is of constant rank, say equal 
to r G N. Let F := Xq x Xq; since G has trivial automorphisms, the morphism {s,t) : Xi — > F 
is a monomorphism; equivalently, the natural projections pri,pr2 : Xi Xy Xi ^ Xi are 
isomorphisms. Let D := lm{(s,tY '■ ^xj; it follows that the natural morphisms 

pr5,pr| : ®d are isomorphisms and consequently, 

(4.5.9) (^^jD)0D^x,=O. 

We need to show that = -D, or equivalently, that ffx^/ D = 0. However, by theorem 
4-.4.24I, we can find a faithfully flat i^Xo -algebra B such that G := B - B''- Let 



D' := B D; it follows that C is a faithful finitely generated D'-module. It suffices to show 
that G/D' = 0, and we know already from ( |4.5.9| ) that {G/D') (g)/?/ C = 0. By proposition |3. 4.4 



it follows that G/D' is a flat D'-module; consequently G/D' C {G/D') ®d' G, and the claim 
follows. □ 

4.5. 10. Let B be an A-algebra, P an almost finitely generated projective S-module. For every 
integer i > 0, we define a i?-linear morphism 

(4.5.11) rsiEndBiPT) ^ B 



as follows (see ( |8.1.13D for the definition of the functor T'^ : B-Mod B-Mod). Let R be 

any i?^,-algebra; we remark that the natural map /5p : Ends(P)" 0b, R ^ EndRa^R"- 0^ P)f 
is an isomorphism. Hence, for every z > 0, we can define a map of sets 

: EndsiP)? ®B* R EndB(A^P)r R 

by letting t-^ f}'^} p{k^j^al3p{(j)Y). In the terminology of [pT|], the system of maps A^ij forms 

a homogeneous polynomial law of degree i from Ends(P)f to EndB(A^P)f, so it induces a 
P* -linear map A* : (EndB(P)f) EndB(A*^P)". After passing to almost modules, we 
obtain a P-linear morphism 

(4.5.12) r^B(EndB(P)") ^ EndBih^BPT- 

Then ( |4.5.11| ) is defined as the composition of ( |4.5.12D and the trace morphism tr^|^p/^. 
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4.5.13. Let C be an almost finite projective 5-algebra. Define fi : C ^ EndB(C)'^ as in 
( I4.1.7D . By composition of F^/i and ( |4.5.1 1| ) we obtain a 5-linear morphism 



r^c B 

characterized by the condition: cW i-^ crj(c) := trc/B(A^yu(c)). 



4.5.14. The construction of ( |4.5.13[ ) applies especially to an almost finite projective groupoid 



G := (Xo, Xi, s, t, c, l). In such case one verifies, using the cartesian diagrams ( |4.5.2| ), that 
Cil^H/)) ^ for every / G &Xo, and every i < r: the argument is the same as in the proof 
of [ P5| , Exp.V, Th.4.1]. In this way one obtains -linear morphisms 



(4.5.15) Tg, : r^a ^ T^.^^x, - < /'^l ^ <t\f)). 

Theorem 4.5.16. Let G := (Xq, Xi, s, t, c, l) be an etale almost finite and closed equivalence 
relation in A-Alg°. Then G is effective and the natural morphism Xq — > Xq/G is etale and 
almost finite projective. 



Proof. See Exp.IV, §3.3] for the definition of effective equivalence relation. By ( |4.5.2D , 



we have an identification X2 — Xi x (g^) Xi.; therefore, the natural diagonal morphism Xi 
Xi s) Xi gives a section 5 : Xi — > X2 of the morphism s' : X2 Xi. Furthermore, since 
X2 = Xi J) Xi, the pair of morphisms {Ixi, t o s) : Xi ^ Xi induces another morphism 
ijjQ : Xi ^ X2', similarly, let ipi : Xi ^ X2 be the morphism induced by the pair {l. o t, IxJ 
(these are the degeneracy maps of the simplicial complex associated to G: cp. [ ^5] , Exp. V, §1]). 
By arguing with T-points (and exploiting the interpretation ( [4.5. ID of Xo(T), Xi{T), etc.) one 
checks easily, first that ^1 = S, and second, that the two commutative diagrams 



(4.5.17) 



Xo ^ Xi Xi s- Xq 

V'o I, 
Xi ^ X2 X2 ^ Xi 



are cartesian. Since by assumption s is etale, corollary p.l.9| implies that 5 is an open and 
closed imbedding; consequently the same holds for l. Let cq G 1^X1. (resp. ei G 1^X2.) 
be the idempotent corresponding to the open and closed imbedding l (resp. S); since G is a 
closed equivalence relation, for every e G m we can write e ■ cq = ■ t'^{b'j) for some 

G ^xi,- In view of ( p3J7| ) we deduce that e ■ g = E»''(i^'*°s«(6i)) ■ (t'«ot«(6Q). However, 
s ot' = t o s' and t o t' = t o c, consequently 

n 

£-ei = ^(s'«ottt(6,))-(c«ottt(69). 

i 

Finally, thanks to remark |4.1.17| , and again ( |4.5.2| ), we can write: 



(4.5.18) e-f = Y^s^o Trx,/xM " t^h)) ■ t^{b'^) for every / G ^x^,- 

i 

If we now let / := t^{g) in ( |43J8| ) we deduce: e ■ t\g) = T^isKTcAg ■ h)) ■ t^h'^] 



tKTG,i{g ■ h)) ■ t^{b'j) for every g G ^Xo,- Since is injective, this means that: 

n 

(4.5.19) e-g = Y,TG,ii9- h) ■ h[ for every g G ^Xo.- 

i 

It follows easily that ffxo is an almost finitely generated projective i^^^ -module. Furthermore, 
let us introduce the bilinear pairing Ig ■= Tg o igc : ®0g &Xq ~^ ^Xn- 

-^0' Xq Xq 
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Claim 4.5.20. to is a perfect pairing. 

Proof of the claim: We have to show that the associated i^^'xo-linear morphism 

TG : ffxo ^ ^*Xo ■= alHom^G^(^Xo, ^Xo) 



is an isomorphism. From ( |4.5.19D it follows easily that tq is a monomorphism. Let </) : 
ff^^^ be a -linear morphism; it remains only to show that, for every £ G m, there exists 
h G Gx(,, such that Tcih) = e ■ (p. Let a : ^Xa^ P ■ ^Xq ~^ be defined by the 

rules: c ^^ (Trxi/Xo(c ■ &i), Trxi/Xo(c ■ &«)) and (xi, ...,x„) ^ E^^^ ' ^'i all c G ^Xi., 
xi, G i^xo.- We remark that Im(a o t^) c {&XoT ^'^d ^"^(/^ ° (^'')") ^ so that 

we deduce, by restriction, morphisms : &Xo ^ (^Xq)" ^'^^ /^o : 

(^Gjn ^ Let 

-0 := (((/) o I3q) ®ffG Iff^ ) o a : Gx^ ~^ ^Xo- By theorem |4.1.14| we can find, for every 



e G m, an element c G i^Xi such that e ■ ip = rx-^/Xoic). Using ( |4-.5.18| ) we derive easily 
e-c = e- E:^{tKh)) ■ m) =e-Y.:^o(3,o aoih) ■ m) =e-Y::<P{e- h) ■ tKh). In 
particular, e ■ c = t'^{h) for some b E B,so the claim follows. 

By assumption, the morphism n : C := Gxq ®eG ^Xn ^ ^Xx induced by the pair (s", t") is 
an epimorphism. Moreover, by construction, we have the identity: 



By claim |4. 5."^ we see that 1^^^^ Tq^i induces a perfect pairing C ^^x^ ^ ~^ ^Xo'^ on 



the other hand, Trxi/Xo is already a perfect pairing, by theorem [4.1. 14| . It then follows that n 



must be a monomorphism, hence C ~ ^Xx^ which shows that G is effective; then it is easy to 
verify that Tq i is actually the trace of the ^^^^ -algebra ffx^v which is consequently etale over 

Proposition 4.5.21. Let G = (Xq, Xi, s, t, c, t) be a groupoid of finite rank. Then Gx^, is 
integral over ^Xo,- 



Proof. By lemma |4.5.7| we can reduce to the case where the rank of ^Xi is constant, say equal 



to r. The assertion is then a direct consequence of the following: 
Claim 4.5.22. Let / G ^Xo, ■ With the notation of ( |4.5.14| ) we have: 



{tKf)r + tgM) ■ itKm"' + tgM) ■ itKm'-' + -+ tgM) = o- 



Proof of the claim: We apply proposition [4.4.3(J| (/.e. Cay ley-Hamilton's theorem) to the endo- 
morphismttt(/) ■ 1^^^ : ^Xi- □ 

Proposition 4.5.23. Let G be an etale closed equivalence relation of finite rank. Then G is 
universally effective and the morphism Xq Xq / G is etale, faithfully fiat and almost finite 
projective. 



Proof. Everything is known by theorem [4.5. 16| , except for the faithfulness, which follows from 
the following: 



Claim 4.5.24. Under the assumptions of propo sition |4 . 5 . 2 1|, let / C &'x^ be an ideal such that 



/■^Xo = ^Xo.Then/ = ^^„. 



Proof of the claim: First of all, let ffxo — HLo decomposition as in ( [4.5.6D ; one 



derives easily a corresponding decomposition G'x^^ ^ 111=0 ' ^o we can assume that the rank 
of ffxx is constant, equal to r. Let J C &x^^ be any ideal, and set G := ^Xo/--^- We have a 
natural isomorphism 

rhi^Xo ®ffO G) ^ r^a (^Xo) ®,^o G. 
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Composing with (14.5. 151) C, we derive a C-linear morphism: tpi : r^(^Xn '^^g C) C. 

^0 ^0 

By inspecting the construction, one shows easily that V'ill'*') = (i) (indeed, by flat base change 
one reduces easily to the case where ffx^ is a free 5-module of rank r, in which case the result 
is obvious). Let us now take J = I. Then r^(^Xo C) = for every i > 0, whence 

1 = (1 H ) = in C, and the claim follows. □ 



Proposition 4.5.25. Keep the assumptions of proposition \X.5 .T\ I/Xq is an almost finite (resp. 
almost finitely presented, resp. fiat, resp. almost projective, resp. weakly unramified, resp. 
unramified, resp. weakly etale, resp. etale) Spec A-scheme, then the same holds for the Spec A- 
scheme Xq / G. 



Proof. By proposition [4-.5.23[ , ffxo is a faithful almost finitely generated projective -module. 



hence S', 



exists 72 G N such that e 



by proposition p.4.28K iv). It follows easily that, for every £ G m there 



VffG factors as a composition of -linear morphisms: 



(4.5.26) 

The assertions for "almost finite" and for "almost projective" are immediate consequences. To 



prove the assertion for "almost finitely presented" we use the criterion of proposition [2.3. 15K ii). 
Indeed, let {Nx, | A) be a filtered system of A-modules; we apply the natural transformation 
( |2.3.16D to the sequence of morphisms ( |4.5.26D : since ffxo is almost finitely presented, so is 
^Xo' hence the claim follows by a little diagram chase. The assertions for "flat" and "weakly 
unramified" are easy and shall be left to the reader. To conclude, it suffices to consider the 
assertion for "unramified". Now, by proposition |4.5.23| it follows that ffxo ®a ^Xo is an al- 
most finitely generated projective ff^^ ®a &Xq'^'^'^^^^'^ since by assumption ffxo is an almost 
projective &Xo ®a ^Xo-niodule, we deduce from lemma p!4.7| that 0'xo is an almost projective 
^Xo ®A (^fo'i^o'iui^- Using ( |4.5.26p we deduce that G'^^ is almost projective over ®a ^Xq 
as well. □ 
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5. Henselization and completion of almost algebras 

This chapter deals with more advanced aspects of almost commutative algebras : we begin 
with the definitions of Jacobson radical rad(A) of an almost algebra A, of henselian pair and 
henselization of a pair (A, J), where J C A is an ideal contained in rad(A). These notions 
are especially well behaved when / is a tight ideal (definition |5 .1.51 ), in which case we can also 
prove a version of Nakayama's lemma (lemma |5.1.6| ). 



In section q3| we explain what is a linear topology on an A-module and an A-algebra; as usual 
one is most interested in the case of J-adic topologies. In case A is J-adically complete and / is 
tight, we show that the functor B ^ B /IB from almost finitely presented etale A-algebras to 



almost finitely presented etale A/J-algebras is an equivalence (theorem |5.3.27D . For the proof 



we need some criteria to ensure that an A-algebra is unramified under various conditions : such 
results are collected in section especially in theorem |5.2.12| and its corollary |5.2.15| . 



In section |53| , theorem |5.3.27| is further generalized to the case where the pair [A, I) is 



tight henselian (see theorem |5 .5 .61 , that also contains an analogous statement concerning almost 



finitely generated projective A-modules). The proof is a formal patching argument, which can 
be outlined as follows. First one reduces to the case where / is principal, say generated by /, 
and since I is tight, one can assume that / G m; hence, we want to show that a given etale 
almost finitely presented A//A-algebra Bq lifts uniquely to an A-algebra B of the same type; 
in view of section ^]3] one can lift Bq to an etale algebra 5^ over the /-adic completion A'^ 
of A\ on the other hand, the almost spectrum Spec A is a usual scheme away from the closed 
subscheme defined by /, so we can use standard algebraic geometry to lift i?o[/~^] to an etale 
algebra B' over Finally we need to show that B'^ and B' can be patched in a unique 

way over Spec A; this amounts to showing that certain commutative diagrams of functors are 
2-cartesian (proposition |5. 5. 5| ). 



The techniques needed to construct B' are borrowed from Elkik's paper [plQ; for our purpose 
we need to extend and refine slightly Elkik's results, to deal with non-noetherian rings. This 
material is presented in section its usefulness transcends the modest applications to almost 
ring theory presented here. 

The second main thread of the chapter is the study of the smooth locus of an almost scheme; 
first we consider the affine case: as usual, an affine scheme X over S := Spec A can be 
identified with the fpqc sheaf that it represents; then the smooth locus X^m of X is a certain 
natural subsheaf, defined in terms of the cotangent complex hx/s- To proceed beyond sim- 
ple generalities one needs to impose some finiteness conditions on X, whence the definition 
of almost finitely presented scheme over S. For such affine S-schemes we can show that the 
smooth locus enjoys a property which we could call almost formal smoothness. Namely, sup- 
pose that / C A is a tight ideal such that the pair {A, I) is henselian; suppose furthermore that 
(To : 5*0 := Spec A// — X is a section lying in the smooth locus of X; in this situation it does 
not necessarily follow that do extends to a full section a : S ^ X, however a always exists 
if (Jo extends to a section over some closed subscheme of the form Spec A/nxo/ (for a finitely 
generated subideal rrio C m). 

Next we consider quasi-projective almost schemes; if X is such a scheme, the invertible sheaf 
(1) defines a quasi-affine Gm-torsor Y ^ X, and we define the smooth locus Xsm just as 
the projection of the smooth locus of Y. This is presumably not the best way to define Xsm, 
but anyway it suffices for the applications of section p?8| . In the latter we consider again a tight 
henselian pair (A, I), and we study some deformation problems for G-torsors, where G is a 
closed subgroup scheme of GL„ defined over Spec A and fulfilling certain general assumptions 



(see ( I5.8.4D ). For instance, theorem |5.8.21| says that every G-torsor over the closed subscheme 



Spec y4// extends to a G-torsor over the whole of Spec A; the extension is however not unique. 
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but any two such extensions are close in a precise sense (theorem |5.8.19[ ) : here the almost for- 



mal smoothness of the quasi-projective almost scheme (GLn/G)"' comes into play and accounts 
for the special quirks of the situation. 

5.1. Henselian pairs. 

Definition 5.1.1. Let A be a l^"-algebra. The Jacobson radical of A is the ideal rad(A) : = 
i&d{A^Y (where, for a ring R, we have denoted by rad(i?) the usual Jacobson ideal of R). 

Lemma 5.1.2. Let R be a V -algebra, I <Z R an ideal. Then I"- C rad(i?") if and only if 
ml C rad(i?). 

Proof. Let us remark the following: 

Claim 5.1.3. If S is any ring, J C 5 an ideal, then J C rad(S') if and only if, for every x E J 
there exists y E J such that (1 + s) • (1 + = 1. 

Proof of the claim: Suppose that J C rad(5') and let x E J; then 1 + x is not contained in any 
maximal ideal of S, so it is invertible. Find some u E S with u- (l + x) = 1; setting y := u — 1, 
we derive y = —x — xy E J. Conversely, suppose that the condition of the claim holds for all 
X E J. Let X E J; we have to show that x E rad(S'). If this were not the case, there would be a 
maximal ideal q C S* such that x ^ q; then we could find a E S such that x ■ a = —1 (mod q), 
so 1 + a; ■ a G q, especially 1 + a ■ x is not invertible, which contradicts the assumption. 
Let : ml i? — i?" be the natural composed map. 

Claim 5. 1 .4. Im </> is an ideal of i?^ and ml C rad(i?) if and only if Im C rad(/2") . 

Proof of the claim: The first assertion is easy to check, and clearly we only have to verify the 
"if direction of the second assertion, so suppose that Im C rad(i?"). Notice that Ker is a 
square-zero ideal of R. Then, using claim |5.1.3| , we deduce that for every x E m - 1 there exists 
z E m ■ I such that {1 + x) ■ {1 + z) = 1 + a, where a E Ker 0, so = 0. Consequently 
(1 + x) ■ (1 + • (1 — a) = 1, so the element y := z — a — z ■ a fulfills the condition of claim 

On the other hand, it is clear that C rad(i?") := rad(i?°)° if and only if Im C rad(-R"), 



so the lemma follows from claim 5.1.4. □ 



Given a V^"-algebra A and an ideal / C rad(A), one can ask whether the obvious analogue of 
Nakayama's lemma holds for almost finitely generated A-modules. As stated in lemma |5.1.6| , 
this is indeed the case, at least if the ideal / has the property singled out by the following 
definition, which will play a constant role in the sequel. 

Definition 5.1.5. Let / be an ideal of a V^-algebra A. We say that / is tight if there exists a 
finitely generated subideal nxo C m and an integer n eN such that /" C m^A. 

Lemma 5.1.6. Let A be a V"^ -algebra, I C rad(A) a tight ideal. If M is an almost finitely 
generated A-module with IM = M, we have M = 0. 

Proof. Under the assumptions of the lemma we can find a finitely generated A-module Q such 
that moM c Q C M. It follows that M = rM c moM c Q, so M = Q and actually M is 
finitely generated. Let Mq C be a finitely generated A,,-submodule with Mq = M; clearly 
mMo C /*Mo and m(/*)" C rrioA*. Therefore: 

moMo C m^+^Mo C /*m"+^Mo C ... C C+^mMo C /*m ■ moMo C nioMo 

and consequently mMo = moMo = mJ* • moM). By lemma we have mJ* C rad(A*), 
hence moMo = by Nakayama's lemma, thus finally mMo = 0, i.e. M = 0, as claimed. □ 
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Corollary 5.1.7. Let A, I be as in lemma |5.1.6| ," suppose that (p : N —>■ M is an A-linear mor- 
phism of almost finitely generated projective A-modules such that (p ®a '^a/i is an isomorphism. 
Then (j) is an isomorphism. 

Proof. From the assumptions we derive that Coker(0) ®a {^/I) = 0, hence Coker0 = 0, 
in view of lemmata [2.3.17K i) and |5.1.6| . By lemma [2.3.17K ii) it follows that Ker is almost 
finitely generated; moreover, since M is flat, Ker(0) ®a {^/ 1) = Ker(0®^ 1a//) = 0, whence 
Ker = 0, again by lemma |5.1.6| . □ 

Definition 5.1.8. Let A be a K'^-algebra, / C rad(y4) an ideal. We say that {A, I) is a henselian 
pair if (A*, m ■ /*) is a henselian pair. If in addition, / is tight, we say that {A, I) is a tight 
henselian pair. 

Remark 5.1.9. For the convenience of the reader, we recall without proofs a few facts about 
henselian pairs. 

(i) For a ring R, let R^^d '■= i?/nil(i?) and denote by \/7 the radical of the ideal /. Then the 
pair {R, I) is henselian if and only if the same holds for the pair (-Rred, ' Rred)- 

(ii) Suppose that / C rad(i?); then {R, I) is a henselian pair if and only if the same holds for 
the pair (Z ©/,/), where Z © / is endowed with the ring structure such that (a, x) ■ {b, y) : = 
{ab, ay + bx + xy) for every a,b E Z, x,y E I . Indeed, this follows easily from the following 
criterion (iii), which is shown in [j6^, Ch.XI, §2, Prop.l]. 

(iii) Assume / C rad(i?); then the pair {R, I) is henselian if and only if every monic poly- 
nomial p{X) E R[X] such that p{X) = (X^ — X)'^ (mod I[X]) decomposes as a product 
p{X) = q{X) ■ r(X) where q(X),r{X) are monic polynomials in R[X] and q{X) = X^ 
(mod I[X]), r{X) = {X - 1)™ (mod I[X]). 

(iv) Let J C / be a subideal. If the pair (i?, /) is henselian, the same holds for (i?, J). 

(v) If (_R, /) is a henselian pair, and i? — > S is an integral ring homomorphism, then the pair 
(5, IS) is henselian Ch.XI, §2, Prop. 2]). 

Lemma 5.1.10. Let R be a V -algebra, I C rad(i?) an ideal. Then the pair (i?", J") is 
henselian if and only the same holds for the pair {R, ml). 

Proof. It comes down to checking that (R, ml) is henselian if and only if (i?", ml") is. To this 
aim, let : i? ^ i?" be the natural map. Let 5 := Im0 and J := 0(m/) C S. Since Ker is 
a square-zero ideal in R, it follows from remark |J. 1 .9| (i) that {R, ml) is henselian if and only if 



{S, J) is. However, it is clear that the induced map J ml" is bijective, hence remark |5.1.9K ii) 
and lemma |5TTT2| say that (S, J) is henselian if and only if (i?", ml") is. □ 

5.1.1 1. Suppose that (R, I) is a henselian pair, with R a V-algebra. Then, in view of lemma 
|5.1.10| and remark |5!l.9K iv) we see that (R"-, /") is also henselian. This gives a way of producing 



plenty of henselian pairs. 

Lemma 5.1.12. Let B be an almost finite A-algebra, I G A an ideal. 

(i) The induced ring homomorphism A^ 0(^*) + mB^, is integral. 

(ii) Ific rad(A), then IB C rad(5). 

(iii) If {A, I) is a henselian pair, the same holds for the pair {B, IB). 

Proof, (i): for a given finitely generated subideal mo C m, pick a finitely generated submodule 
Q C B^ with mo-B* C Q; notice that (moQ)^ C moQ, hence 0(v4*) + m^Q is a subring of B^, 
finite over A*. As 0(A*) + mB^ is a filtered union of such subrings, the assertion follows, (ii) 
follows from (i) and from lemma |5.1.2| . (iii) is a direct consequence of (i), of remark |5.1.9| (v) 



and of (5.1.11). □ 
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5.1.13. Given a ^"-algebra A and an ideal I C A, we define the henselization of the pair 
(y4, /) as the unique pair (up to unique isomorphism) {A^, I^) which satisfies the (almost version 
of the) usual universal property (cp. Ch.XI, §2, Def.4]). Suppose A = R"^ and J = J" for 
a \^-algebra R and an ideal J C R, and let (R', J') be a henselization of the pair {R,xnJ); 
one can easily check that (R'"', J'"') is a henselization of {A, I). It follows in particular that, if 
/ C rad(y4) and {A^, I^) is a henselization of (A, I), then the morphism A A^ is faithfully 
flat (K Ch.XI, §2]). 



Lemma 5.1.14. Let mo C m a finitely generated subideal. Then there exists an integer 
n := n{xnQ) > such that ((rri-o^)*)" C moA^for any V^-algebra A. 

Proof. We proceed by induction on the number k of generators of nxo. To start out, let B be any 
\^°-algebra and f E any almost element. The endomorphism B ^ B : x ^ f ■ x induces 
an isomorphism a : B := B / AniiBif) fB, and a commutative diagram: 

fig, 

-B* ®v -S* ^ -B* 



ifB), 0v {fB), 



Mb. 



f-{fB). = {{fB).) 



It follows that 
(5.1.15) 

as ideals of B., which takes care of the case k = 1. Suppose now that k > 1; let us write 
mo = a;i-\^+mi, where mi is generated by k—1 elements. We apply ( |5.1.15p with B := A/miA 
and / = a;i to deduce: 

{moA/miA). ■ {moA/xriiA). = xi ■ {moA/miA). c lm{{xiA). — > {A/xuiA).). 

Therefore ( (mo A) ^,)^ C {xiA). + {miA).. After raising the latter inclusion to some high power, 
the inductive assumption on mi allows to conclude. □ 



Corollary 5.1.16. Let Abe a V^-algebra, I C rad(A) a tight ideal. Then: 

(i) /* C rad(A,). 

(ii) If {A, I) is a henselian pair, then the same holds for the pair {A., /*). 

Proof. For integers n,m large enough we can write: (J*)"™ C (/")™ C {moA)'^ C moA., 
thanks to lemma |5.1.14| . Then by lemma |5.1.2| we deduce (1*)"'"+^ C rad{A.), which implies 
(i). Similarly, we deduce from lemma |5.1.14| that y/ml = vT, so (ii) follows from remark 
5T9Ki). □ 



Proposition 5.1.17. Let (^4, /) be a tight henselian pair. The natural morphism A A/I 
induces a bijectionfrom the set of idempotents of A. to the set of idempotents of {A/ /)*. 

Proof. Pick an integer m > and a finitely generated subideal mo C m such that J™ C mo ■ A. 
We suppose first that fix has homological dimension < 1. By corollary |5.1.16K ii), the quotient 
map A. A./ 1, induces a bijection on idempotents. So we are reduced to showing that the 
natural injective map A. /I. {A/ 1), induces a surjection on idempotents. To this aim, it 
suffices to show that an idempotent almost element e : V A/ 1 always lifts to an almost 
element e : V"" ^ A; indeed, the image of e inside A^,//^, will then necessarily agree with e. 
Now, the obstruction to the existence of e is a class cui E Extya(V", /). On the other hand. 



proposition |2.5 . 1 3| (i) ensures that, for every integer n > 0, e admits a unique idempotent lifting 
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Cn '■ V"" A/ 1^. Let more generally uJn E Extya(V^", /") be the obstruction to the existence 
of a lifting of e„ to an almost element of A; the imbedding /" C / induces a map 

(5.1.18) Ex4.(\/^r) ^ Ext^„(\/",/) 

and clearly the image of tOn under ( |5.1.18D agrees with cui. Thus, the proposition will follow in 
this case from the following: 

Claim 5.1.19. For n sufficiently large, the map ( |5.1.18| ) vanishes identically. 
Proof of the claim: We will prove more precisely that the natural map 

(5.1.20) Ext^.(\/", mo/) ^ Ext^.(l^", I) 

vanishes; the claim will follow for n := m + 1. A choice of generators ei,...,ek for mo 
determines an epimorphism : I®^ mo/; notice that Extya(V^", Ker 0) = due to lemma 
|2.4.14K i),(ii) and the assumption on the homological dimension of fix. Thus, the induced map 

(5.1.21) Ext^.(l^^/®'=) ^ Ext^.(y^mo/) 



is surjective. To prove the claim, it suffices therefore to show that the composition of ( |5.1.21| ) 
and ( I5.1.20D vanishes, which is obvious, since the modules in question are almost zero. 

Finally suppose that m is arbitrary; by theorem p. 1 . 1 2K i.b),(ii.b), m is the colimit of a filtered 
family of subideals (ma C m | A G A), such that mo C mA = m| and ttia := mA ®v itia 
is V-flat for every A G A, and moreover each rriA has homological dimension < 1. We may 
suppose that {A, I) = (R, J)" for a henselian pair {R, I), where /? is a V^-algebra and J™ C 
mo/?. Each pair (V^,mA) is a basic setup, and we denote by {Ax,I\) the tight henselian pair 
corresponding to (/?, J) in the almost category associated to (V, mx) (so Ax is the image of 
R under the localization functor V-Alg (V, mA)"-AIg). Let e be an idempotent almost 
element of A/ 1 (which is an object of (V, m)'^-AIg); e is represented by a unique ^-linear 
map / : m — s> /?/J and by the foregoing, for every A G A the restriction fx : ffiA R/J 
lifts to a unique idempotent map gx : mx ^ R. By uniqueness, the maps gx glue to a map 

colim gx : xn R which is the sought lifting of e. □ 

AeA 

5.2. Criteria for unramified morphisms. The following lemma generalizes a case of P^ , 
Partie II, lemma 1.4.2.1]. 

Lemma 5.2.1. Let A C be a morphism of V^-algebras, f E A^ any almost element and 
M a C-module. Suppose that M[f~^] is aflat C[f^^]-module, M/ fM is aflatC/fC-module, 
Torf (C, A/fA) = and Torf (M, A/fA) = Ofor i = 1,2. Then M is aflat C-module. 

Proof. Let N be any C-module; We need to show that Torf (M, A^) = 0. To this aim we 

consider the short exact sequence ^ K ^ N ^ N[f^^] ^ L ^ Q where j is the natural 

morphism. We have Torf (M, A^[/-l]) = Torf ■^~'l(M[/-i], A^[/-i]) = 0, therefore we are 
reduced to showing : 

Claim 5.2.2. Torf (M, K) = Tor^(M, L) = 0. 

Proof of the claim: Notice that K = |Jfc>o Ann;^(/'^), and similarly for L, so it suffices to show 
that Torf (M, Q) = for i = 1, 2 and every C-module Q such that f'^Q = for some integer 
k > 0. By considering the short exact sequence AnnQ(/^^^) ^ Q ^ Q' ^ 0, an easy 
induction on k further reduces to showing that Torf (M, Q) = for i = 1, 2, in case fQ = 0. 
However, the morphisms C ^ C / fC and A ^ C determine base change spectral sequences 
(cp. Th.5.6.6]) 

:=TorJ/^^(Tor$^(M, C//C), Q) ^ Tor^+,(M, Q) 
F^^ :=Tor^(Tor^(C, A/fA), M) ^ Tor^+^(M, A/fA). 
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The spectral sequence F yields an exact sequence: 

Tor^(M, A/fA) Tor^(C//C, M) Toif{C, A/fA) ®c M 



Torf (M, A/fA) Torf M) 



which implies Tor,"^ (M, C/fC) = for i = 1, 2. Thus = for g = 1, 2 and we get 

Torf (M, Q) ~ Torf/^^(M//M, Q) for i = 1, 2. 
Since M/fM is a flat C//C-module, the claim follows. □ 

Lemma 5.2.3. Let M be an A-module, f & A^, an almost element, and denote by A^ := 
lim(A/f"'A) the f-adic completion of A. Then we have: 

nGN 

(i) Ann^(M[/-i]) ■ AnnA(M ®a A^) C AnnA(M). 

(ii) IfM is almost finitely generated and M/fM = M[/"^] = then M = 0. 

Proof, (i): let a G AnnA{M[f~^])^, b G AnnA{M^AA^)^ and denote by fia, j^b : M ^ Mthe 
scalar multiplication morphisms. From a-M[/~^] = we deduce that a Af C |J„^q AnnA/(/"); 
it follow that the natural morphism aM (aM) 0a A^ is an isomorphism. Now the claim 
follows by inspecting the commutative diagram: 

M M (g)A — - M 0A 



Ma 



aM — (aM) ®a (aM) ®a A"". 

(ii): for a given finitely generated subideal nxo C m, pick a finitely generated A-module 
Q C M such that moM C Q. By assumption, = 0; hence there exists an integer n > 

such that mo ■ f^Q = 0, whence ml ■ f^M = 0. However M = fM by assumption, thus 
m^M = 0, and finally M = 0, since mo is arbitrary. □ 



Theorem 5.2.4. Let A be a V"^ -algebra, f G A^, any almost element and I C A an almost 
finitely generated ideal with P = L Suppose that both I[f^^] C v4[/~^] and (/ + f A) / fA C 
A/ f A are generated by idempotents in A[f^^].^, and respectively {A/ fA)^. Then I is generated 
by an idempotent of A,,. 

Proof We start out with the following: 

Claim 5.2.5. Let /, J C A be two ideals such that J is nilpotent and P = /. If / := Im(/ — > 
A/ J) is generated by an idempotent of (A/ J)*, then / is generated by an idempotent of A^. 

Proof of the claim: We apply proposition |2.5.13| to the non-unitary extension ^ J fl / — *^ 
/ — s> / ^ to derive that the idempotent e that generates / lifts uniquely to an idempotent 
e G /*. Then e induces decompositions A ~ Ao x Ai and / = {IAq) x {lAi) such that e = 
(resp. e = 1) on Aq (resp. on Ai). We can therefore reduce to the cases A = Aq or A = Ai. 
\f A = Aq, then I C J, hence / = /" = forn sufficiently large. If A = Ai then 1 G /*, so 
J = y4; in either case, the claim holds. 



Claim 5.2.6. In the situation of ( |3.4.7| ), suppose that / C Ao is an ideal such that lAi and IA2 
are generated by idempotents. Then / is generated by an idempotent of Aq*. 
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Proof of the claim: By applying termwise the functor M i— > M* to (p.4.8|), we obtain a com 



mutative diagram ( |3.4.8D » which is still cartesian. By assumption, we can find idempotents 
Ci G Ai^, 62 E v42* with CiAi = lAi {i = 1, 2). It is then easy to see that the images of ei 
and 62 agree in A^^; consequently there exists a unique element cq E Aq^ whose image in Ai 
agrees with for i = 1,2. Such element is necessarily an idempotent; moreover, since the 
natural Ao-linear morphism / (/^i) x {IA2) is a monomorphism, we deduce easily that 
^1 - Co) • / = 0, whence I C coAq. Let M := (eo^o)//; clearly M Ai = for i = 1, 2. 



Using lemma [3 .4.181 (1) we deduce that M = 0, whence eo G /, as stated. 

Suppose next that / is a regular element of A^. Denote by A^ the /-adic completion of A. 
One verifies easily that the natural commutative diagram 



(5.2.7) 



IS cartesian. 



A 



A' 



Air'] 



-11 



Claim 5.2.8. In the situation of ( |5.2.7D , let / C A be an ideal such that both /[/"^] C 
and I ■ A^ C A^ are generated by idempotents. Then / is generated by an idempotent. 



Proof of the claim: As in the proof of claim |5.2.6| , we find in A^, an idempotent e such that 
eA^ = lA^ and eA[f-'^] = I[f~^], and deduce that / C eA. Let M := {eA)/I\ on one hand 
we have M ®aA^ = 0. On the other hand, M[/-^] = 0, i.e. M = [J^^j^ Annjul/"), which 
implies that M 0^ A^ = M. Hence M = 0, and the claim follows. 

Claim 5.2.9. The theorem holds in case A is /-adically complete. 



A/ fA) = ei ■ (A/fA), for an idempotent ei G (A/fA)^. 
A/ f"-A); applying proposition |2.5.13| to the non-unitary 







Proof of the claim: Say that Im(/ 
For every n > set /„ := Im(/ 
extensions 

o^(/M/r+M)n7„+i^7„+i 

we construct recursively a compatible system of idempotents e„ G /„*, and by claim |5.2.5| , e„ 
generates /„ for every n > 0; whence an element e G lim (A//"A)^, ~ (lim A//"A)^, ~ A^. 

Clearly e is again an idempotent, and it induces decompositions A ^ x Ai, / ~ (IAq) x 
(lAi), such that e = (resp. e = 1) in Aq (resp. in Ai). We can thus assume that either A = Aq 
or A = Ai. If A = Ao, then e„ = for every n > 0, so / C nn>o /"^ = 0. If A = Ai, then 
e„ = 1 for every n > 0, /.e. /„ = Aj f^A for every n > 0, that is, / is dense in A. It follows 
easily that Annyi(/) = 0. Using lemma [2.4. 6| we deduce Ann^[j-i](/[/^^]) = 0; since /[/^^] 
is generated by an idempotent, this means that /[/^^] = Af/^^]. Set M := A/ 1; the foregoing 
shows that M fulfills the hypotheses of lemma |5.2.3K ii), whence M = 0, which implies the 
claim. 



Claim 5.2.10. The theorem holds in case / is a non-zero-divisor of A^. 

Proof of the claim: According to claim |5.2.8| , it suffices to prove that the ideal lA^ C A^ is 
generated by an idempotent. However, since A^/ fA^ ~ A/ fA, this follows directly from our 
assumptions and from claim p.2.9| . 

After these preparations, we are ready to prove the theorem. Let T := IJ^^q Ann^(/"); 
by claim |5.2.10| , we know already that the ideal I ■ (A/T) is generated by an idempotent, and 
the same holds for the ideal lA^. Since T 0^ A^ ~ T, it follows that the natural morphism 
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(J) : T TA^ is an epimorphism; one verifies easily that J := Ker = T fl (nn>o f"'^)^ ^^'^ 
then it is clear that = 0. Furthermore, it follows that the natural commutative diagram 

A/ J A/T 



A^ ^ A'^/TA 



A 



is cartesian. Taking claim into account, we deduce that the image of / in A/ J is generated 



by an idempotent. Lastly, we invoke claim |5.2.5| to show that / is indeed generated by an 



idempotent. □ 

Remark 5.2.11. One may wonder whether every almost finitely generated ideal I C A such 
that / = P, is generated by an idempotent. We do not know the answer to this question. 

Theorem 5.2.12. Let cf) : A ^ B be a morphism of V"^ -algebras, I, J G A any two ideals and 
/ G A* any almost element. 

(i) If(f) (8>A 1a// (^t^d ®A (^fe weakly unramified, then the same holds for cj) ®a '^a/ij- 

(ii) If(f) (8>A 1a// (^t^d ®A 1a/j (^fe unramified, then the same holds for ^a/ij- 

(iii) If(f) is fiat and both ®a 1a//a fl'nJ a 1a[/-i] '^(re weakly unramified, then cj) is weakly 
unramified. 

(iv) If 4> is almost finite and both 0^ 1a//a (^^^d ®a 1a[/-i] '^fe unramified, then is 
unramified. 

Proof. To start out, we remark the following: 

Claim 5.2.13. Let A' be any A-algebra and set 5' := _B®a^'; then for every 5' (gj^'-B'-module 
M we have a natural isomorphism: Torf®-^-^(5, M) ~ Torf M). 

Proof of the claim: Notice that the short exact sequence of B (g)^ i?-modules 

(5.2.14) 0^ Ib/a^ B(g)AB ^ B ^0. 

is split exact as a sequence of fi-modules (and a fortiori as a sequence of A-modules); hence 
( |5.2.14| ) ®A^ is again exact for every A-module N. We deduce easily that Torf 
B Cg)A B) = for every A-module N. On the other hand, the morphism B (g)^ B ^ B' Cg)^' B' 
determines a base change spectral sequence (cp. [ |57| , Th.5.6.6]) 

:= Torf ®-^'^'(Torf B' 5'), M) ^ Torf®/^(5, M) 

for every S' 0a -B'-module M. The foregoing yields E^-^ = for every p G N, so the claim 
follows. 

In order to show (i) we may replace A hy A/ IJ and therefore assume that / J = 0; then we 
have to prove that Torf A^) = for every B ®a 5-module A^. By a simple devissage 

we can further reduce to the case where either IN = or JN = 0. Say IN = 0; we apply 
claim |5XT3| with A' := A/I, B' := B/IB to deduce Torf ^-^^(5, iV) ~ Torf A^); 



however the latter module vanishes by our assumption on ®a 1 b'- 

For (ii) we can again assume that IJ = 0. We need to show that B is an almost projective 
B 0A -B-module, and we know already that it is flat by (i). Set /' := I{B ®a B), J' : = 
J{B ®A B); by assumption B/IB (resp. B/ JB) is almost projective over B ®a B/I' (resp. 
B i^A B/ J'); in light of proposition p.4.21| we deduce that B/ (IB n JB) is almost projective 
over B 0a B/(I' f] J'). Then, since (/' fl J'Y C I' J' = 0, the assertion follows from lemma 
322^1). 
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Next we remark that, under the assumptions of (iii), the hypotheses of lemma [5.2.1| are ful- 
filled by C =3 B and M := B, so assertion (iii) holds. Finally, suppose that is 
almost finite; hence ^Ib/a is an almost finitely generated A-module, and by assumption we 
have ®A {A/ fA) = ^B/A[f^^] = 0, therefore ^Ib/a = 0, in view of lemma |5.2.3K ii). 
Set / := Ker(i? ®^ B — > B); it follows that P = I, and / is almost finitely generated 
as an A-module, so a fortiori as a B i^a -B-module. Moreover, from proposition |3.1.4| and 
our assumption on (p i^a '^a/ja and it follows that both I[f~^] C B 0a B[f~^] and 

Im(/ B I0A {B / fB)) are generated by idempotents. Then theorem ^.2.41 says that also / is 
generated by an idempotent of {B ®a B)^, so that B is almost projective as a 5 ®a -B-module, 
by remark [J. l.g| , which proves (iv). □ 

Corollary 5.2.15. Let I C rad(A) be a tight ideal. If B is an almost finite A-algebra and 
B / IB is unramified over A/ 1, then B is unramified over A. 

Proof. Under the stated assumptions, ^Ib/a is an almost finitely generated A-module such that 
I A ®A A// = 0; by lemma |5.1.6| it follows that 

(5.2.16) '^BiA = 0. 

Set Ib/a '■= Ker(/iB/A : B ®a B ^ B);we derive that Ib/a = ^b/a- ^^'■^^ n > and a finitely 
generated subideal mo C m with /" C moA; let ^i, be a set of generators for mo- 

Claim 5.2.17. IB/Al^i^^] is generated by an idempotent of B 0a B[e^^], for every i < k. 

Proof of the claim: Notice that v4[£:^^] is a (usual) ^-algebra (that is, the localization functor 
yl[£~^]*-Mod Ale^^yWLod is an equivalence) and -Bfe^^] is a finite yl[£:j^^]-algebra; from 
( I5.2.16D and pO| , Exp. I, Prop. 3.1] we deduce that is unramified over ^[e:^^], which 

implies the claim. 

Claim 5.2.18. Ib/a/^qIb/a is generated by an idempotent as well. 

Proof of the claim: We apply theorem [5.2.12| (ii) with J = J™ to deduce, by induction on m, 
that B /I^^^B is an unramified -algebra for every m G N; it follows that B/moB is 

unramified over A/mo A, whence the claim. 

Using theorem |5.2.12| (iv) and claims |5.2.17| , |5.2.18| , the assertion is now easily verified by 
induction on the number k of generators of mo, □ 

The following lemma shows that morphisms of unramified A-algebras can be read off from 



their "graphs". This result will be useful in section ^ 



5.2.19. Let y4 ^ i? be an unramified morphism of V-algebras, and C any A-algebra. Sup- 
pose that e e {B 0a C)* is an idempotent; to e we can attach a morphism of A-algebras: 

r(e) : C B ®aC ^ e ■ {B 0aC) c^l®c^e-{l0c) (c G C*) 

and, in case r(e) is an isomorphism, we obtain a morphism fe : B ^ C after composing 
r(e)^^ and the natural morphism 

A{e) : B ^ B 0aC e- {B0aC) 6 ^ 6 ® 1 ^ e ■ (6 ® 1) (6 G 5,) 

Conversely, To a given a morphism (p : B ^ C of A-algebras, we can associate an idempotent 
G {B ®A C)*, by setting := {1b ^a 4>){^b/a), where cb/a is the idempotent provided by 
proposition |3.1.4 Then, since the commutative diagram 

B®aB — ^£^^ B®aC 



McMo(</"X>lc) 



B 
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is cocartesian, we deduce from proposition |3.1 .41 that the corresponding morphism r(e0) is an 
isomorphism. In fact, the following holds: 

Lemma 5.2.20. The rule cj) ^ e^of ( |5.2.19| ) induces a natural bijectionfrom Homyi.Aig(-B , C) 
onto the set of idempotents e E {B ®a C)* such that r(e) is an isomorphism. Its inverse is the 
rule e i— > (pg. 

Proof. Let : B — > C be given and set e := e^. We need to show that /e = 0, or equivalently 
A(e) = r(e) o 0. This translates into the equality: 

(5.2.21) e • (6® 1) = e • (1 (g) 0(6)) for every 6 e 5*. 

The latter can be rewritten as (1 0)(eB/A ■ (1 ® 6 — 6 ® 1)) =0 which follows from identity 
(iii) in proposition |3X^. Conversely, for e given such that r(e) is an isomorphism, set := 0e; 



we have to check that = e. By construction of we have A(e) = r(e) o 0, which means 



that ( |5.2.21| ) holds for the pair (e, 0). Let J C B i^a C be the ideal generated by the elements 
of the form b0l — l® 0(6), for all b E B^;we know that e J = 0, which means that the natural 
morphism B 0a C e{B 0a C) factors through the natural morphism B 0^ C e^{B (g)^ C) . 
Since both r(e) and T{e^) are isomorphisms, it follows that e{B 0a C) = e^{B ®a C), so 
e = 60. □ 

5 .3. Topological algebras and modules. 

Definition 5.3.1. Let A be a V^"-algebra, M an A-module. 

(i) A linear topology on M is a non-empty family =Sf of submodules of M that satisfies the 
following conditions. If /, J G =5f , then JnLG=if;if/e=Sf and I C J, then J G =Sf . 
We say that a submodule / is open if / G J^. 

(ii) Let ^ be a family of submodules of M. The topology generated by ^ is the smallest 
linear topology containing 

(iii) Let =^ be a linear topology on M and J C M a submodule. The closure of / is the 

submodule / := flje^l-^ + J)- 

(iv) We say that the topology =Sf is complete if the natural morphism M lim M/J is an 

isomorphism. 

(v) Let be topologies on M, resp. on A, and / an open ideal of A. We say that the 
topology is I-preadic (resp. I-c-preadic) if the family of submodules (/"M | G N) 

(resp. (J" ■ M I n G N)) is a cofinal subfamily in =Sfj\/. In either case, we say that / is 
an ideal of definition for ^m- Furthermore, we say that the topology is I-adic if it is 
J-preadic and complete. We similarly define an I-c-adic topology. 

5.3.2. One defines as usual the notions of continuous, resp. open morphism of A-modules, 
of induced topology on submodules of a linearly topologized module and of completion of a 
topological module. Notice that, if A is an J-c-preadic topological V-algebra and M an /-c- 
preadic A-module (for some open ideal I C A) then we have /"M = I"- ■ M for every nGN. 

Lemma 5.3.3. Let M, N be two A-modules endowed with descending filtrations '■= 
{Mn \ n e N), ■■= {Nn \ n e N) so that Mq = M, Nq = N and M (resp. N) is complete 
for the topology generated by ( resp. by )■ Suppose furthermore that (p : M N is 
a morphism of A-modules which respect the filtrations, and such that the induced morphisms 
gr*0 : gr*M — » grW are epimorphisms for every i G N. Then is an epimorphism. 

Proof. Under the assumptions, the induced morphism 0„ : M/M„ N/Nn is an epimor- 
phism for every n E N. Clearly it suffices to show then that lim^ Ker(0„) vanishes. However, 

nGN 

from Coker(gr*0) = one deduces by snake lemma that the induced morphism Ker(0i+i) 
Ker(0j) is an epimorphism, so the claim follows. □ 
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5.3.4. Let [An] (pn '■ ^n+i — > v4„ I n G N) be a projective system of F"-algebras. Then 
Aoo '■= lim An is naturally endowed with a linear topology, namely the topology ^ generated 

ngN 

by the family {KeT{Aoo An) \ n eN). We call =Sf the projective topology defining A^o- 

Lemma 5.3.5. Let {An, 4>n '■ An+i An \ n ^ N) be a projective system of V^-algebras, Aoo 
its projective limit, and suppose that: 

(a) (j)n is an epimorphism for every n G N. 

(b) Ker 0„ = Ker(0o ° ■■■ ° fpn '■ ^n+i — ^ ^o)"'^^ for every n G N. 
Then we have: 

(i) Let I := Ker^Aoo Aq). The projective topology of A^o is I-c-preadic. This topology is 
complete and moreover 1"+^ = Ker(Aoo — > An) for every n G N. 

(ii) Conversely, suppose that A is any complete linearly topologized V"^ -algebra and I d A 
an open ideal such that the topology of A is I-c-preadic. Set An := A/J'^+i for every 
n G N. Then the projective system {An | n G N) satisfies conditions (a) and (b). 



Proof. To show (i) it suffices to show that /"+^ = Ker(Aoo An) for every n G N. We 
endow /"+^ (resp. Ker(Aoo ~^ An)) with the descending filtration Fi := (resp. Gi : = 

KeT{Aoo — > An+j)) (i G N). Notice first that the natural morphism A^^ ^fc+i induces an 
isomorphism I/Gk+i ^ Ker(Afc+i — > Aq). By (b) we deduce isomorphisms 

(5.3.6) (1'=+^ + Gk+i)/Gk+i ^ Ker 0^ for every A; G N. 



Especially, l''^^ C Ker(Aoo — > A^). Since the latter is a closed ideal, we deduce C 
KeT{Aoo Ak) for every G N. Therefore, we obtain an imbedding /"+^ C Ker(Aoo An) 
that respects the filtrations F, and G,. Since gr^G, ~ Ker 0j+„, we derive easily from ( |5.3.6| ) 



that the induced morphism gfF, gr'G, is an epimorphism for every i G N, so (i) follows by 
lemma |5.3.3[ Under the assumptions of (ii) it is obvious that condition (a) holds. To show (b) 



comes down to verifying the identity /"+^ + 7"+^ = 1"+^, which is obvious since is an 
open ideal. □ 

Remark 5.3.7. Notice that, in the situation of lemma |533| , the pair (Aqo, /) is henselian. One 
sees this as follows, using the criterion of remark |5.1.9K iii). Let _R„ := J„ : = 

/"■*//"+^* for every n G N; let also R := (lim_R„) and denote by J the image of lim J„ in 

neN neN 

R. Since J„ is a nilpotent ideal of _R„, the pair J„) is henselian. Let now p{X) G R[X] 
and denote by p„(X) the image of p{X) in i?„(X), for every n E N; suppose that Po{X) 
decomposes in -Ro[-'^] Po{X) = qo{X) ■ ro(X); by the cited criterion we derive a compatible 
family of decompositions p„(X) = g„(X)-r„(X) ini?„[X] for every n G N; hencep^X) admits 
a similar decomposition in -R[X], so (R, J) is a henselian pair, which implies the contention, in 
view of lemma |5.1.1U . 



Lemma 5.3.8. Let A^o be the projective limit of a system of V"^ -algebras satisfying conditions 



(a) and (b) of lemma p.3.5| . Let J C A^o be a finitely generated ideal such that J is open. Then: 

(i) J = J. 

(ii) Every finite system of generators Xi, ...,Xr of J defines an open morphism J (for 
the topologies on A^ and J induced from Aoo). 

(iii) j'' is open for every G N. 



Proof. By lemma ^33] the topology on A^o is c-preadic for some defining ideal /. The assump- 



tion means that /" C J for a sufficiently large integer n. 



Claim 5.3.9. The natural morphism: ( J n /™)/( Jn ^ is an isomorphism for 
every m > n. 
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Proof of the claim: It is an easy verification that shall be left to the reader. 

Let Xi, G J=K be a system of generators for J, and / : A^^ J the corresponding 

epimorphism. Set Mj. := f^^{J H I^). To start out, contains (J'^)®'", whence is open in 
A''^ for every G N. This already shows that / is continuous. We define a descending filtration 
on Mn by setting Fk := /'^M„ for every A; G N. In view of claim |5.3.9| , the morphism / induces 
an epimorphism M„ — > /"/J"+^, hence for every A; G N, the morphisms: 



(5.3.10) P-Mn^ {I^ ■ P')/{P ■ ^ in+kjln+k 



+1 



are epimorphisms as well. The composition of the morphisms ( |5.3.1(J| ) extends to an epimor- 



phism Fk — > In+k+i^ fQj. every A; G N. In other words, if we endow with its J-c-preadic 
filtration, then / induces a morphism : M„ — > J" of filtered modules, such that gr'0 is an 
epimorphism of graded modules. By assumption is complete for its filtration. Similarly, M„ 
is complete for its filtration F,; indeed, this follows by remarking that (7"+'=)®'' c Fk C (^I^)®^ 
for every A; G N. Then lemma |533| says that (p is an epimorphism, i.e. f{Mn) = it follows 
that J is an open ideal, hence equal to its closure. More generally, the same argument proves 
that for every A; G N, f{Fk) = Since by the foregoing, (Fk | A; G N) is a cofinal system of 
open submodules of A^^, we deduce that / is an open morphism. Finally the identity 

/ ( ( J'^) ®^ ) = J"+i for every neN 
together with (ii) and an easy induction, yields (iii). □ 

5.3.11. Let / be an ideal of definition for the projective topology on a ring Aoo as in lemma 
|5.3.5K i). We wish now to give a criterion to ensure that the projective topology on A^ is ac- 
tually J-adic. This can be achieved in case / is tight, as shown by proposition |5.3.12| , which 
generalizes [ESI Ch.O, Prop.7.2.7]. 



Proposition 5.3.12. Let A^ be as in lemma 5.3.8 and I an ideal of definition for the projective 



topology of AoQ. Assume that I is tight and moreover that I / P is an almost finitely generated 
Aao-module. Then : 

(i) There exists n G N and a finitely generated ideal J C A^o such that P G J G L 

(ii) The topology of Aoo is I-adic. 



Proof. Using the natural epimorphism {I /P)® jk j jk+i deduce that p/p+'^ is almost 
finitely generated for every A; > 0; then the same holds for I /P+'^. Let mo C m be a finitely 
generated subideal and n E N such that /" C nxo; pick a finitely generated ideal nxi C m with 
nio C mf ; we can find a finitely generated -module Q C such that mi ■ {I / P^"^) G 

Q; up to replacing Q by mi ■ Q, we can then achieve that Q is generated by the images of finitely 
many almost elements xi, of / and moreover mo- (///"+^) C Q. Then, since /"+^ is open 
we deduce 



(5.3.13) Jn+l//n+2 (- Q 



Let J G Aoo be the ideal generated by xi, ...,Xt. From (|5.3.13D we deduce that the natural 



morphism (J n P+'^)/{J D P+'^) /"+i//n+2 isomorphism. Since P{J n P+^) G 
J n the same holds more generally for the morphisms (J fl /"+!+'=) /(J n I 



n+2+k'\ 



jn+i+k I jn+2+k ^ fgj. gycry A; G N. This easily implies that P := J (1 /"+^ is dense in /"+^, i.e. 



ji — jn+i; especially, J is open in A^o and therefore J = J by lemma p.3.8K i), which proves 



assertion (i). Assertion (ii) follows easily from (i) and lemma p.3.8K iii). □ 
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5.3.14. Let now {An | n G N) be an inverse system of l^'^-algebras satisfying conditions (a) 
and (b) of lemma |5.3.5| and let / := Ker(y4oo Aq). The induced functors A„_|_i-Mod 
A^-Mod : M An '^a^+i ^ define an inverse system of categories (A^-Mod | n G N). In 
such situation one can define a natural functor 

(5.3.15) Aoo-Modton 2-lim A„-Mod 

riGN 

from the category of topological -modules whose topology is J-c-adic (and of continuous 

-linear morphisms) to the 2-limit of the foregoing inverse system of categories (see 
Ch.I] for generalities on 2-categories). Namely, let / := Ker(y4oo Aq); then to an A^ 
module M one associates the compatible system {M/ I'^^^M | n G N). 

Lemma 5.3.16. The functor ( |5.3.15| ) is an equivalence of categories. 



Proof. We claim that a quasi-inverse to ( |5.3.15p can be given by associating to any compatible 
system (M„ I n G N) the Aoo-module M^o '■= limM„, with the linear topology generated by the 

neN 

submodules Kn := Ker(Moo — > M„), for all n G N. In order to show that this topology on Mqo 
is /-c-adic (where / := Ker(Aoo — > ^o))^ it suffices to verify that Kn = /"+^Afoo for every 
n G N. Clearly /"+^Afoo C Kn, hence we are reduced to showing that Kn C Km + I^^^M^o 
for every m > n or equivalently, that Kn/Km equals the image of /""""^Moo inside M-m, which 
is obvious. □ 

In the following we will seek conditions under which ( |5.3.15p can be refined to equivalences 
between interesting subcategories, for instance to almost finitely generated, or almost projective 
modules. 

Lemma 5.3.17. Let M^o be a topological Aoo-tnodule whose topology is I-c-adic (for some 
ideal of definition I C A^o). Suppose that N C M^q is a finitely generated submodule such that 
N is open in Moo- Then : 

(i) N = N. 

(ii) Every finite set of generators Xi, ...,Xr of N determines an open morphism A^^ — > A^. 

(iii) For every open ideal J C Aoo, the submodule JN is open in Moo. 



Proof. Mutatis mutandis, this is the same as the proof of lemma |5.3.8| ; the details can thus be 



safely entrusted to the reader. □ 



Lemma 5.3.18. Keep the notation of ( |5.3.14[ ) and assume that I is a tight ideal. Let M be a 



topological Aoo-module whose topology is I-c-adic and let {Mn \ n E N) be the image of M 
under ( |5.3.15D . Suppose also that Mq is an almost finitely generated A^-module. Then: 

(i) M admits an open finitely generated submodule. 

(ii) M is almost finitely generated. 

(iii) M An ~ Mnfor every n eN. 

Proof. Using lemma p.2.25K ii) and the hypothesis on Mq we deduce that M„ is almost finitely 
generated for every n eN. Choose finitely generated mo C m and n > such that /" C m-Q- A; 
it follows easily that there are almost elements xi, Xt of M whose images in Mn+i generate 
a submodule Q such that mo ■ Af„+i C Q. This implies that I"+^M /I'^+^M C Q.het N C M 



be the submodule generated by xi, x^. Then, arguing as in the proof of proposition 5.3.12 



we see that J^+^M C A^. Hence = in view of lemma |5 . 3 . 1 7K i) , so (i) holds. Furthermore, 



by lemma |5^3.17K iii), /" • M is open for every n G N (since it contains /" ■ A^), so (iii) follows 
easily. Finally, M is almost finitely generated because the natural morphism M„ M/N is an 
epimorphism. □ 
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5.3.19. In the situation of ( |5.3.14| ), let M be an Aoo-module with an J-c-adic topology, and 
let (M„ I G N) be its image under ( |5.3.15D . We suppose now that M„ is an almost projective 

IS) 

yl„-module for every n G N. Let us choose an epimorphism / : Aoo M . We endow the free 
Aoo-module with the topology generated by the family of submodules (/" ■ | n G N). 

Notice that / is continuous for this topology, hence it extends to a continuous morphism /'^ : 

is] 

Foo — > M on the completion F^o of Aoo . 

Lemma 5.3.20. With the notation of ( |5.3.19| ), we have: 

(i) is topologically almost split, i.e., for every e G m there exists a continuous morphism 
g : M ^ Foo such that f^og = e- 1m- 

(ii) IfM is almost finitely generated, then M is almost projective. 



Proof. By lemma p^3.16| the set of continuous morphisms M F^ is in natural bijection with 
lim Hom^„ (M„, where F„ := Foo//"+^-Foo for every n G N. On the other hand, under the 

neN 

assumptions of the lemma, / induces an epimorphism: 

lim alHomA„(M„, F„) lim alHomA„(M„, M„). 

neN n&i 

Assertion (i) follows easily. Suppose now that M is almost finitely generated; then for every 
finitely generated subideal nxo C m we can find m > and a morphism h : A™ M such 

that mo ■ Coker/i = 0. Let ei, ...,et be a system of generators for rao; then for every i,j<t 

(s) 

we can pick a morphism : Aoo A^ such that h o (p = Si ■ sj ■ f; after taking completions, 
this relation becomes h o cj)^ = Si ■ ej ■ f^. Choose g : M ^ Foo as in (i); we deduce 
Si ■ Sj ■ e ■ 1m = h o (j)^ o g, which as usual shows that Si ■ Sj- e annihilates alExt^^ (M, A^) for 
every -module N, so (ii) holds. □ 

5.3.21. For a l^'^-algebra A, let us denote by A-Modafpr the full subcategory of A-Mod 
consisting of all almost finitely generated projective A-modules. Let now (A„ | n G N) and 
/ C Aoo be as in ( |5.3.14D . We define natural functors 

(5.3.22) Ao,-Mod,fp, ^ 2-lim A„-Mod,fpr 

neN 

respectively (see ( |3.2.27| )), 

(5.3.23) Aoo-Etafp — > v4o-Etafp 

by assigning to a given object M of Aoo-Modafpr, the compatible system (M ®Aoc An\n eK) 
(resp. to an object B of Aoo-Etafp, the Ao-algebra B Aq). 

Theorem 5.3.24. In the situation of ( |5.3.21D , suppose that I is tight. Then ( |5.3.22[ ) is an equiv- 
alence of categories. 

Proof. We claim that a quasi-inverse to ( |5.3.22p is obtained by assigning to any compatible 
system (M„ | n G N) the Aoo-module M := lim M„. Indeed, by the proof of lemma |5.3.16| 

neN 

there results that M is endowed with a natural J-c-adic topology; then by lemma |5.3.18K ii) we 
deduce that M is almost finitely generated, and finally lemma |5.3.20| (ii) says that M is almost 
projective. From lemma |5.3.18| (iii) it follows that the functor thus defined is a right quasi- 
inverse to ( |5.3.22| ), so the latter is essentially surjective. Full faithfulness is a consequence of 
the following: 

Claim 5.3.25. Let P be an almost finitely generated projective Aoo-module. Then the natural 
morphism 

(5.3.26) P^lim(P®A^ A„) 

neN 

is an isomorphism. 
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Proof of the claim: This is clear if P = for some r > 0. For a general P one chooses, 
for every e G ra, a sequence P A'^ ^ P as in lemma [2.4.15| and applies to it the natural 
transformation (|5.3.26D; the claim follows by the usual diagram chase. □ 



Theorem 5.3.27. In the situation of ( |5.3.21D , suppose that I is tight. Then ( |5.3.23| ) is an equiv- 
alence of categories. 



Proof. It follows easily from theorem |3.2.28K ii) that the natural functor 2-lim A„-Et 



ngN 



afp 



^0-Etafp is an equivalence. Hence we are reduced to showing that the natural functor 



(5.3.28) 



afp 



2-lim A„-Et 

neN 



afp 



is an equivalence. To this aim, we claim that the rule (P„ | n G N) limP„ defines a quasi 



neN 



inverse to ( |5.3.28D . Taking into account theorem [5.3.24] , this will follow once we have shown 



Claim 5.3.29. Let B be an almost finitely generated projective Aoo-algebra such that Bq 
B Aq is unramified. Then B is unramified. 



Proof of the claim: To start out, we apply theorem p.2.12| (ii) with J = J" to deduce, by induc- 
tion on n, that B/I'^^^B is unramified over Aoo/I"^^^ for every n E N. Set P„ := B 'S)a^ A^, 



it follows that P„ is unramified over An for every n G N. By proposition |3.1.4| we deduce 
that there exists a compatible system of idempotent almost elements e„ of P„ (g)^^ P„, such 
that e„ ■ /b„/a„ = and /UB„/A„(en) = 1 for every n E N. Hence we obtain an idempotent 
in (limP„ (g)^^ -Sn)* — lim (P„ ®a„ -B„)*; however, the latter is isomorphic to (P (g)^^ P)*, 

ngN ngN 

in view of claim |5.3.25| . Then conditions (ii) and (iii) of proposition |3.1.4| follow easily by 



remarking that /iB/A^ = lim ub„/a„ and Ib/ a, 

ngN 



lim/ 

ngN 



□ 



5.4. Henselian approximation of structures over adically complete rings. This section re- 



views and complements some results of Elkik's article pl|]. Especially, we wish to show how 
the main theorems of loc.cit. generalize to the case of not necessarily noetherian rings. In prin- 



ciple, this is known (03 1|, Ch.III, §4, Rem. 2, p. 587] explains briefly how to adapt the proofs to 
make them work in some non-noetherian situations), but we feel that it is worthwhile to give 
more details. 

Definition 5.4.1. Let P be a ring, F := R[Xi, X^] a free P-algebra of finite type, J C P a 
finitely generated ideal, and let 5 := F/ J. We define an ideal of P by setting: 

Hr(P, J) := Ann^ Ext^(L<,/^, J/j'). 



Lemma 5.4.2. In the situation of definition [5.4. H we have: 

(i) For any R-algebra R' let F' := R' ®r P. Then Hk(P, J) ■ P' C H^,(P', JF'). 

(ii) The open subset Spec S \ V^(Hr(P, J) ■ S) is the smooth locus of S over R. 

(iii) H^(P, J) annihilates Ext^(L5/^, A^) for every S-module N. 

Proof. According to Ch.III, Cor.1.2.9.1] there is a natural isomorphism in D(5'-Mod): 

(5.4.3) n-ll^s/R ^ (0 ^ J/J^ ^S®F ^F/R ^ 0) 

where d is induced by the universal derivation d : F ^ ^f/r- Since i^p/R is a free P-module, 
we derive a natural isomorphism: 

(5.4.4) Ext'sihs/R, J/ J') - Ends{J/J')/d*llomF{nF/R, J/J')- 

Let now R' be an P-algebra and h E F; in view of ( |5.4.4D , the condition h E Hr{F, J) means 
precisely that the scalar multiplication h : J/ J'^ ^ J/ factors through d. It follows that 
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h : (J/ J^) ®R R' (J/ J^) i?' factors through d ®5 l^'. However, the latter map admits a 
factorization: 

where a is a surjective map. It follows easily that the scalar multiplication h : J'/ J'^ J' / J'^ 
factors through d', which shows (i). 

To show (ii), let us first pick any h E Hij(F, J); we have to prove that Sh is smooth over R. 
However, the foregoing shows that multiplication by h on J/ .P factors through S 0f ^f/r\ if 
now h is invertible, this means that 9 is a split imbedding, therefore Sh is formally smooth over 
R by the Jacobian criterion Ch.O, Th.22.6.1]. Since S is of finite presentation over R, the 
assertion follows. Conversely, let /i G F be an element such that Sh is smooth over R\ we wish 
to show that /i" G Hk(-F, J) for n large enough. One can either prove this directly using the 
definition of H J), or else by using the following lemma [5^^^^ and the well known fact that 
h"- G Hs for n large enough. 

Finally we recall the natural isomorphism: 

HomD(5-Mod)(L5/i?, - HomD(5-Mod)(T[-lL5//j,, A^[l]) 

which, in view of ( |5.4.3| ), shows that every morphism ry^il^s/R factors through a map 

Ty_il^s/R. J/ J'^[^]^ whence (iii). □ 

5.4.5. In the situation of definition p.4.1| , choose a finite system of generators fi, fq for 
J; it is shown in Ch.O, §2] how to construct an ideal, called Hs in loc.cit. with the same 
properties as in lemma |5.4.2K i),(ii). However, the definition of Hs depends explicitly on the 
choice of the generators fi, fq- This goes as follows. For every integer p and every multi- 
index (a) = (ai, ap) G W with 1 < ai < 02... < otp < q, set \a\ := p and let Jq, C J be 
the subideal generated by fai, fop and C F the ideal generated by the determinants of 
the minors of order p of the Jacobian matrix {dfaJdXj \ l<i<p,l<j<N). We set 

Hs:=J2J2^-- • J)- 

p>0 \a\=p 

Though we won't be using the ideal Hs, we want to explain how it relates to the more intrinsic 
Hi^(F, J). This is the purpose of the following: 



Lemma 5.4.6. With the notation of ( |5.4.5| ), we have: Hs C H/j(F, J). 



Proof. Let p G N, a a multi-index with \a\ = p, 5 G Ap and x E F such that xJ C Ja- We 
can suppose that 5 = det(M), where M = {dfaJdXp. \ 1 < i, j < p) for a certain multi- 
index (3 with 1/5 1 = p. We consider the maps (pa ■ R''^ ^ J/ J"^ '■ ^— /q,- (mod J^) and 
■Kfs : S ®F ^F/R — ^ R^ '■ dXj3^ 1-^ Cj for j = 1, and dXk t— > if A; ^ ...,(3p}. Then the 
matrix of the composed ^-linear map Tip o d o (p^ : S'^ ^ S'^ h none else than M. Let M' be 
the adjoint matrix of M, so that M ■ M' = S ■ Isp, and we can compute: 

(j)a o M' o n/s o d o (f)a = (t)a o {6 ■ Isp) = (5 ■ Ij/jO o 

In other words, the maps 0Q,oM'o7r/3O(9 and 5- lj/j2 agree on Im^^ = (Ja + J^)/J^. Therefore: 
{x ■ (pa) ° M' oTif^od = X ■ 5 ■ 1 J/J2, i.e the scalar multiplication hy x - 5 on J/ factors through 
d; as in the proof of lemma [5^^^^ this implies that x ■ 5 E H/j(F, J), as claimed. □ 



5.4.7. Let -R be a (not necessarily noetherian) ring, t E Ra non-zero-divisor, J C -R an ideal, 
S an i?-algebra of finite presentation, which we write in the form S = F/J for some finitely 
generated ideal J C F := R[Xi, X^]. For given a := (ai, aj^) E R^ , let pa C F be the 
ideal generated by {Xi — ai, ...,Xn — aN)- 
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Lemma 5.4.8. In the situation of ( |5.4.7[ ), letn,h > be two integers and a G such that 

(5.4.9) G Hr{F, J)+pa J Cpa + f'lF n > 2h. 

Then there exists b G such that 

b-ae r~^IR^ and J C pb + {f'^lfF. 

Proof. We are given a morphism a : Spec_R/t"7 — > Spec S* whose restriction to the closed 
subscheme Speci?/t"~^/ we denote by ctq. The claim amounts to saying that there exists 
a lifting a : Spec Spec S* of ctq. By proposition |3.2.16| , the obstruction to 



the existence of an extension of a to a morphism Spec -R/(t'^/)^ — * SpecS* is a class u G 
Ext5(L5//j, t"J/(t"/)^). We have a commutative diagram: 

13 7 

where a is induced by the inclusion t"/ C t"'~'^I, (3 is the scalar multiplication by t^, 5 is 
the restriction to f'l of the natural projection R/it^lY R/t'^"-~^P, and 7 is an isomor- 
phism induced by scalar multiplication by t'* : t"~^/ ^ t"/. Since the ^-module structure on 
f^I /{t^lY is induced by extension of scalars via a, it is clear that pa ■ = 0; on the other hand, 
by lemma |5.4.2| (iii) we know that H^(F, J) ■ = 0, hence ■ to = Ex{l{hs/R, P){uj) = 0, and 
consequently Ext^(L5/j:j, a){iu) = 0. Since the latter class is the obstruction to the existence of 
a, the assertion follows. □ 

Lemma |5.4.8| is the basis of an inductive procedure that allows to construct actual sections 
of X := Spec S, starting from approximate solutions of the system of equations defined by the 
ideal J. The section thus obtained live in X(R^), where R^ is the t/-adic completion of R. 
In case / is finitely generated, R^ is (separated) complete for the (t/)'^-adic topology, where 
(tl)^ is the topological closure of tl in R^; however, in later sections we will find situations 
where the relevant ideal / is not finitely generated; in such case, R^ is complete only for the 
(t/)'^-c-adic topology (see definition |5 . 3 . IK v)) . In this section we carry out a preliminary study 
of some topologies on /2-modules and on sets of sections of i?-schemes; one of the main themes 
is to compare the topologies of, say Z(R) where Z is an i?-scheme, and of Z{R^), where R^ 
is an adic completion of R. For this reason, it is somewhat annoying that, in passing from R to 
its completion, one is forced to replace a preadic topology by a c-preadic one. That is why we 
prefer to use a slightly coarser topology on R, described in the following: 

Definition 5.4.10. Let R be any ring, t E R a non-zero-divisor, / C i? an ideal, Mq (resp. N) 
a finitely generated i?-module (resp. -module). 

(i) The {t, I)-preadic topology of Mq is the linear topology that admits the family of submod- 
ules (t"/Mo I n G Nq) as a cofinal system of open neighborhoods. 

(ii) The (t, I)-preadic topology of N is the linear topology defined as follows. Choose 
a finitely generated i?-module Nq with an i?-linear map (p : Nq ^ N such that (j)[t^^] : 
-/Vo[t~^] N is onto; then Jif^ is the finest topology such that 0o becomes an open 
map when we endow Nq with the {t, /) -preadic topology. Therefore, the family of R- 
submodules {(p^t'^INo) | G N) is a cofinal system of open neighborhoods ofOEN for 



the topology Jifj 



N- 



The advantage of the (t, /)-adic topology is that the (t, /)-adic completion R^ of R is com- 
plete for a topology of the same type, namely for the (t, /^)-topology (where C R^ is the 
topological closure of /). Hence, for every i?-scheme Z, the topologies on Z{R) and Z(R^) 
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admit a uniform description. After this caveat, let us stress nevertheless that all of the results of 
this section hold as well for the c-adic topologies. 



5.4.1 1. In the situation of definition |5.4.10| , it is easy to verify that the (t, /)-preadic topology 



on does not depend on the choice of Nq and cj). Indeed, if cj)' : Ni ^ N is another choice, 
then one checks that 0(t^A^o) C (p'{Ni) for A; G N large enough, and symmetrically cpiit^Ni) C 
00 (Aq), which implies the assertion. 

Moreover, it is easy to check that every i?[t^^]-linear map M — »• A^ of finitely generated 
i?[t^^]-modules is continuous for the respective (t, /)-preadic topologies. 

Lemma 5.4.12. Let Rbe a noetherian ring, ^ d Ran ideal, and suppose that the pair {R, J^) 
is henselian. Let R be the ^ -adic completion of R and set S := R (8>j? S. Let U C Spec S 
be an open subset smooth over Spec R, and U C Spec S the preimage of U. Then, for every 
integer n and every R-section a : Speci? Spec S whose restriction to Speci? \ V{J^R) 
factors through U, there exists an R-section a : Spec R Spec S congruent to a modulo 
and whose restriction to Spec R \ V (J^) factors through U. 



Proof It is [31 , Ch.II, Th.2 bis]. □ 



Proposition 5.4.13. Keep the notation of ( |5.4.7D and let I C R be an ideal such that {R, tl) is 
a henselian pair Let a e R^ and n,h > such that ( |5.4.9| ) holds. Then there exists b G R'^ 
such that b — a E f^^^IR^ and J C pb- 

Proof. We consider first the following special case: 

Claim 5.4. 14. The proposition holds if R is complete for the t/-adic topology. 



Proof of the claim: We apply repeatedly lemma [5.4. 8| to obtain a t/-adically convergent se 



quence of elements G R^ \ m G N), with oq := a and such that a^n, = a (mod ^IR^) 
for every m G N. The limit b of the sequence {am \ m eN) will do. 

Let next i? be a general ring; let H C H/j(F, J) be a finitely generated subideal such that 
t'^ E H. We can write R = IJaga -^a for a filtered family of noetherian subrings {Rx | A G A) 
such that t E R\ and a E R^ for every A G A, and we set := / fl Rx for every A G A. 
We can also assume that the pair {Rx,tlx) is henselian for every A G A. Let fi, fg E F 
be a finite set of generators for J and gi, ...,gr E Fa finite set of generators for if; up to 
restricting to a cofinal family, we can then assume that fi, gj E Fx := -Ra[-^i, ^Af] for every 
A G A and every i < q, j < r. Let Jx C Fa be the ideal generated by fi, fg and set 
Sx := Fx/Jx', let also Hx C Fa be the ideal generated hy gi, gr. Again after replacing A 
by a cofinal subfamily, we can achieve that Hx C Hr^(Fa, Jx) for every A G A. Finally, let 
px,a C Fa be the ideal generated by Xi — ai, ...,Xm — un', we can assume that E Hx + px,a 
and Jx C px,a + t^I\Fx for every A G A. With this setup, let Rx be the t/A-adic completion of 



Rx, we can apply claim ^.14| to deduce that there exists c G Rx such that c — a E ^IxR^ 



X 



and such that Jx C px,c (where Pa ^ denotes the ideal generated by Xi — ci, ...,X — c„ in 
Rx[Xi, ATjv]). Let Ux ■= Spec Sx\ V{Hx ■ Sx) and Sx:=Rx S; from lemma |5:^ ii) 



we know that Ux is smooth over SpecRx, and by construction c determines a i?A-section of 
Spec Sx whose restriction to Spec Rx \ V{tlx) factors through the preimage of Ux. Therefore 
lemma [5^4.12] ensures that there exists an _RA-section a : Spec Rx Spec Sx that agrees with c 
modulo (tlx)^^^ and whose restriction to Spec Rx\V{tIx) factors through U . Let tta : Fa ^ ^a 
be the natural projection; there is a unique b E Rx such that pA,b = 7r;^^(Ker a" : ^a Rx)', 
this point b has the sought properties. □ 
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5.4.15. Let now X be an affine scheme of finite type over Speci?[t for every n G N let 
A^jj_ij be the n-dimensional affine space over Speci?[t~^]; for n large enough we can find 
a closed imbedding j : X ^Rit-^ of Spec i?[t~^]-schemes. The choice of coordinates 
on A^j^_ij, yields a bijection A^j^_ij(i?[t^^]) ~ _R[t~^]", and then j induces an injective map 
j* : X{R[t~^]) C R[t~^]'^. The {t,I)-adic topology of X{R[t~^]) is defined as the subspace 
topology induced by j„ (where -R[t~^]" is endowed with its (t, J)-preadic topology). 

Lemma 5.4.16. Let X be as in ( |5.4.15D ; we have: 

(i) The (t, I)-adic topology of X{R[t~^]) is independent of the choice of closed imbedding j 
and of coordinates on A^j^_ij. 

(ii) IfY is another affine R\t~^]- scheme, then the natural map {X x^j^-ij Y){R[t^^]) 
X{R\t~^]) X Y{R\t^^\) is a homeomorphism for the (t,I)-adic topologies of the corre- 
sponding schemes. 

(iii) If U C X is any open subset, and a G U{R[t^^]), there exists f G i)'x{X) such that 
D{f) := X \ V{f) C U and such that a factors through D{f). 

(iv) If U C X is an affine open subset, then the (t, I)-adic topology on U {R[t^^]) agrees with 
the topology induced from the (t,I)-adic topology on X{R[t~^]), and U{R[t^^]) is an 
open subset of X {R[t^^] ). 

Proof, (i): suppose ji : X -^^R^t-i] ^^'^ 32 '■ X -^Sfi-i] two closed imbeddings, 
Ti and T2 the respective topologies on X{R[t~^])\ by symmetry it suffices to show that the 
identity map ri) {X{R[t~^]),T2) is continuous. However, j2 can be extended 

to some morphism (p : A^j^_ij A^j^_ij, and we come down to showing that the induced map 

0=K : R[t^^Y' is continuous for the (t, /)-adic topology. We can further reduce to the 

case of m = 1, in which case (j) is given by a single polynomial / G i?[t~\ Ti, T„], and 0* 
is the map (ai, a„) i— > /(ai, a^). Let xq G and set uq := /(xq); we have to show 

that, for every G N there exists h Ef^ such that f{xQ + t^I) C y + t^I. The Taylor formula 
gives an identity of the form: /(T) = Uq + Z]reN"\{o} ' ~ ^o)'^ where a,. G R\t^^] for 
every r G N" and a,- = for all but finitely many r. Let s G N be an integer large enough 
so that t^ar G R for every r G N"; obviously h := k + s will do. (ii) is easily reduced to the 
corresponding statement for (t, /)-adic topologies on direct sums of i?,[t^^]-modules; we leave 
the details to the reader. 

(iii): we can write U = X \ V{J), where J C S := ^x{X), and a section a G U{R[t'^]) 
induces a map (p : S ^ such that (j){J)R = R. Let E R and fi E J, i = 1, ...,n with 

' 'Pifi) = 1 set / := /jOj; it follows that the image of cr is contained in the affine 
open subset Spec 5'[/^^] C U. To show (iv), we can suppose, thanks to (iii), that U = X\ V{f) 
for some / G ^x{X). Let (pf : X ^ -^ij^t-i] ^^^e morphism defined by /, and : X — > 
X x^[(-i] A]jj^_ij its graph; choose a closed imbedding X C A^jj„ij. The composition j : X — > 
X x^[(-i] A]jj^_ij -^^^-1] is another closed imbedding, which induces the same topology on 
X{R[t^^]) in view of (i). We have j^^(Af^^^_i^ XR[t-^] '^rn,R[t-^]) = U, consequently we are 
reduced to showing the assertion for the open imbedding A^j^_ij x^[i-i] G.m,R[t-^ C A^^iij. 
Using (ii) we further reduce to considering the imbedding Gm,i?[t-i] C A^j^_ij. This case can 
be dealt with by explicit calculations. □ 

Lemma 5.4.17. Let R be any ring, X a quasi-projective R-scheme. Then every R-section 
Spec R X of X factors through an open imbedding U G X, where U is an affine R-scheme. 

Proof. By assumption X is a locally closed subset of P^, for some n E N . 

Claim 5.4. 18. The lemma holds if X is a closed subscheme of P^. 
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Proof of the claim: Indeed, in this case we can assume X = P^. Therefore, let a G P^(-R); by 
[ ^7t Ch.II, Th.4.2.4] a corresponds to a rank one locally free quotient L of We choose 

a section of the projection tti : L, hence a decomposition i?""*"^ ~ L © Ker tti; the 

induced projection 112 : K^^^ KerTTi determines a closed imbedding P(Ker7ri) P^ 
representing the transformation of functors that assigns to every rank one locally free quotient 
of Ker TTi the same module, seen as a quotient of via the projection 7r2. It is clear that the 
image of a does not intersect the image of P(Ker tti), and the complement P^ \ P(Ker tti) is 
affine (tti is a section in r(P^, i^pn (1))). 

Thanks to claim |5 .4.181 we can assume that X is an open subscheme of an affine scheme Y 
of finite type over Speci?. In this case, the claim reduces to lemma |5.4.16| (iii) (applied with 



t = 1). □ 

5.4.19. Let now X be a quasi-projective i?[t~^]-scheme; each affine open subset of X comes 
with a natural {t, /)-adic topology. By lemma |5^4.16K iv) these topologies agree on the intersec- 



tions of any two such affine open subsets, and according to lemma |5T4.17| we have X{R[t ]) 



[Jfj U {R[t ^]), where U ranges on the family of all affine open subsets U C X, so X{R[t ^]) 
can be endowed with a well defined (t, /)-adic topology, independent of all choices. 

Lemma 5.4.20. The closed subscheme Un of Spec that classifies the nxn idem- 

potent matrices is smooth over Spec Z. 

Proof. Clearly Un is of finite type over Spec Z, hence it suffices to show that Un is formally 
smooth. Therefore, let Rq be a ring and I C Rq ideal with P = 0; we need to show that 
the induced map UniRo) — ^ Un{Ro/ 1) is surjective, i.e. that every nxn idempotent matrix 
M with entries in Rq/I lifts to an idempotent matrix with entries in Rq. Pick an arbitrary 
matrix M G M„(i?o) that lifts M; let E := Ro[M] C M„(i?o) be the commutative i?o-algebra 
generated by M, E C Mn{Ro/I) be the image of E, J C E the kernel of the induced map 
E E. We have = 0, so we can apply proposition [2.5.13Ki) to lift M to some idempotent 



matrix m E. □ 
Proposition 5.4.21. Let t E R be a non-zero-divisor, I G R an ideal, R^ := limi?/t"/ the 

riGN 

{t, I)-adic completion of R, the topological closure of I in R^, and suppose that the pair 
{R, tl) is henselian. Let X be a smooth quasi-projective R\t~^]- scheme, and endow X{R\t~'^]) 
(resp. X{R^[t^^])) with its {t,I)-adic (resp. {t, I^)-adic) topology. Then the natural map 
X{R[t-^]) X{R^[t-^]) has dense image. 

Proof We begin with the following special case: 

Claim 5.4.22. The proposition holds if X is affine. 

Proof of the claim: Say that X = Spec 5*, where S is some finitely presented smooth R[t^^]- 
algebra, and let a : S R^[t^^]he any element of X(R^[t^^]). We have to show that there are 
elements of X(R[t^^]) in every (t, /)-adic neighborhood of a. To this aim, we pick a finitely 
presented i?-algebra So such that 5*0 [t^^] — 5*; after clearing some denominators we can assume 
that a extends to a map Sq R^. Let 

(5.4.23) So = R[X^,...,Xn]/J 

be a finite presentation of Sq, and set H := Hji{R[Xi, X^r], J) (notation of definition |5.4.1[ ). 
By assumption we have 

(5.4.24) eH + J 



for h G N large enough. The presentation ( |5.4.23[ ) defines a closed imbedding X C A^, and 



we can then find a section ctq : Speci? that is (t, /)-adically close to a, so that the 
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restrictions of a and agree on Spec R/t"I. Let p := Ker ctq C R[Xi, ...,X]\r] be the ideal 
corresponding to ctq; it then follows that 

(5.4.25) J C p + r/i?[Xi,...,Xjv]. 

From ( |5 .4.241 ) and ( |5.4.25| ) we deduce that e H + t"/i?[Xi, ...,Xn] + p; up to enlarging 



n (which is harmless) we can assume that n > 2h. Let H := {H + p)/p C R; we derive: 
t'^ e H + t"/, whence t^{l + at^) G for some a e I and A; > 0; since tl C rad(i?), it 
follows: 

(5.4.26) t'' eH + p. 



By assumption we have Annj?(t) = 0, hence from ( |5.4.24[ ), ( |5.4.26[ ) and proposition |5. 4. 13| we 
deduce the contention. 

Claim 5. 4.27. Suppose that X = P^j^_ij. Then every section a : Spec R^[t^^] X factors 
through an open imbedding U C X, where U is an affine i?-scheme. 



Proof of the claim: By [ p7| , Ch.H, Th.4.2.4], a corresponds to a rank one projective quotient L of 
{R^[t^^]Y^^; we can then find an idempotent (r + 1) x (r + 1) matrix e such that Coker(e) = L. 
By lemma |5.4.20| , the scheme U that represents the (r + 1) x (r + 1) idempotent matrices 
is smooth; clearly U decomposes as a disjoint union of open and closed subschemes U = 
IJn=o Un, where f/„ represents the subfunctor that classifies all (r + 1) x (r + 1) idempotent 
matrices of rank n, for every n = 0, r + 1. Therefore each f/„ is smooth and affine over 



Spec Z and then by claim pA22| it follows that e can be approximated closely by an idempotent 
matrix cq G M^+i {R[t^^]) whose rank equals the rank of e. We have eo ■ e = cq ■ (/r+i — cq + e) 
and if Cq is sufficiently (t, /)-adically close to e, the matrix eo+e is invertiblein Mr+i{R), 
hence we can assume that: 

(5.4.28) Im(eo ■ e) = Im(eo) C R^'lr^Y^K 

The projection 

71 : R[t^^Y^^ ^ Im Cq : x i-^ eo(x) 
determines a closed imbedding P(Imeo) ^Rit-^ representing the transformation of functors 
that, to every i?[t"^]-algebra S and every rank one projective quotient of S'®/j[t-i] Im(eo) assigns 
the same module seen as a quotient of S R[t^^Y^^ via vr. By ( |5.4.28| ), the restriction of 



Ir'^ ®r to -R^ ®R Im(e) is an isomorphism, hence it remains such after every base change 
R^[t^^] — > S; this means that the image of a lands in the complement of P(Imeo), which 
implies the contention. 

Claim 5.4.29. Let X be any quasi-projective -scheme, a : Speci?^[t^^] — > X any sec- 

tion. Then a factors through an open imbedding U C X, where U is an affine i?-scheme. 

Proof of the claim: Due to claim [5^^~T7| we can assume that X is an open subscheme of an affine 



R[t ^]-scheme of finite type. Thus, we can write X = Y \ V{J), where J C S := i^'yiY), and 
a section a G X(i?^[t-i]) induces a map : 5 ^ such that 0(J)i?^[t-i] = 

Let Ui G R^[t^^], fi E J such that Xli'^* ' 4>{fi) = 1; we choose hi G R[t^\ (t, /)-adically 
close to aj(i = 1, n), so that 0(/j) • (a^ — 6j) GtlR^. Since t/i?^ C r ad (i?^), we deduce 
easily that J2i 'Pifdh ^ -R^ is invertible in i?^. Set / := it follows that the image of a 

is contained in the affine open subset Spec S[f^^] C X. 

The proposition follows easily from claims ( |5.4.22[ ) and ( |5.4.29[ ). □ 



Proposition 5.4.30. Resume the assumptions of proposition |5.4.21| and let (p : X Y be a 

morphism of quasi-projective i?[t^^]-5c/zeme5; then we have: 

(i) The map 0* : X{R[t^^]) Y{R[t^^]) is continuous for the {t, I)-adic topologies. 
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(ii) If (j) is smooth, cf)^ is an open map. 

Proof, (i): we can factor as a closed imbedding X — > X x F followed by a projection 
X X F F, so it suffices to prove the claim for the latter maps. The case of a projection is 
immediate, and the case of a closed imbedding follows straightforwardly from lemma [5T4.16| (i). 



(ii): due to lemmata |5.4.16K iv) and |5.4.17| we can assume that both X and Y are affine 
schemes, say X = Spec S,Y = Spec T where S and T are finitely generated i?[)f:^^]-algebras 
and S is smooth over T, especially S* is a finitely presented T-algebra. Let a : Speci?[t~^] 
X be an element of X{R[t^^]); after choosing presentations for S and T and clearing some 
denominators, we can find morphisms of finitely presented i?-algebras f : Tq ^ So and g : 
So ^ R such that f[t"^] = 0« : T ^ 5 and g[t-^] = a» : 5 ^ R[t-^]. Let Xq := Spec 5*0, 
Yo := Spec To, (Tq := Spec{g). We have to show that, for every section ^ : Speci?[t~^] — »• Y 
sufficiently close to a, there is ^' E X(R[t^^]) such that = ^. 

Claim 5.4.31. There is an open neighborhood U C Y{R[t^^]) of 0^,((t) such that every ^ E U 
extends to a section : Spec R Yo. 

Proof of the claim: By construction, </)*(cr) is induced by the map g o f : So ^ R', any other 
section ^ E Y{R[t^^]) is determined by a map : S ^ R[t^^]', we have S = So[t~^] and 5*0 is 
of finite type over R, say = R[xi, xn]/ J. Therefore aj := g of(xi) E R for every i < N. 
The claim follows by observing that the set of sections ^ E Y{R[t'~^]) such that ^'^{xi) — ai E R 
for every i < N forms an open neighborhood of </)*(cr). 

Next, choose a presentation 

(5.4.32) So^To[xu...,xn]/J 

and let i7 := H^o {To[xi, ...,xn], J) (notation of definition |5.4.1[ ). Since 5* is smooth over T, we 
have 

(5.4.33) eH + J 



for h Ef^ large enough. Let ^ E Y{R[t ^]); by claim |5.4.31| we can suppose that extends to 



a section : Spec R — > Fq- Define Xo(^o) as the fibre product in the cartesian diagram 

-^o(^o) ^ Xo 



Spec R ^° > Fq 



The presentation ( |5.4.32[ ) induces a closed imbedding Xo(^o) C whose defining ideal 



J{io) C R[xi, ...,Xf^] is the image of J; define similarly H{^o) C R[xi, ...,xn\ as the im- 
age of H. From (|5.4.33p we deduce that 



(5.4.34) eH{io) + J{io). 

Suppose now that ^ is sufficiently close to a; this means that the restrictions of and 0o*(<7o) 
agree on some closed subset Spec R/t^I C Speci?. Hence, let ao : Spec R/f^I — > Xo(^) be 
the restriction of (Tq, and choose any extension of ctq to a morphism ai : Spec R A^. Finally, 
let p := Ker a{ C R[xi, xat] be the ideal corresponding to cti. By construction we have 

(5.4.35) J(eo) Cp + riR[xi,...,XN]. 

Now, arguing as in the proof of claim |5.4.22| we see that ( |5.4.34| ) and ( |5.4.35D imply E 



Hi^o) + P, at least if n > 2h, which can always be arranged. Finally, proposition |5. 4. 13| shows 



that (To can be extended to a section ^' : Spec R Xo(^o), as required. □ 
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5.4.36. Resume the assumptions of proposition |5.4.21| and let {Xq, Xi, s, t, c, l) be a groupoid 



of quasi-projective R[t ^]-schemes (see ( |4.5.1| ) for our general notations concerning groupoids 
in a category). We have a natural map 

(5.4.37) no{Xo{R[t-'])) ^ MMR^'it''])) 

where, for any groupoid of sets G := (Go, Gi, sq, to, cq, to), we denote by tco{G) the set of 
isomorphism classes of elements of Go; this is the same as the set of connected components of 
the geometric realization of the simplicial set associated to the groupoid G. 



Theorem 5.4.38. Keep the notation of ( p. 4. 36 ), and suppose that Xq is smooth over R[t ^] and 



that the morphism (s, t) : Xi ^ Xq x^[(-i] Xq is smooth. Then ( |5.4.37p is a bijection. 



Proof. Let a E Xo{R^[t ^]); since Xq is smooth over R[t ^] we can find sections E 
Xo(-R^[t~^]) arbitrarily (t, /)-adically close to a (proposition |5.4.2ip . Then (cr, (Xo) can be 



made arbitrarily close to {a, a) E Xq XR[t-i] Xo(-R^[t~^]); since the latter lies in the image 
of Xi{R^[t^^]) under the morphism (s, t), it follows that the same holds for (a, ao), provided 
(To is sufficiently close to a (proposition |5.4.30| (ii)). This shows that ( |5.4.37| ) is onto. Next, 
suppose that a,r E Xo(R[t^^]) and that their images cr^,r^ in Xo(R^[t^^]) lie in the same 
homotopy class. By definition, this means that (a^, r^) = (s, t){a) for some a E Xi(R^[t^^]); 
since Xi is smooth over R[t~^] it follows that there exist sections ao E Xi{R[t^^]) arbitrarily 
close to a (again proposition |5. 4.2 1| ). Since (s,t)* is continuous (proposition |5.4.30| (i)), it fol- 
lows that ((To, To) := (s, t)^,(ao) can be made arbitrarily close to (cr, r) in Xq x R[t-i] Xo(-R[t~^]). 
This means that the pair (a, (Xo) can be made arbitrarily close to {a, a), hence (cr, cto) is in the 
image of (s, t)* provided a and ao are sufficiently close. So a is in the same homotopy class as 
(To. Likewise we can arrange that r and tq are in the same homotopy class, which shows that 
(|5.4.37[) is injective as well. □ 



5.4.39. Let n eN and define f/„ as in lemma |5.4.20|; sometimes we identify Un to the functor 



which it represents. We define a functor from F„ : Z-AIg — > Set as follows. Given a ring 
R, we let Fn{R) be the set of all data of the form {S, T, 0, ^), where S,T E Mn{R) are two 
idempotent matrices and (f),ip E Mn{R) are two other matrices submitted to the following 
conditions: 

(a) ■ 5 = = T ■ 0. 

(b) V ■ T = = 5 ■ ^. 

(c) (/„ - 5) ■ (^ ■ - /„) = = (/„ - T) ■ (0 ■ ^ - /„,). 

The meaning of (a) is that (p induces a map cp : Coker(S') Coker(T); likewise, (b) means 
that ip induces a map ip : Coker(T) Coker(S'). Finally (c) means that o ^ is the identity 
of Coker(T), and likewise for ip o (p. It is easy to see from this description that the functor F„ 
is representable by an affine Z-scheme of finite type, which we shall denote by the same name. 
Moreover, the rule (S, T, (p, ip) i-^ (S, T) defines a transformation of functors Fn Un x U 
whence a natural morphism of schemes: 

(5.4.40) F„-^f/„Xzf/„. 
Lemma 5.4.41. The morphism ( |5.4.40D is smooth. 



Proof. Since ( |5.4.4(J| ) is clearly of finite presentation, it suffices to verify that it is formally 



smooth. Hence, let i? ^ _Ro be a surjective ring homomorphism with nilpotent kernel J, 
let (5, T) G f/„ Xz Un{R) and (S'q, Tq, 0o, V^o) e F„(/?o) such that (S'q, Tq) coincides with the 
image of (S, T) in f/„ XzUniRo)- We need to show that there exist (f),ip E Mn{R) lifting 0o and 
tpo, such that {S,T, (p,ip) E Fn{R). However, since S and T are idempotent, P := Coker(S') 
and Q := Coker(T) are finitely generated projective i?-modules. According to ( |5.4.39[ ), the 
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induced map (j)^ : Pq =: P ®r Rq Qo '■= Q ®r Ro is an isomorphism with inverse ipQ. Let 
-Kp : P ^ Pq, TiQ : Q ^ Qo be the projections; since o -kq : Q ^ Pq is surjective, we can 
find a map (p : P ^ Q such that o ttq o = np. Using Nakayama's lemma one checks 
easily that is an isomorphism that lifts 0o- Let a : R^ ^ Q and /3 : i?" — P be the natural 
projections. We set := (/„ — T) o o /5 and ip := (/„ — S) o (f)~^ o a and leave to the reader 



the verification of the identities (a)-(c) of ( |5.4.39[ ). □ 



Corollary 5.4.42. Resume the assumptions of proposition pA.2\\ Then the base change func- 
tor R[t'\M.od — > i?^[t~^]-Mod : M ^ M ®pR'^ induces a bijection from the set of 
isomorphism classes of finitely generated projective R[t^^]-modules to the set of isomorphism 
classes of finitely generated projective R^[t^^]-modules. 



Proof. Resume the notation of ( |5.4.39D and let s,t : Fn ^ Un be the morphisms obtained by 



composing ( p.4.4Up with the two projections onto The datum ([/„, F„, s, t) can be com- 



pleted to a groupoid of schemes, by letting 6 : [/„ ^ F„ be the morphism representing the 
transformation of functors: S i— {S, S, In, In), and c : Fn Xjj^ Fn ^ Fn the morphism repre- 
senting the transformation: ((S, T, 01, -^i), (S", T, 02, "02)) ^ ('S'jT, 02-01, '02"'0i)- Sincc cvcry 
finitely generated projective module can be realized as the cokemel of an idempotent endomor- 
phism of a free module of finite rank, the assertion is a straightforward consequence of theorem 
5A38I and lemmata |5A20| , |5A4T1 . □ 



5.4.43. Let S be an i?[t^^]-scheme, ^ a coherent ^5-module. An S-algebra structure on ^ 
is a datum (yU, 1) consisting of a map fi : 0^ 3^ ^ 0^ and a global section \ E ^{S), such 
that (^, /i, 1) is an ^^-algebra, i.e. such that p, and 1 satisfy the following conditions for every 
open subset U C S and every local sections x,y, z E l3^{U) : 

(a) p{p{x ® ® 2;) = p{x (g) p{y (g) 2;)). 

(b) p{x 01/) = p{y ® x). 

(c) p{l ® x) = X. 

We say that an S-algebra structure on !^ is etale if the datum (^, /i, 1) is an etale ^g-algebra. 
We denote by k\gg{0^) (resp. Yjis{^)) the set of all S'-algebra structures (resp. etale S-algebra 
structures) on If now P is a finitely presented P[t~^]-module, we obtain a functor: 

(5.4.44) P[r^]-Scheme ^ Set S ^ K\gs{ffs ®R[t-^] P)- 

Lemma 5.4.45. Suppose that P is a finitely generated projective R[t^^]-module. Then the 
functor ( I5.4.44D is representable by a finitely presented R[t^^]-algebra. 

Proof. Clearly ( |5.4.44D is a sheaf on the fppf topology of Spec R[t^^], hence it suffices to show 



that we can cover SpecP[t~^] by finitely many affine Zariski open subsets f/,, such that the 
restriction of ( |5.4.44D to Ui is representable and finitely presented. However, P is locally free of 
finite rank on the Zariski topology of Spec R[t^^], hence we can assume that P is a free R[t~^]- 
module. Let ei, be a basis of P; then a multiplication law p is determined by its values 
E P on Ci ® ej\ by writing = cnjk&k we obtain rt" elements of R\t^^] \ likewise, \ is 



a. 



represented by elements 61, 6„ E R[t~^], and conditions (a),(b) and (c) of ( |5.4.43[ ) translate 
as a finite system of polynomial identities for the aijk and the bf, in other words, our functor is 
represented by a quotient of the free polynomial algebra R[t^^ , Xij^, Yi \ i, j, k,l = 1, ...,n] by 
a finitely generated ideal, which is the contention. □ 



Lemma 5.4.46. Keep the assumptions of lemma 5.4.45 . Let Xp be an affine R[t ^]-scheme 
representing the functor ( |5.4.44| ). Then the functor 



(5.4.47) P[t-^]-Scheme ^ Set Ets(^5 ®R[t~^ P) 

is represented by an affine open subset Up C Xp. Moreover, U p is smooth over Spec P[t^^] 
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Proof. Let us show first that the functor (|5.4.47p is formally smooth. Indeed, suppose that Z 



is an affine -scheme and C Z is a closed subset defined by a nilpotent ideal. Let 

{^z P, l^o) be an etale Zg-algebra structure; we can lift it to some etale i^^-algebra 

fi) and then =S is necessarily a locally free sheaf of finite rank (for instance by lemma 
|3.2.25K i),(iii)); from proposition |3.2.30| we deduce that ^ ~ P, whence the claim. 

Next, let be the universal i^Xp-algebra structure on P ®R[t-i] Gxp\ let also 5 G 



?'xp(-^p) be the discriminant of the trace form of By theorem |4.1.14| , a point x G Xp is in 
the support of b if and only if is not etale over &Xp,x\ therefore, the subset Up over which 
^ is etale is indeed open and affine. To conclude, it suffices to show that U p represents the 



functor ( I5.4.47D . This amounts to showing that, for every morphism f : S Xp of R\t 



-11 



schemes, the algebra /*^ is etale over 1^5 if and only if the image of / lands in Up. However, 



the latter statement follows easily from [3C, Ch.IV, Cor.17.6.2]. □ 



5.4.48. Let S be an i?[t"^]-scheme, ^ a coherent ^s-module. We denote by Aut^<,(^) the 
group of ^5-linear automorphisms of Then, for a given finitely presented i?[t~^]-module P 
we obtain a group-valued functor 

(5.4.49) -Scheme ^ Grp S ^ Aut^.g(^s 



Lemma 5.4.50. Keep the assumptions of lemma p.4.45i Then the functor ( |5.4.49[ ) is repre 



sentable by a finitely presented R\t ^]-group scheme. 

Proof. It is analogous to the proof of lemma |5.4.45| : up to restricting to a Zariski open subset. 



we can assume that P is free of some rank n. Then the group scheme representing our functor 
is just GL„,ij[i-i]. □ 

5.4.51. Let now P be a finitely generated projective i?[t^^]-module. For any i?[t^^]-scheme, 
let '■= &s ®R\t-^\ P\ we wish to define an action of kvXe^^S^s) on the set ^\.s{S^s)- 
Indeed, if [i : ^5 ~^ is any etale S-algebra structure and g G Kniffg{B^s)^ let /i^ 

be the unique S-algebra structure on 13^$ such that g is an isomorphism of etale i^^-algebras: 
g : (^5, /i) ^ i^S) l^^)- It is obvious that the rule {g, fi) ^ /i^ is a functorial group action. 
Let Up be as in lemma |5?4.46| , and let Autp be a -scheme representing the functor ^.4.49| ; 
the functorial map (g, jj) h-» (/i^, /i) is represented by a morphism of schemes: 

(5.4.52) Autp xp[i-i] Up Up ^pyt-^] Up. 

Lemma 5.4.53. The morphism ( |5.4.52| ) is etale. 

Proof. The map is clearly of finite presentation, hence it suffices to show that it is formally 
etale. Therefore, let : Z — > [/p XR[t-i] t/p be a morphism of i?[t^^]-schemes, C Z a 
closed subscheme defined by a nilpotent ideal, and suppose that the restriction of to Zq lifts to 
a morphism ip^ : Zq Autp x Up. We need to show that lifts uniquely to a morphism 
i}) that extends ^q- However, the datum of is equivalent to the datum consisting of a pair of Z- 
algebra structures (^z, l^i) and {i^zi 1^2)- The datum of ipo is equivalent to the datum of a Zq- 
algebra structure fiQ on ^Zo^ and of an automorphism g^ of ^Zo- Finally, the fact that ipo lifts 
the restriction of means that fiQ = ®z Iz,, . and go : {^Zp , /^i ®z Izo ) ( > 1^2 ®z Izo ) 
is an isomorphism of etale i^^^- algebras. By theorem p . 2 . 1 ^K iii) , such an isomorphism extends 
uniquely to an isomorphism of etale i^^-algebras g : {^z, /^i) — > i^z, 1^2)- The datum {g, ^2) 
is equivalent to the sought map iIj. □ 

Proposition 5.4.54. Resume the assumptions of proposition |5.4.21[ Then the base change func- 
tor R[t^\A\^ — > i?^[t^^]-Alg induces an equivalence of categories from the category of finite 
etale R[t^^]-algebras to the category of finite etale R^[t^^]-algebras. 
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Proof. Let (P^,fi^) be a finite etale R^[t ^]-algebra; in particular, is a finitely generated 
projective [t~^]-module, hence by corollary |5.4.42| we can find a finitely generated projective 



-module P such that R^[t-^] (g)R[t-i] P ~ P^. The functorial action ( p.4.^2D of Autp on 



the set of etale algebra structures on P defines a groupoid of quasi-projective schemes. It then 
follows from theorem |5.4.38| and lemmata |5 .4.461 , |5.4.53| that the base change map from the 



set of isomorphism classes of ] -algebra structures on P to the set of isomorphism classes 
of -algebra structures on P^ is bijective. This shows that the base change functor is 

essentially surjective on finite etale i?^[)f:^^] -algebras. To prove full faithfulness, let Yi, Y2 be 
any two finite etale schemes over X := R[t~^]; we let H be the functor that assigns to every 
R[t~^] -scheme Z the set Hom^ (Z XxYi, Z XXY2). Since the functors represented by Yi and Y2 
are locally constant sheaves, say in the fppf topology of X := Spec R[t^^], the same holds for 
the functor H, hence the latter is represented by a finite etale X-scheme (proposition |8.2.23D , 



which we denote by the same name. We can view iJ as a trivial groupoid (i.e. such that for 
every X-scheme Z, the only morphisms of the groupoid H(Z) are the identity morphisms of 
its objects). In this case, the associated morphism (s, t) : H H Xx H is none other than the 
diagonal morphism; especially, the latter is an open imbedding, hence theorem |5.4.38| applies 



and yields the sought assertion. □ 

5.5. Lifting theorems for henselian pairs. For the considerations that follow, it will be useful 
to generalize a little our usual setup : we wish to work with sheaves of almost modules (or 
almost algebras) on a scheme. This is just a matter of introducing the relevant language, so we 
will proceed somewhat briskily. 

5.5.1. Let X be a scheme over Spec(V). For every open subset U C X, T(U, Gx) is a V- 
algebra, hence we obtain a sheaf of V-algebras G\ on X by setting r([/, G\) := V{\J, GxY 



for every open U C X. We refer to [ |2q , Ch.O, §3.1] for generalities on sheaves with values 
in arbitrary categories; in particular the sheaves of V'^-modules on X form an abelian tensor 
category, and hence we can define a sheaf ^ of -modules on X (briefly: a -module) as a 
sheaf of almost modules endowed with a scalar multiplication ®yo ^ ^ . Those gadgets 
form a category that we denote by ^^-Mod. There is a functor 

(5.5.2) r(X, ^^)-Mod ^ ^^-Mod M ^ M~ 

defined as one expects. We say that is quasi-coherent if we can cover X by affine open sub- 
sets Ui, such that ^\u^ is in the essential image of a functor ( |5.5.2[ ). We denote by i^^-Modqcoh 
the full subcategory of quasi-coherent ^^-modules. Similarly, we denote by ^^-Alg (resp. 
(^^-Algq(,Qjj) the category of ^^-algebras (resp. quasi-coherent ^^-algebras) defined as one 
expects. 

5.5.3. Since the functors M ^ M\ and M i— > from A-modules to y4^,-modules are right 
exact, we can globalize them to the situation of ( |5.5.1D . Thus, for every \^-scheme X there are 
functors 

^^-Mod ^ ^x-Mod ^ ^ ^! (resp. ^ ^ 

which are left (resp. right) adjoint to the localization functor i^x-Mod ^^-Mod. The 
functor ^ 1-^ is exact and preserves quasi-coherence (as can be easily deduced from 
proposition [2.4.33[), hence it provides a left adjoint to the localization functor i^x-Modqcoh 



i^^-Modqcoh- The functor ^ does not preserve quasi-coherence, in general. 

5.5.4. Let i? be a V^-algebra and set X := Spec(-R). Using the full faithfulness of the functor 
^ 1-^ ^! one can easily verify that the functor M ^ M~ from i?"-modules to quasi-coherent 
G\-modx\e,s is an equivalence, whose quasi-inverse is given by the global section functor. 

After these preliminaries, we are ready to state the following descent result which will be 
crucial for the proof of theorem |5.5.6| . 
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Proposition 5.5.5. (i) Let Rbe a V -algebra, J C R a finitely generated ideal and R R' a 
fiat morphism inducing an isomorphism R/ J ^ R'/ JR'. Let X := Spec{R), X' := Spec(i?'), 
U := X \V{J) and U' := U x x X'. Then the natural commutative diagrams of functors: 



are 2-cartesian (that is, cartesian in the category of 2-categories). 

(ii) Let Abe a V-algebra, f E a non-zero-divisor, A^ the f-adic completion of A. Denote 
by A-yLodf (resp. A-Alg^j the full subcategory of f -torsion free A-modules (resp. A- 
algebras), and similarly define A^-lSAodf (resp. A^-Algj). Then the natural commutative 
diagrams of functors 

A-Modf A^-Modj A-A\gf ^ A^-Alg^ 

A[/-i]-Mod A^[/-i]-Mod A[/-i]-Alg A^[/-i]-Alg 

are 2-cartesian. 

Proof, (i): for the functors on ^^-modules, one applies the functor =^ i— > ^i, thereby reducing 
to the corresponding assertion for quasi-coherent i^x-modules. Under assumption (a), the latter 
is proved in Prop.4.2] (actually, in loc.cit. one assumes that X' is faithfully flat over X, but 
one can reduce to such case after replacing X' by X' 11 (Ui 11 ... 11 f/„), where (f/, \ i < n) is 
a finite cover of U by affine open subsets; notice also that loc.cit. omits the assumption that J 
is finitely generated, but the proof works only under such assumption). Since all the functors 
involved commute with tensor products, the assertion about ^^-algebras follows formally. 

(ii): for modules one argues as in the proof of (i), except that instead of invoking P^], one 
uses Theorem] . For algebras, one has to proceed a little more carefully, since the tensor prod- 
uct of two /-torsion free modules may fail to be /-torsion free. Hence, let B2, (3) the datum 
consisting of an A [/~^] -algebra Bi, an A^-algebra B2 and an isomorphism (3 : Bi ®a A'^ ^ 
B2[f-^] of A^[/-i]-algebras. Let/ := U„>o AnnB,«^.B,(/") andsetC := ^a^AA^a/J; /3 in- 
duces an isomorphism 7 : Bi^aBi^aA'^ ^ C of A^-modules, so by the foregoing there exists 
an A-module D such that D\f^^] ~ Bi ®a Bi and D ®a A'^ ^ C . Furthermore, the multipli- 
cation morphism Hb2/a^ factors through a morphism p : D ^ B2, and consequently the datum 
(AiBiM[/-i],/^5 7,/3) determines a unique morphism D ^ B. Let /' := [j^^^ kimB^^Bif^); 
one verifies easily that (B ®a B / J) ®a A'^ ~ C, so again the same sort of arguments show 
that D ^ B ®A B/ J, hence we obtain a morphism fin/A '■ B ®a B ^ B that lifts fJ,Bi/A[f-^ 
and fiB2/A^- Arguing along the same lines one can now verify easily that (5, /Ub/a) is really a 
i?-algebra : we leave the details to the reader. □ 

Theorem 5.5.6. Let [A, I) be a tight henselian pair, P an almost finitely generated projective 
A/ 1 -module, mi C m a finitely generated subideal. We have: 

(i) Ifm has homological dimension < 1, then there exists an almost finitely generated projec- 
tive A-module such that P ^a {^/^) — P- 

(ii) If Pi and P2 are two liftings of P as in ( i) and if there exists an isomorphism (3 : Pi ®a 
{A/mil) ^ P2 ®A {A/xnil), then there exists an isomorphism [3 : Pi P2 such that 

(3 0A ^A/I = f3(S)A '^A/I- 
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(iii) With the notation of ( |5.3.21[ ), the natural functor A-Etafp — ^ (yl//)-Etafp is an equiva- 
lence of categories. 

Proof. We begin by showing (ii): indeed, the obstruction to the existence of a morphism a : 
Pi — s> P2 such that a(8)Al(A/mi/) = /9 is a class u G Ext^(Pi, mi/P2)- The same argument used 
in the proof of claim |5.1.19| shows that the natural map Ext^(Pi, mi/P2) Ext^(Pi, IP2) 



vanishes identically, and proves the assertion. 

Next we wish to show that the functor of (iii) is fully faithful. Therefore, let B,C be two 
almost finitely presented etale A-algebras, and : B /IB C jlC a morphism. According 
to lemma |5".2.20| , is characterized by its associated idempotent, call it e G [B ®a C /IC)^. 



Set D := B ®a C; according to lemma |5.1.12K iii), the pair {D, ID) is tight henselian. Then 



proposition 5.1.17 says that e lifts uniquely to an idempotent e G P**. 



Claim 5.5.7. The associated morphism r(e) is an isomorphism (notation of ( |5.2.19p ). 



Proof of the claim: Indeed, by naturality of F, we have r(e) 0^ 1a/i = r(e), so the assertion 
follows from corollary |5.1.7| . 

By claim |5.5.7| and lemma |5.2.20| , e corresponds to a unique morphism cp : B C which 



is the sought lifting of (j). The remaining steps to complete the proof of (iii) will apply as well 
to the proof of (i). Pick an integer n > and a finitely generated subideal nxo C m such that 
/" C nxoA; we notice that assertions (i) and (iii) also hold when / is nilpotent, since in this case 
they reduce to theorem |3.2.28| (i.b),(ii). It follows easily that it suffices to prove the assertions 



for the pair [A, /"), hence we can and do assume throughout that I C mo^- 

Claim 5.5.8. Assertions (i) and (iii) hold if / is generated by a non-zero-divisor of A^. 

Proof of the claim: Say that / = f A, for some non-zero-divisor / G va^A^, and let A^ be the 
/-adic completion of A. By theorem p.2.28K i), P lifts to a compatible system (P„ | n G N) of 
almost finitely generated projective A//"+^-modules; by theorem |5.3.24| , the latter compatible 
system gives rise to a unique almost finitely generated projective A^-module P^. Notice that / 
is regular on A^, hence also on P^. Since is a (usual) V^-algebra, the yl^[/^^]-module 

is finitely generated projective; it follows from corollary |5.4.42| that there exists a 
finitely generated projective A [/^^] -module Q with an isomorphism (3 : Q ®a — P^[f^^]- 
By proposition |5.5.5K ii) the datum (P^, Q, (3) determines a unique /-torsion-free A-module P 



which lifts P. Since / is regular on both P and A, we have Torf (P, A/ f A) = for i = 1,2, 
hence P is A-flat, by virtue of lemma |5.2.1| . Next, set C := A[f~^] x A^; from lemma |SX3| (i) 



we deduce that Annc(P ®a C AnnA(P), and since Torf(C, P) = 0, remark |IT^ (i) 



implies that P is almost finitely presented, therefore almost projective over A, which shows 
that (i) holds. Likewise, let B be an almost finitely presented etale A/J-algebra; by theorem 
5.3.271 , B admits a unique lifting to an almost finitely presented etale A^-algebra B^. Then 



B^[f^^] is a finite etale y4^[/^^] -algebra, hence by proposition |5.4.54| there exists a unique 
finite etale A [/^^] -algebra Pq with an isomorphism (3 : Bq^b P'^[/^^]. By proposition 

|5.5.5K ii), the datum (P^, Pq, /?) determines a unique /-torsion-free A-algebra B; the foregoing 
proof of assertion (i) applies to the A-module underlying B and shows that B is an almost 
finitely generated projective A-algebra. By construction B / fB is unramified over A/ fA, so 
theorem |5.2.12K iv) applies and shows that B is unramified over A. Thus, we have shown that 
the functor of (iii) is essentially surjective under the present assumptions; since it is already 
known in general that this functor is fully faithful, assertion (iii) is completely proved in this 
case. 



Claim 5.5.9. Assertions (i) and (iii) hold if / is a principal ideal. 
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Proof of the claim: Say that / = fA for some / G vcxqA^. Let J := IJ^^q Ann^(/"); we have 
a cartesian diagram 

A/{Jni) ^A/i 



A/. J + J). 

Let P be as in (i) and let be a finitely presented etale A/J-algebra; by claim |5.5.8| we can find 
an almost finitely generated projective A/J-module Pi with an isomorphism /5 : Pi/ 1 Pi ^ 
P I JP and a finitely presented etale A / J-algebra Bi that lifts B / JB. By propo sition |3 .4 . 2 1| , the 
datum (P, Pi, P) determines a unique almost finitely generated projective A/ {I fl J)-module 
P2; likewise, using corollary |3 .4.221 we obtain an etale almost finitely presented A/ {I fl J)- 
algebra B2 that lifts B. Next, let K := nn>o /"^ ^^'^ set N := K f] J Ci P, v/e have a cartesian 
diagram 

A/N A/{I n J) 



Due to theorem |3.2.2g| (i.b) we can lift P2 ®a to an almost finitely generated projective 



A^/ (/ n J)^A^-module P2 . For the same reason, Pg ® a ^/ /^^ can be lifted to a compatible 
family {Q^ \ n E N), where is almost finitely generated projective over A//"+^y4 for every 
n E N. Finally, by theorem |5.3.24| , the projective limit Q of the system {Q,^ \ n E N) is 



an almost finitely generated projective A^-module. By construction, there is an isomorphism 
P : Ql f^Q — > P2 ®A ^//^^; by assertion (ii) it follows that there exists an isomorphism 
(3 -.Q/il n JfQ ^ P^ that lifts P Oa 1a//a- By proposition |3. 4.2 1| , the datum (P2, Q, f3 Oa 
lA/(7nj)) determines a unique almost finitely generated projective A/N-module Pi, since A^^ = 
0, Pi can be further lifted to an almost finitely generated projective A-module P, so assertion 
(i) holds in this case. The proof of assertion (iii) is analogous, but easier : we need to show 
that P2 lifts to an almost finitely presented etale A-algebra B; to this aim, it suffices to show 
that P2 lifts to an almost finitely presented etale A/A^-algebra Pi, since in that case Pi can 
be lifted to an almost finitely presented etale A-algebra P, by theorem |3.2.28| (ii). To obtain 



Pi it suffices to find an almost finitely presented etale A^-algebra P^ with an isomorphism 
/3 : P^ (8)A A/ {I n J) ^ P2 ®A indeed, in this case the datum (P^,P2,/5) determines 
a unique etale almost finitely presented A/N-a\gehm in view of corollary [3.4.22| . Finally, we 
consider the natural functors 



By theorem |5.3.27| , the composition of these two functors is an equivalences of categories and 
the rightmost functor is fully faithful by (ii), so the leftmost functor is an equivalence, thus Pi 
as sought can be found, which concludes the proof of (iii) in this case. 



Claim 5.5.10. Assertions (i) and (iii) hold if / is a finitely generated ideal. 

Proof of the claim: We proceed by induction on the number n of generators of /, the case 
n = 1 being covered by claim |5.5.8| . So suppose n > 1 and let /i, E be a finite set 
of generators of /. Let P be as in (i) and P any almost finitely presented etale A/J-algebra. 
We let A' := A/fiA and J := Im(/ A'). By lemma |5TTTT^ (iii) the pair {A', J) is again 
tight henselian, so by inductive assumption we can find lift P (resp. P) to an almost finitely 
generated projective A'-module (resp. to an almost finitely presented etale A'-algebra) P' (resp. 
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B'). Thence we apply claim |5.5.8| to further lift P' to a module P (resp. to an algebra B) as 
stated. 

Let now (A, I) be a general tight henselian pair; we can find a henselian pair {R, J) such 
that = A, J"^ = I and J C mo- Denote by {W^vciqI^) the henselization of the pair 

(i?, mo-R), and let := R^/ JR}\ Let us write J = colim Jx, where Jx runs over the filtered 

AeA 

family of all finitely generated subideals of J; set Rx := R/ Jx and R\ := R^ 0ji Rx for every 
A G A. Furthermore, let X := Speci?, Xx := Speci?A, ■= SpecR^, X]j := X^ Xx Xx, 
U ■.= X\ V{xno), 0^ -.U"- ■.= U Xx ^f/, 0^ U]^ := U Xx X]j ^ Ux := U Xx Xx 
the natural morphisms of schemes. Now, let P be an almost finitely generated A/ 1 -module and 
B an almost finitely presented etale A/J-algebra; P induces a quasi-coherent ^^-module P^, 
and by restriction we obtain a quasi-coherent ^^/-module PJ^. Furthermore, since P is almost 
finitely presented, we see that Pj^ is finitely presented; by [^, Ch.IV, Th.8.5.2(ii)] it follows 
that for some Aq G A there exists a quasi-coherent finitely presented module ^ on Uxq whose 
restriction to the closed subset U agrees with P?^. By restricting further, we can even achieve 



that ^ be locally free of finite rank ([jl^, Ch.IV, Prop. 8. 5. 5]). Similarly, we can find a locally 
free i^Aq -algebra ^ such that ^ Pj^- 

Claim 5.5.11. For every almost finitely generated projective (P^)'*-module Q there exists an 
almost finitely generated projective (P'^)"-module Q such that Q (8>(/jh)a (P'^)" ~ Q. 

Proof of the claim: By theorem [3.2.28K i.b) we know that Q lifts to an almost finitely generated 
projective module Qi over (R^ / J'^ R^)"- . Then Q2 := Qi ®a (^/i^^o^) is an almost finitely 
generated projective (P'^/moP'^)"-module, therefore by claim p3TT0| we can lift Q2 to an almost 
finitely generated projective P'^-module Q (notice that {R^,ml) is still a henselian pair). It 
remains only to show that Q is a lifting of Q; however, by construction we have Qi ®{ri^)o. 
{R'^/mlR^)" - Q ®(^h)a (P^/m^pi^)", so it follows from (ii) that Qi ~ Q/PQ, whence the 
claim. 



Claim 5.5.12. The natural functor (P'^)"-Etafp (P )''-Etafp is an equivalence of categories. 



Proof of the claim: By claim |5. 5.101 , the natural functors (P^)"-Etafp (P^/moP^)"-Etafp 
and (P'^)"-Etafp (P'^/moP'^)°-Etafp are equivalences of categories. The claim is a formal 
consequence. 

We apply claim |5.5.11| with Q := P ®a (R^T; let Q~ be the quasi-coherent i^j^h -module 
associated to Q. By construction, the restriction Q'^h is a quasi-coherent i^f/h-module of finite 

presentation, and we have an isomorphism (3 : Qj^i, ^ 0^*(PJ^). It then follows by 
Ch.IV, Cor.8.5.2.5] that there exists some fx E A with X^ C Xx^, such that the isomorphism /3 
extends to an isomorphism : Qj^h <P^*i^\u^)- Similarly, by claim |5. 5.1^ , we can find an 
almost finitely presented etale (P^) '^-algebra C with an isomorphism 7^ : C^j^ ~ (i)^*(B'^ 
According to ( |5.5.4D , the global section functors: 



-Modqcoh ^ P^Mod 



4h-Modqeoh ^ (i?A)"-M0d 



are equivalences. Clearly the localization functors: 



^t/^-Modqcoh 



^'^^-Modqeoh 



'u 



h-Mod 



qcoh 



^^,-Modqcoh 
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are equivalences as well, and similarly for the corresponding categories of algebras. By propo- 
sition |53]^(i) it follows that the natural diagrams: 



i?^-Mod 



%^-Modqcoh 



^'^^ Mod 



{R\r-A\g 



?f;h-Modqcoh 



qcoh 



qcoh 



are 2-cartesian for every A G A. Hence, the datum {^\u^, Q '^R'^ RI-, Pfi) determines uniquely 
a i?^-module that lifts P, and the datum (^\u^,C i?°,7^) determines a i?^-algebra 
that lifts B. Furthermore, since the natural morphism 11 X^^ — > X^j is faithfully flat, it 



follows from remark p.2.26| (ii) that and B^ are almost finitely generated projective over 
For the same reasons, B^ is unramified, hence etale over Finally, we apply claim |5.5.10| to 
the henselian pair (_R", J^) to lift P^ and 5^ all the way to A, thereby concluding the proof of 
the theorem. □ 



Lemma 5.5.13. Suppose that m has homological dimension < 1, and let (A, /) be a tight 
henselian pair, A := A/I, Q an almost finitely generated projective A-module, M an A-module 
and : Q — i> M/ IM an A-linear epimorphism. Then there exists an almost finitely generated 
projective A-module Q and a morphism (p : Q M such that 0^ 1-j = (p. 

Proof. We begin with the following special case: 

Claim 5.5.14. The lemma holds if P = 0. Furthermore, in this case is an epimorphism. 

Proof of the claim: First of all, notice that M/ IM is almost finitely generated, hence the same 
holds for M, in view of lemma p . 2 . 25K ii) . If now Q is an almost finitely generated projective A- 
module and : Q ^ M is a morphism that lifts 0, we have Coker(0) ®a Ajl 'r^ Coker = 0, 
whence Coker = by lemm [5.1.6[ . In other words, the second assertion follows from the first. 
Define the A-module N as the fibre product in the cartesian diagram of A-modules: 



M 



Q 



M/IM 



(where vr is the natural projection). Notice that IN = Kera; indeed, clearly a{IN) = 0, and 
on the other hand P{IN) = IM = Kervr ~ Kera. We derive an isomorphism ijj : Q 
N/IN, and clearly it suffices to find a morphism Q ^ N that lifts ^. Under our current 
assumptions, theorem |5.5.6K i) provides an almost finitely generated projective A-module Qi 
such that Qi i^a A ~ Q, which in turns determines an extension of A-modules E_ '■= (0 ^ 
I ®A Q ^ Qi ^ Q ^ 0). Furthermore, induces an epimorphism x '■ I ®a Q IN, 
whence an extension x* K-= (0 ^ IN — > (^2 — ^ Q ^ 0). Another such extension is defined 
by F := (0 IN ^ N Q ^ 0). However, any extension X of Q by IN induces a 
morphism u{X_) : / 0^ Q IN, defined as in ( |3.2.19| ). Directly on the definition one can 
check that u{X_) depends only on the class of X. in Ext\(Q, IN), and moreover, if Y_ is any 
other such extension, then u{X. + 11) = u(X) + ^(H) (where 2£ + Y_ denotes the Baer sum 
of the two extensions). We can therefore compute: u{x * E_ — F) = x ° "^{M) ~^ u{F); but 
the definition of E_ is such that u{E) = 1j^_q and by inspecting the construction of F_ we 
get u{F_) = X- So finally u{x * E_~ E) = 0; this means that % * £^ — F is an extension 
of A-modules, that is, its class is contained in the subgroup Ext4-(Q, /X) C Ext^(Q,/X). 



Notice now that Ext^((5, Ker x) = 0, due to lemma [2.4.14K i),(ii); since x is an epimorphism. 
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it then follows that the induced map Ext^(Q, x) is surjective. Hence there exists an extension 
X := {0 ^ I iS)aQ ^ Q3 ^ Q ^ 0) of Z-modules, such that x*K = X*E-F, i.e. 
F = X*{E-X). Say ^' := E - X = (0 ^ / ®a Q ^ <5 ^ ^ ^ 0); by construction, 
m(E') = m(^), so Q is a flat A-module (see ( P.2.19D ) that lifts Q. FinaUy, Q is almost finitely 
generated projective by lemma |3^2.25| (i),(ii)- The push-out ^ x * delivers the promised 



morphism Q ^ N. 

Next, since the pair (A, 1"+^) is still tight henselian for every n G N, an easy induction shows 
that the lemma holds when / is a nilpotent ideal. For the general case, pick n > and a finitely 
generated subideal mo C m with /" C mo^; by the foregoing we can find an almost finitely 
generated projective A //"+^ -module Qn+i and an epimorphism (j)n+i ■ Qn+i M/I^^^M. 
By theorem |5.5.6| (i), we can lift Qn+i to an almost finitely generated projective A-module Q; 



the obstruction to lifting the induced morphism Q M/I'^^^M to a morphism Q ^ M is 
a class CO E Ext\{Q, I^^^M); by the argument of claim |5.1.19| we see that the image of oj in 



Ext^((5, IM) vanishes, whence the claim. □ 

Corollary 5.5.15. Let Abe a -algebra, I C rad(y4) a tight ideal and set A := A/ 1; let P an 
almost finitely generated A-module, such that P := P A is an almost projective A-module. 
Then the following conditions are equivalent: 

(i) P is an almost projective A-module. 

(ii) P is a fiat A-module. 

(iii) P is an almost finitely presented A-module and Tor^(P, A) = 0. 

(iv) The natural morphism P* — > (P)* is an epimorphism. 

Proof. Clearly (i) implies all the other assertions, so it suffices to show that each of the assertions 
(ii)-(iv) implies (i). Let us first remark that, in view of lemmata [2.3. 13|, [2.4. 13| and theorem 



2.1.12[, we can assume that the homological dimension of m is < 1. Furthermore, let (A^, I^) 



be the henselization of the pair (A, I); according to ( p.l.l3p , the morphism A ^ A^ is faithfully 



flat. In view of remark |3.2.26K ii) and lemma ^4.3 iK i) we deduce that each of the statements (i)- 
(iii) on P and P is equivalent to the corresponding statement (i)'^-(iii)'^ made on the A'^-module 
P 0A A^ and the {A (g)^ y4'^)-module P 0a Moreover, one checks easily that (iv)^(iv)*^. 
Thus, up to replacing (A, I) by {A^, I^) we can assume that (A, I) is a tight henselian pair 
(notice as well that = lA^). By lemma [5.5. 13[ we can find an almost finitely generated 



projective A-module Q and a morphism (p : Q ^ P such that (p ®a 1a/i is an isomorphism. 



By lemma [5TLq we deduce easily that (p is an epimorphism. Suppose now that (ii) holds; then 



to deduce (i) it remains only to prove the following : 
Claim 5.5.16. Ker </> = 0. 



Proof of the claim: In view of proposition [2.4.28[ (v), it suffices to show that <f := <fQ/^(x) = 



for every x G Ker (p^ (see definition [2.4.23[ (iv)). However, since Q is A-flat, we can compute: 

= ToifiA/^, P) ~ Ker(Ker(0) ®a {A/S) Q/SQ) ~ ((Ker 0) n SQ)/{S ■ Ker (p) 

that is, (Ker 0) fl = <S ■ Ker 0. By proposition [2.4.28[ (v) we have x G {^Q)^\ on the other 
hand we also know that Ker0 C IQ, whence x G {SIQ\. We apply once again proposition 
2.4.28[ (v) to derive S = (gl, so finally = in view of lemma gT6i 



Next, assume (iii); we compute: = Tor^(P, A) ~ Ker (Ker (0) ®a A Ker(0 ®a 1^)) = 
Ker(0) i^A A. Since P is almost finitely presented, Ker (p is almost finitely generated by lemma 
[2.3. 17[ , whence Ker0 = by lemma [5.1.6[ so (i) holds. Finally, let (p* : P* ^ Q* be the 



transposed of the morphism 0; by lemmaP?4.31[(i), the natural morphism ip : Q* ^ (Q/IQ)* is 



an epimorphism. The composition ipocp* factors through the transposed morphism (0 (S) a 1 a) * • 
(P)* — > (Q/IQ)*, so it is an epimorphism when (iv) holds; then lemma [5.1.6[ implies easily 
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that (j)* is an epimorphism; since it is obviously a monomorphism, we deduce that P* ^ Q*. 
so (0*)* : Q — (Q*)* (p*)* is an isomorphism; since the latter factors through the natural 
morphism P (P*)*, we see that is a monomorphism and (i) follows. □ 

5.6. Smooth locus of an affine almost scheme. Thoughout this section we fix a y°-algebra 
A and set 5 := Spec A. Let X be an affine S-scheme. We often identify X with the functor it 
represents: 

X : A-AIg ^ Set T ^ X(T°) := HomA.Aig°(T°, X). 

The usual argument from faithfully flat descent shows that X is a sheaf for the fpqc topology 
of A-Alg". In this section we aim to study, for every such X, the smooth locus of X over S, 
which will be a certain natural subsheaf of X. The starting point is the following: 



Definition 5.6.1. Let S and X be as in (|5.6D. Given an affine S-scheme T and a G X{T), we 
say that a lies in the smooth locus of X over S if the following two conditions hold: 

(a) Hi{La*l.\is) = and 

(b) HQ{La*U^^ig) is an almost finitely generated projective i^j-module. 

We denote by Xsm{T) C X{T) the subset of all the T-sections of X that lie in the smooth locus 
of X over 5*. 



5.6.2. Using remark |3.2.26K iii) one sees that X^m is a subsheaf of X. Just as for usual schemes, 
in order to get a handle on the smooth locus Xsm, one often needs to assume that the almost 
scheme X satisfies some finiteness conditions. For our purposes, the following will do: 

Definition 5.6.3. We say that the affine almost ^-scheme X is almost finitely presented if there 
exists an almost finitely generated projective ^-module, and an almost finitely generated ideal 
J oiSp:= Sym^g(P), such that X ^ Spec Sp/J. 

Lemma 5.6.4. Let X = Spec Sp/J, where Sp := Sym^^(F) /or some flat i^s->nodule F, and 
J is any ideal. Then there is a natural isomorphism in D(^x-Mod).' 

r[_iL^/s ^ (0 ^ J/J^ ^ P^O). 

Proof. Let us remark the following: 

Claim 5.6.5. With the notation of the lemma, there is a natural isomorphism ^spec Sp/s — 
Sp F[0] in D(5F-Mod). 

Proof of the claim: By a theorem of Lazard (pT], Ch.I, Th.1.2]), every flat ^5^.-module is the 
filtered colimit of a family of free modules of finite rank; in particular this holds for Fr, since 
both functors Sym* and L commute with filtered colimits (proposition [2.5.33D , we can then 



reduce to the case where Sp ~ ^s[Ti, for some n G N. In this case, we have natural 

isomorphisms ^spec Sp/s — ^^s. [Ti Tn]/ffs, ^^S,^^ proposition |8.1.7K ii). The claim follows. 



Using claim |5.6.5| , the assertion can be shown as in the proof of Ch.III, Cor. 1 .2.9. 1 ] . □ 



5.6.6. Let X be an almost finitely presented S'-scheme and t G m any element. Then 1^5 [t^^] 
is a (usual) V[t~^]-a\gehm, and we let St := Spec ^s[t^^], := X Xg St. Both St and Xt are 
represented by (usual) affine schemes over Spec V"[t^^], and obviously Xt is finitely presented 
over St. Using lemma |5A4l it is also easy to see that the subfunctor t := -'^sm H Xt of the 
functor X is represented by the smooth locus of Xt over St, which is an open subscheme of the 
latter scheme. 
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5.6.7. In the situation of ( |5.6.6[ ), suppose moreover that / C ^5 is a given ideal, and that t 
is regular in ^5. Let R := ^s*', then t is a non-zero-divisor in R, and we have a well defined 
(t, /^.)-adic topology on Xt{R[t~^]) = Xt(St). Furthermore, it is clear that the restriction map: 

(5.6.8) X{S)^Xt{St) a^a^r'] 



is injective. Consequently we can endow X{S) with the {t,I)-adic topology, defined as the 
topology induced by the (t, /*)-adic topology of Xt{St). 



Lemma 5.6.9. In the situation of ( |5.6.7p , the map ( |5.6.8| ) z^' an open imbedding for the respec- 
tive (t, I)-adic and (t, I^)-adic topologies. 

Proof Let us write X = Spec Sp/ J, where Sp is the symmetric algebra of an almost finitely 
generated projective ^5-module P, and set ^ := Spec Sp. Then X is a closed subscheme of 
^ and Xt is a closed subscheme of which is a vector bundle of finite rank over St. The 
(t,/*)-adic topology of Xt{St) is induced by the (t, /*)-adic topology of B^t{St), and conse- 
quently the (t, J)-adic topology of X{S) is induced by the (t, /)-adic topology of ^{S). Since 
the commutative diagram of sets 



X{S) 



Xt{St) 



(5.6.10) 



l^{S) i^t{St 



is cartesian, we reduce to showing that the restriction map S^{S) ^t{St) is open. To this 
aim, we set P[t^^]* := Hom^g(P, and we consider the diagram 



Hom^'g (P, 



whose horizontal arrows are given by the rule: (p t-^ Sym^^0. Since P[t^^]* is a finitely 
generated ^^[t^^J-module, it is endowed with a well defined (t, J*)-preadic topology. We define 
a linear (t,I)-adic topology on Hom^g(P, 1^5), by declaring that the system of submodules 
(Hom^g(P, t"/) I 72 G N) forms a cofinal family of open neighborhoods of zero. 



Claim 5.6.11. With these (t, /)-adic and {t, /*)-adic topologies, ( |5.6.10| ) is a diagram of con- 
tinuous maps, and the horizontal arrows are homeomorphisms. 

Proof of the claim: In case P[t^^] ^ P[t"^]" for some n G N, we have ^t{St) — R[t^^Y\ and 
then the bottom arrow of ( |5.6.10D is a homeomorphism, essentially by definition. The general 
case can be reduced to the case of a free module, by writing P[t"^]" = P[t^^] © Q for some 
projective P[t^^]-module Q, and remarking that the (t, /^)-adic topologies are compatible with 
cartesian products. To prove that the top arrow is a homeomorphism, it suffices therefore to 
show that the (t, /)-adic topology of Hom^'g(P, 1^5) is induced by the (t, /^,)-adic topology of 
P[t^^]*. To this aim, pick a finitely generated P-module Pq C P* with tP^, C Pq. Clearly 
HomK(Po, ^s{t^^]) = P[t^^]*, and again by reducing to the case where P[t^^] is free, one 
verifies that the (t, P)-adic topology on P[t^^]* admits the system (Hom/j(Po, t"/*) | n G N) 
as a cofinal family of open neighborhoods of zero. For every n G N set Un '■= {<p ■ P ^ 
Gs I 0(i^o) C rp}; we have 

(5.6.12) Hom^3(P, TJ) C t/^ C Hom^^(P, T'^J) for every n G N 



which implies the claim. 
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In view of claim |5.6.1 1|, we are reduced to showing that the map Hom^g(P, 0s) 



-n* 



is open. But this is again a direct consequence of ( |5.6.12| ). □ 



Proposition 5.6.13. Let X, T be affine S-schemes and o G X{T) a T-section, I C rad(^r) 
an ideal, and set To := Spec ^t/I; suppose that the restriction ctq G X{To) of a lies in the 
smooth locus of X. Suppose moreover that either: 

(a) / is nilpotent, or 

(b) / is tight and X is almost finitely presented over S. 
Then a G Xsm(T). 

Proof. Suppose that (a) holds; for any quasi-coherent ^r-module let us denote by Fil'^ 

the J-adic filtration on ^. We can write T[_iLa*'L''^^g ~ (0 ^ ^ P ^ 0) for two ^t- 
modules and P, and we can assume that P is almost projective over so that the natural 
morphism 

n-ii^To &ffT Lcx*h'^x/s) ^ (0 ^ N/IN ^ P/IP ^ 0) 
is an isomorphism in D(^T(,-Mod). Hence, the assumption on a means that gr^^ is amonomor- 
phism with almost finitely generated projective cokernel over i^r,, . We consider, for every inte- 
ger i G N the commutative diagram: 

gT\N ^ gr}P 

"ft 

gr'jN (g)^^ gr}^T ^ gr?P gr}^T 

Since P is almost projective (especially, flat) Pi is an isomorphism. Moreover, since gr^^ 
is a monomorphism with almost projective cokernel, the long exact Tor sequence shows that 
gr50 lgr}<?T ^ monomorphism. It follows that at is a monomorphism for every i e N, 
and since it is obviously an epimorphism, we deduce that ai is an isomorphism and gr*0 is 
a monomorphism, therefore the same holds for 0. Let C := Coker(A^ P); we deduce 



easily that Toi^'^ {^To, C) = 0, and then it follows from the local flatness criterion (see [ |54| , 
Ch.8,Th.22.3]) that C is a flat i^r-module. Finally lemma |3.2.25K i),(ii) says that C is almost 
finitely generated projective, whence the claim, in case (a). 

Next, suppose that assumption (b) holds; by lemma |5T^^ there is an isomorphism : 

T^-iVk/s ^ (0 ^ iv ^ g ^ 0) 

where is almost finitely generated and Q is almost finitely generated projective over ffx- 

Since Q is almost projective, we have T[^i{&To ®ffT Lct*U'x/s) - (0 ^ A^//A^ ^ Q/IQ 0), 
and by assumption Ker^o = and Coker^o is an almost finitely generated projective ^Tq- 
module. Using the long exact Ext sequence we deduce that N/IN is almost projective. Thus, 
the bottom arrow of the natural commutative diagram 

Q* -iV* 

(Q/IQ)* — {N/my 

is an epimorphism. Invoking twice corollary |5.5.15| we find first that a is an epimorphism 
(whence so is and then that N is almost projective. It then follows that (p* 1^^ is an 



epimorphism as well, hence the same holds for 0*, by applying Nakayama's lemma |5.1.6| to 
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Coker 0*. The long exact Ext sequence then shows that Ker (f)* is almost projective, and the lat- 
ter is almost finitely generated as well, since Q is. Dualizing, we see that is a monomorphism 
and Coker (f) ~ (Ker 0*)* is almost finitely generated projective, which is the claim. □ 

Lemma 5.6.14. Let X be an affine S -scheme, and suppose we are given a cartesian diagram 
of s-'^ig^bras as ( |3.4.?j| ). There follows a cartesian diagram of sets: 

Xsm(Spec Aq) ^ Xsm(Spec A2) 



Xsm(Specyli) ^Xsm(Spec A3). 

Proof. We have to check that every section a E X(SpecAo) whose restrictions to SpecAi 
and Spec A2 lie in the smooth locus of X over S, lies itself in the smooth locus. Hence, let 

T[_iLa*'Lx/s — {0 ^ N P ^ 0), for some Ag-modules and P, chosen so that P is 

almost projective. Hence Ai T[-i-^cr*Lx/5 — (0 ^ A'^j ^ ^ 0) (where := A^ ^ 
and likewise for Pj, i = 1,2). By assumption, Ker0j = and Coker 0j is almost finitely 
generated projective over Ai (i = 1, 2). It follows that Ni is almost projective for i = 1,2. 



Using proposition p.4.21| we deduce that Coker is almost finitely generated projective over 
Aq and N is almost projective. In particular, is flat and consequently A^ C A^i © A'2, so 
Ker = 0, and the assertion follows. □ 

Lemma 5.6.15. Let X and Y be two affine S-schemes, and suppose that Torf^(^x5 ^y) = 

for every z > 0. Then we have a natural isomorphism of sheaves: 

{X XgY)^^ ~ Xsrn X Y^^. 

Proof. Let ttx : X X5 F ^ X be the natural projection, and define likewise vry. By theorem 
[2.5.35| , our assumptions imply that the natural morphism n*xh\/s ® ^y^y/s ~^ "^"xxsY/s ^ 
quasi-isomorphism. Let now T be an affine ^-scheme and (a, r) G X X5 Y{T) = X(T) x 
Y(T); we derive a natural isomorphism: 

L{a, ryhxxsY/s - La*hx/s © LT*hY/s 
from which the claim follows straightforwardly. □ 

Theorem 5.6.16. Assume that hom.dimyfn < 1. Let X be an almost finitely presented affine 
S -scheme, Id ^5 an ideal such that the pair [i^sil) henselian, mo C m a finitely generated 
subideal, and set Sn '■= Spec ^p's/xtIqI for every n eN. Then we have: 

(i) lm{XUSi) ^ X,^{So)) = lm{X,^{S) ^ X,^,{So)). 

(ii) Set X^ (S) := limXsm(S'„), and endow X^ (S) with the corresponding pro-discrete 

nGN 

topology. Then the natural map Xsm{S) X^^{S) has dense image. 
Proof. We begin with an easy reduction: 

Claim 5.6.17. In order to prove (i), we can assume that J is a tight ideal. 

Proof of the claim: Indeed, let mo C rabe any subideal, and choose mi C m such that mo C m^. 
Set /' := miJ, S'q := Spec ^s//', S[ := Spec ^s/^il'- Notice that /' is tight, and suppose 
that the assertion is known for this ideal. By a simple chase on the commutative diagram: 



-^sm('S') ^ Xsjn(5'o) Xsin(S' 



Xsm(»S') *- Xsin(»S'o) 



^sm(5'[) 
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the assertion can then be deduced for / as well. 

Let (To e Xsm(>S'o) that admits an extension a G Xsm{Si), pick finitely many generators 
ei, Ek for mo, and define a map : I®^ mo/ by the rule: (ai, ak) ^ Yli ' 

Claim 5.6.18. Suppose that P = (so that / is an ^^y-module); then Ext^>^^ (Lo-qL^^^, 0) is 
onto and Ext^^^ (L(t*L^/^, I)" = 0. 

Proof of the claim: For the first assertion we use the spectral sequence 

and a similar one for mo/. Since ao lies in the smooth locus of X, the /?2^ terms vanish, hence 
we are reduced to verifying that the map Ext^^ {Ho{LaQh'^^g), 0) is surjective. However, the 

cokernel of this map is a submodule of Ext^^^ (//o(LcroL^y5,), Ker 0); again the assumption 
that (To lies in the smooth locus of X, and hom.dimyfn < 1, imply that the latter Ext group 



vanishes by lemma [2.4.14K ii). The same spectral sequence argument also proves the second 
assertion. 

Claim 5.6.19. Assertion (i) holds if P = 0. 

Proof of the claim: We need to show that there exists a morphism a : S ^ X extending (To; 
then (T G XsmiS) in view of proposition |5. 6. 13| . In other words, we have to find a'^ that fits into 
a morphism of extensions of ^5-algebras: 




By proposition |3. 2. 16| , the obstruction to the existence of a" is a class 

u G Ext^^(L^/5,/) Ext^-^^^^(L(T*L:^/s,/). 

Likewise, the obstruction to extending 5 is a class uj G ExtJ^^^ (/.(TgL^y^, mo/), and uj is the 
image of uj under the map ExtJ^^^(L(rQL^^^, j) (where we have denoted by j : mo/ — > / the 
inclusion). From claim |5.6.18| one deduces easily first: that Ext^g^(L(ToL^/g, j o 0) vanishes, 
and therefore, second: that Ext^^^ (LctqL^^^, j) must already vanish. Thus cu 
assertion holds. 



0, and the 



Claim 5.6.20. Choose a finitely generated subideal mi C m such that mo C m^ The section (To 
can be lifted to an element of limXsm(Spec ^5 /mi/"). 

Proof of the claim: For every n > 0, let r„ := Spec ^5/m^/" and j„ : Spec ^5/mi/" 

the natural morphism; we construct by induction on n G N a sequence of section a„ G X(T„), 

such that the family (cTj o jj I i > 0) defines an element of lim XsmfSpec &sl mi/") . To this aim, 

jieN 

we take ai equal to the restriction of cr; suppose then that n> \ and that (t„_i is already given. 
Notice that the image J C of nxi/""^ satisfies = 0. By the claim |5.6.19| , it follows that 
Gn-i o jn-i extends to a section in (/"«), and this we call (t„. 



Let us now show how to deduce assertion (i) from (ii). By claim p.6.17| we can suppose that 
/"^ C mo 1^5 for some m > and a finitely generated subideal mo C m; let mi C m be as in 
claim |5. 6.201 ; clearly for every n G N there exists n > such that mi/™ C vtIq/, hence claim 



5.6.201 shows that can be lifted to an element of X^^J^S) and then (ii) yields (i) trivially. 
Hence, it remains only to show (ii). 
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Claim 5.6.21. In order to prove (ii) we can assume that nxo is a principal ideal. 

Proof of the claim: We argue by induction on the number of generators of nxo . Thus, let £1 , . . . , 
be a finite system of generators for mo, and suppose that the assertion is known for all ideals 
generated by less than k elements. Let nxo"^ be the ideal generated by e^, e^, and set S(^n) '■ = 

Spec (^s/rrio"''/; for every n G N there exists N e 'N such that C mg"'' C xn^, whence an 
isomorphism of pro-discrete spaces: X^^{S) ~ limXsm(5'(„)). Thus, we can suppose that we 

are given a compatible system of sections (T„ G Xsm{S(n)), and wish to show that, for every 
n E N, there exists a G Xsm('S') whose restriction to S'(„) agrees with ct„. Fix > 0, set 
T := Spec ^s/^il and let mi C m be the ideal generated by £2, ■■■,£k- Let also T(„) : = 
T Xs S(n) for every n E N, and denote by cr„|r G Xsm{T(n)) the restriction of cr„. Clearly 

T(„) ~ Spec ^tM"Vt for every n > N, and the pair {^t, I^t) is henselian (cp. remark 
5.1 9K v)). Hence, by inductive assumption, for every n > N v^e can find cr^ G X{T) whose 



restriction to T(„) agrees with an\T- We can then apply claim p.6.20| , in order to find a compatible 
system of sections (cr^ G X(Spec ^^/e^^J) | n > N), whose restriction to Spec ^s/^i ^^I 
agrees with the restriction of ax- Finally, if we assume that (ii) is known whenever mo is 
principal, we can find a section a E X^miS) whose restriction to Spec ffs/^i~^^s agrees with 
cr^, whence the claim. 

For a given e E m, set K{e) := |J„gN^^^<?s(^")- 
C/a/m 5.6.22. K{e)^ = |J„eN^^^^s.(^")- 

Proof of the claim: Clearly we have only to show the inclusion K{e)^. C UneN (^")- ^y 

applying the left exact functor M to the left exact sequence Ann^g(£:") ffg ^ 

&s we deduce that kmiff^{e"-)^ = Ann^y^^ (e"). However, e ■ K{e)^ C IJneN ^^^^^■^(e")*, so 
the claim follows easily. 

Claim 5.6.23. (K^e) n e"/)* C m\{^s*) for every n > 0. 

Proof of the claim: We have (K^e) fl = K{e)^ fl (e"/)*. Let x E (e"/)*; according to 

lemma |5".1.14| , we have G s^i^s* for every sufficiently large k E N. On the other hand, it 



is easy to check that Ann^g^(£™) fl e'^^s* C nil(^5^,) for every n,m > 0. In view of claim 
5.6.221, the assertion follows. 



Claim 5.6.24. If n > 0, every almost finitely generated subideal of K{e) fl e"/ is nilpotent. 

Proof of the claim: Let ^ be such an ideal; we can find a finitely generated ideal J^o C {K{e) fl 
e"/)* such that C J^o C J^*. Since ^ C lemma [5TT41 says that there exists A^ G N 



such that C e'^iffs*, hence (J^*)^+^ C Jq. From claim |5.6.23l we deduce that J^q is a 

nilpotent ideal, so the same holds for ^ . 

Claim 5.6.25. In order to prove (ii) we can assume that mo = eV , where 5 G m is an (^5-regular 
element. 

Proof of the claim: Let us write X = Spec Sp/ J, where Sp := Sym'-^P for some almost 
finitely projective ^5-module P, and J C Sp is an almost finitely generated ideal. By claim 
|5.6.21| we can assume that mo = eV for some e E m. Set S := Spec iffs/ K{e) and Sn '■ = 
S Xs Sn for every n eN. Let cr^ G Xg^(S'); by definition is a compatible family of sections 
cr„ : Sn ^ X lying in the smooth locus of X over S. In turns, cr„ can be viewed as the datum 
of an ^s-linear morphism Tn : P ^ ^s/^^'L such that the induced morphism of 1^5-algebras 
Sym^ r : Sym^ P i^^/e"/ satisfies the condition: Sym^ r(J) = 0. For every n G N we 
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have a cartesian diagram of ^s-algebras: 



On 

Notice that e is regular in and suppose that assertion (ii) holds for all almost finitely pre- 
sented 5- schemes, especially iox X := X Xg S. Let a„ : S'„ — X be the restriction of cr„, 
for every n e N. It then follows that, for every n G N, ct„ extends to a section a G Xsm{S). 
The datum of a is equivalent to the datum of an ff-g-Yme-M morphism T : P ^ ff-g such that 
Sym^^r(J) = and such that 7r„ o r = Pn ° Tn. The pair (r„,r) determines a morphism 
ojn '■ P ^ ffs/{K{e) n e"/), and by construction we have: Sym^ga;„(J) = 0, i.e. uJn induces 
a section a' : Spec ffs/{K{e) fl X, and then a' must lie in the smooth locus of X over 

S, in view of lemma |5.6.14 The obstruction to the existence of a lifting a; : P — >^ of cUn, is 
a class an G Ext^g(P, K{e) fl e"/). A simple verification shows that 

(5.6.26) K{e) n e"/ = e • {K{e) n for all n>0. 

From ( |5.6.26D , an argument as in the proof of claim |5.1.19| allows to conclude that the image 



of in Extff^{P,K(e) fl e"^^/) vanishes; however, this image is none other than «„_i, so 
actually a„ = 0, and the sought lifting can be found for every n > 0. By construction we 
have J := Sym^^u;(J) C K(e) fl e""!. Now, cu induces a section a" : Specks/ J X, 
which by construction extends a'; moreover, the pair (i?'s/J,I/J) is henselian (cp. remark 
5.1.9K v)), hence e'^I/J is a tight radical ideal. Thus, using proposition |5.6.13K ii) we derive 
that a" lies as well in the smooth locus of X over S. Since J is almost finitely generated, J 
is nilpotent in view of claim |5.6.24| . Moreover, by ( |5.6.26D we can write J = e ^ for some 
ideal ^ C K{€) fl e""^/; ^ is nilpotent if n > 2, since in that case C J. Hence we 
can apply claim |5.6.20| , to deduce that the restriction of a" to Spec ^5/ ^ extends to a section 
a G XsmiS); by construction a extends a„_i. Since n can be taken to be arbitrarily large, the 
claim follows. 



So finally we suppose that mo = tV, with t an ( 
:= Spec ^5 . We have a natural bijection 
(5.6.27) := 



-regular element. Set 



\imX(S„ 

neN 



lim I 



and 



Let C 



lim ( 

neN 



be the topological closure of since t"/^ is the topological closure 



of t"/*, one verifies easily that ( |5.6.27[ ) identifies the pro-discrete topology of X^{S) with the 
{t, /^^)-adic topology of X{S^) (see ( ^^UJ\ ) and the proof of lemma 



Claim 5.6.28. The homeomorphism ( |5.6.27| ) induces a bijection: XsmiS^) ^ X^^(S). 



Proof of the claim: Let (cr„ 



n 



G N) be an element of X,^{S^), and G X{S^) the 



corresponding section. We have to show that lies in the smooth locus of X. Thus, let 



rA ._ 



Ker((^5 — > ^5//); we have a natural isomorphism: ffg/tP 



i/tl, and by assump- 



tion, the restriction of o"^ to Spec Ggjtl'^ lies in the smooth locus of X. The assertion then 
follows from proposition p.6.13| . 

Under the standing assumptions, we have a cartesian diagram of almost algebras: 



n 
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whence a cartesian diagram of sets: 

X{S) >-Xt{St 



/3 



Now, let {(Jn \ n e N) e X^^{S); by claim |5.6.28| , the corresponding section : ^ X 



lies in the smooth locus of X. Let cx^ G Xsta,t{S{^) be the restriction of a^. By corollary 
5.1.16K ii), the pair {i^s*, th) is henselian; then by ( |5.6.6[ ) and proposition |5.4.21| , the restriction 



ctsm : Xsni,t{St) ^ Xsm,t(5'f) has dcnsc image for the (t,/:^)-adic topology. Hence, we can 
approximate erf arbitrarily (t, If )-adically close by a section of the form := a(Tt), where 
Tt £ -^sm,t('S't). Furthermore, P is an open imbedding, by lemma |5".6.9| . Hence, if is close 



enough to cr^, we can find G X{S^) such that /3(r'^) = t^. In view of proposition |5.6.13 
we can also achieve that lies in the smooth locus of X. The pair (r^, r^) determines a unique 
section r G X(S'), and by construction r can be obtained as (t, /)-adically close to (cr„ | n G N) 
as desired. Especially, we can achieve that r lies in the smooth locus of X, which concludes the 
proof of the theorem. □ 

5.7. Quasi-projective almost schemes. Let _R be a V^-algebra; we denote by (i?-Alg)fpqj, the 
large fpqc site of qffine i?-schemes, and similarly for the site (i?'^-AIg)fpq^. The localization 
functor i?-AIg — i?"-AIg defines a morphism of sites: 

If ^ is any sheaf on (R-Alg)"^^^, then := \*^ can be described as the sheaf associ- 
ated to the presheaf B ^{B^). Especially, we can regard any _R-scheme X as a sheaf on 
(_R-Alg)£pq^, and hence we obtain the almost scheme X^ associated to X. If X is affine, this 



notation agrees with that of ( |3.3.3D . For a general X, pick a Zariski hypercovering Z, X, 



where each Zi is a disjoint union of affine i?-schemes; then X ~ coUm Z, as fpqc-sheaves, and 
thus X"- ~ coUm Z^ in the topos of sheaves on (_R'^-Alg)£pq^. Furthermore, we have 

j*Spec B = Spec Bu R for every i?"-algebra B. 

If G is an i?-group scheme, then is clearly an i?"-group scheme, and if F ^ X is any 
G-torsor over an i?-scheme X (for the fpqc topology of X), then Y"- — > X" is a G"-torsor. 

5.7.1. Let now A be an i?°-algebra, J C a finitely generated ideal. We define the quasi- 
ajfine R^-scheme Spec A \ V{J) as the almost scheme j*(Specyl^, \ V{J)). Let /i, be a 
finite set of generators of J; by this can be realized as the subsheaf IJi=i Spec A [J.^^] C 
Spec A, where the union takes place in the category of sheaves on (i?'^- AIg)5?pq^. 

Lemma 5.7.2. Let B be a V^-algebra and gi, ...^gk £ -B*. Then Yl\=i — ^ if and only if 
the natural morphism B Y['i=i -^[S'i"^] is faithfully flat. 

Proof. Supppose that Yli=i 9iB = B; we have to show that HiLi 7^ for every non- 

zero quotient C of B. Replacing B by C, we are reduced to showing that, if B[g^^] = for 
every i < k, then B = 0. However, the condition B[g^^] = implies that for every e E m 
there exists Ui E N such that e ■ g^' = 0; set n := max(?T,j \ i < k). We have J2i=i 9?-^ — 
hence e ■ B = 0. Since e is arbitrary, the claim follows. Conversely, let B' := HiLi ^[9^'^] ^^'^ 
I := J2i=i 9i^'^ clearly IB' = B', therefore I = B provided B' is faithfully flat over B. □ 
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Lemma 5.7.3. With the notation of ( |5.7.1| ), the almost scheme Spec A\V{J) is the subfunctor 
o/SpecA whose T-section are the morphisms a : T ^ Spec A such that a^{J)i^T = ^t, far 
every affine R"^ -scheme T. 

Proof. Let a be a T-section of Spec A \ V{J); by definition, this is the same as saying that the 
natural morphism Ilf^^^T Xspcc a Spec v4[/~^] — * T is a fpqc-covering of T. Hence the claim is 



just a restatement of lemma |5.7.2| . □ 



5.7.4. Alternatively, one can regard a quasi-affine i?"-scheme as a difference of two affine 
_R"-schemes. This viewpoint is elaborated in the following: 

Definition 5.7.5. Let : ^ ^ ^ be a morphisms of sheaves on (i?"-AIg)fpq^. 

(i) We say that is a closed imbedding if, for every affine _R"-scheme T and every section 
T — > ^, the induced morphism Tx^^—i>T is a closed imbedding of affine i?"-schemes. 

(ii) The difference ^ \ ^ is the subsheaf of ^ whose T-sections are all the T-sections T — > ^ 
of ^ such that T ^ = 0, for every affine i?'^- scheme T. Here denotes the initial 
object of the topos of sheaves on (i?'^-Alg)fpq^. 



Using lemma pJ3| one checks easily that the sheaf-theoretic difference Spec A \ Spec A/ J 



is the same as the almost scheme considered in ( |5.7.1D . 
Lemma 5.7.6. Let (p : ^ W be a morphism of sheaves on (i?-AIg)fpq^. Then: 

j*(^\^) cr^\r^. 

Proof. ^ \ ^ is also the largest subobject of of ^ that has empty intersection with Im(<^); in 
particular this is defined for every topos. Then the statement holds for any morphism of topoi 
(in this case j), and it follows easily from the facts that the pull-back functor (here j*) is left 
exact and sends empty objects to empty objects. □ 

Example 5.7.7. Let E be an i?'^-module. 
(i) We define the presheaf Pija (E) on (i?"- AIg)fpqj, as follows. For every affine i?"-scheme T, 
the T-sections of P(-E') are the strictly invertible quotients of E®Ra ffq-, i.e. the equivalence 
classes of epimorphisms E ffj, L where T is a strictly invertible ^^-module (see 
definition (|4.4.32|)). 



(ii) More generally, for every integer r G N we can define the presheaf Grass^a(-E'); its T- 
sections are the rank r almost -projective quotients E ®fia ffj, p. 
By faithfully flat descent it is easy to verify that both these presheaves are in fact fpqc- sheaves. 

5.7.8. Let E be an i?-module, B an i?''-algebra; a section a E Grass^(_E')(Spec i?^.) is a 
quotient map a : E ®/j P, onto a projective i?^.-module P of rank r. To a we associate 

the quotient cr" : E'^ B ^ P^; after passing to the associated sheaves we obtain a morphism: 

(5.7.9) j*Grass^(E) ^ Grass^.(E'^) a^a^. 

Since P ~ P", it is clear that the rule cr ^— > a" defines an injective map of presheaves, hence 
(|5.7.9[) is a monomorphism. 



Lemma 5.7.10. Suppose that E is a finitely generated R-module. Then ( |5.7.9| ) is an isomor- 
phism. 



Proof. We have to show that ( |5.7.9D is an epimorphism of fpqc-sheaves; hence, let T be any 
affine i?"-scheme, a : E'^ ffj- P a. quotient morphism, with P almost projective over 
Ct of rank r. The contention is that there exists a faithfully flat morphism f : U ^ T such 
that /*cr is in the image of Grass^(-E')(f/*) (where t/* := Spec ^u*)- By theorem [4-.4.24| we 
can then reduce to the case when P = ffl^. We deduce an epimorphism o : A^. {E°- ®Ra 
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^t) A^^(^^) ~ i^T- Let ei, Cfc be a finite set of generators of E, and for every subset 
J := {ji, ...,jr} C {1, k} of cardinality r, let ej := ej, A ... A e^,, G A^^^(^" ^r); it 
follows that the set (tj := A^.^(7(ej) | J C {1, k}) generates ^t- Set Uj := Spec ^ritj^] 
for every J C {1, A;} as above; by construction a induces surjective maps E 0ji ^T*[tj^] 
'^tJ^j^]; aftei" tensoring by ^T[tj% we obtain surjections E ^T[tj% ^t[^7^]*- In 
other words, the restriction lies in the image of Grass^(i?)(f/j*) for every such J; on the 
other hand, lemma P^T2| says that the natural morphism Iljf/j ^ T is a fpqc covering, whence 
the claim. □ 



Lemma p.7.1U| says in particular that Grass^a(-E'^) is an almost scheme associated to a 
scheme whenever E is finitely generated. Next we wish to define the projective i?"-scheme 
associated a graded -R°-algebra. 

Definition 5.7.11. Let A := (Bi^N^i be a graded _R"-algebra which is generated by Ai over 
Aq := i?", in the sense that the natural morphism of graded i?"-algebras Sym^^Ai ^ A is an 
epimorphism. We let Proj (A) be the sheaf on (R^'-Alg)"^^^ defined as follows. For every affine 
i?'^-scheme T, the T-points of Proj (A) are the strictly invertible quotients Ai (gj^ja ^ L of 
Ai 0fia i^y, inducing morphisms of graded i?"-algebras A — > Sym^ L. 



Lemma 5.7.12. With the notation of ( |5.7.11| ), the natural map of sheaves Proj {A) — * P/ja {Ai) 
is a closed imbedding. 

Proof. Let T be any affine _R"-scheme and cr : T — > ¥Ra[Ai) a morphism of fpqc-sheaves. 
We have to show that T' := T Xp^„(^j) Proj (A) is a closed subscheme of T. By definition, 
a : Ai 0jia ^ L is a strictly invertible quotient; we deduce via Sym^^cr a natural structure 
of Sym^a A 1 -module on Sym^^L. Let U be an affine i?°'-scheme and U ^ T' a morphism of 
fpqc-sheaves; set J„ := Ker (Sym^a A) for every n G N. By definition: 



Jn ■ Sym^^L C Ker (Sym^^L ^ 
Since L is fiat, this is the same as: 
(5.7.13) Jn ■ Sym" L C Ker (^t ^ ^u] 



Sym^. L). for every n G N 



• Sym^ L. for every n eN 



For every n G N denote by ev„ : SymJ^L SymJ^L* t 
the (^2-module Sym^,^L. Then ( |5.7.13D is equivalent to: 

^ev„(J„ ■ Sym^^L Sym^^L*) C Ker 



'^T the evaluation morphism of 



Conversely, let 
(5.7.14) 



ngN 



Then the restriction of a to Spec ^t/-^ is a section of Proj (A). All in all, this shows that T' 
represents the closed subscheme Spec i^r/J of T, whence the claim. □ 

Lemma 5.7.15. Let S := ®i(z^Si be a graded R-algebra, with Sq = R; suppose that S is 
generated by Si and that Si is a finitely generated R-module. Then the natural map 

j*Proj(5)^Proj(5") 



is an isomorphism. 
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Proof. Let B be an i?''-algebra, and a : S*" ®Ra B ^ L a strictly invertible 5-module quotient. 
By lemma |5.7.10| we know that there is a faithfully flat fi-algebra C such that the induced map 



a' : Si ®ji C^, (L ®B C*)* is a rank one projective quotient. Suppose now that cr is a section 
of Proj(S''') and let J := Ker(Sym^(S'i) 5'); by definition we have J" C Ker Sym^cr, and 
since Sym^^ {L 0b C)* does not contain ra-torsion, it follows that J C Ker Sym^ a'. □ 

5.7.16. Next we consider quasi-projective almost schemes. Hence, let A be as in definition 



5.7.1 l| and ^ := ©jgN^i C A a graded ideal. We setX := Proj(A) \ Proj(A/ 



Lemma 5.7.17. Keep the assumptions of ( |5.7.16| ), and suppose moreover that A = S"" and 
^ = J"" for a graded R-algebra S and a finitely generated graded ideal J C S. Suppose 
moreover that Si is a finitely generated R-module and that Si generates S. Then 

X^j*(Proj(5)\Proj(5/J)). 



Proof Set Y := Proj(5), Fq := Proj(5/J), X' := Y \ Yo; in view of lemmata pT6| and 
p.7.15| , we have only to show that 

j*F\j*Fo C\*X'. 



Hence, let B be an i?'^-algebra and a G j*F(Spec B); by lemma |5^7.15| we can find a faithfully 



flat morphism T Spec B and a projective i^t* -module L^, of rank one such that the restriction 
of cr to T is induced by a surjective map r : Si ^t* — ^ . Suppose now that cr is a section of 
j*F\j*Fo; it follows that tq := r Xy Yq = 0- From lemma ^7. 12| and its proof we deduce easily 



that To is represented the i?'^-scheme Spec ^t/L where / is defined as in ( |5.7.14| ); consequently 
/ = Since Sym^.^L* is generated by (L*)*, which is a finitely generated ^r*-module, and 
since J is finitely generated by assumption, we see that / is generated by the images xi, ...,Xk 
of finitely many elements in J ■ Sym^^^L,, (g)^^, Sym^^^ (L^)*. It then follows from lemma |577^ 

that there exists a covering morphism U ^ T such that Yli=i ^i^u* = ^u*^ which means that 
the restriction of cr to t/ is a section of \*X' . □ 



5.7.18. In the situation of ( |5777T^ , let Y := Spec A \ Spec (A/ where := ©00^4^; 
then Y represents the functor that assigns to every i?"-scheme T the set of all maps of i?"- 
algebras (j) : A ^ ff-r such that 

(5.7.19) ■ = ^T. 

Moreover, we have a map of i?"-schemes tx -.Y ^ X, representing the natural transformation 
of functors that assigns to any T-section : A — > of F the induced map of ^^-modules 
01 : Ai^R^T ffr- Condition ( |5.7. 19| ) ensures that 0i is surjective and 0i ^ Proj(A/ J)(T) 



whenever T is non-empty, hence this rule yields a well defined T-section of X. It is a standard 
fact that TT is a Gm-torsor. The action of Gm(r) on F(T) can be described explicitly as follows. 
To a given pair (0, u) E Y(T) x one assigns the unique i?-algebra map 0„ : A such 
that 0„(x) = u(t){x) for every x E Ai. 

Lemma 5.7.20. Keep the notation of ( [5.7.181 ). The subsheaf 

Fsm := (Spec A),^ \ Spec(A/^A+) C Y 
is a subtorsor of Y for the natural Q^-action on Y. 

Proof. Clearly = (Gm)sm; hence, by lemma|5^6.15|, we have a natural identification: 



(Gm X/ja Y)sia — Gm X Kjm- 

However, the natural transformation of functors Gm X/jaF— i>FxxF defined by the rule: 
(m, 0) ^— s> (0, (j)u) for every local section u of G^ and of F 
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is an isomorphism, therefore {Gm x fja Y)sm — Xx" ^)sm- Let T be an i?''-scheme, </) e 
Y{T) and m G G„(T); it follows that (0, 0„) G (F Xx >")sm(T) if and only if G Y,,^{T). 
Furthermore, it is clear that ((f), 0„) is in the smooth locus of F if and only if 0) is 

(use the X-automorphism of F Xx ^ that swaps the two factors). However, the pair ((^^j, cp) can 
be written in the form {-ip, ip^) for xjj = (p^ and v = u^^, so that is in the smooth locus if and 
only if ip^) is. Ergo, <p is in the smooth locus if and only if (pu is, as required. □ 



Definition 5.7.21. Let X and Y be as in ( |5.7.18| ). We define the smooth locus of X as the 



quotient (in the category of sheaves on (i?"-AIg)°pq^): 

The notation X^m remains somewhat ambiguous, until one shows that the smooth locus of X 
does not depend on the choice of presentation of X as quotient of a quasi-affine almost scheme 
Y . While we do not completely elucidate this issue, we want at least to make the following 
remark: 

Lemma 5.7.22. In the situation of ( |5.7.18| ), suppose that ^ is a strictly invertible R"^ -module, 
and set B := (Bremer '■= ©reN ®_R" so B is a graded R"^ -algebra and 

C B a graded ideal. Then there are natural isomorphisms 

Xc^Xb:= Proj(5) \ Vio]{B/Jb) X,^ ~ X^.^m- 

Proof. We define as follows a natural isomorphism of functors X Xb- To every i?'^-scheme 
T and every T-section Ai (8>i?<> L, we assign the strictly invertible quotient Ai ^ ^^p- 

Gt^ ^ L. Set Yb := Spec B \ Spec {B/ /bB+); it follows that Yb/G™ - Xb- Hence, 
the identity Xsm — Xb^sxh can be checked locally on the fpqc topology. However, ^ is locally 
free of rank one on (i?'*-Alg)fpqj,, and the claim is obvious in case ^ is free. □ 

Theorem 5.7.23. Suppose m has homological dimension < 1, and that (i?", /) is a henselian 
pair. Let P be an almost finitely generated projective R"^ -module and ^ , ^ G Sp := Sym^aP 
two graded ideals, with ^ almost finitely generated. Set X := Proj(S'p/ ^) \ V{J^). Then, 
for every finitely generated subideal mo C m, we have: 

Im(X3„(Speci?7mo/) ^ Xs^(Spec i?"//)) = Im(Xs„,(Spec i?'^) X^^^pec R'' / 1)) . 

Proof. First of all, arguing as in the proof of claim |5.6.17| we reduce to the case where / is a 
tight ideal. Next, set ^ := Qi^n^i, ^ ■= and let_CT : (P/^i) R^/m^I L 

be an i?" /mo /-section of X. By theorem |5.5.6| we can lift L to an almost finitely generated 



projective i?''-module L. We have Aj^aL (g)/ja i?''/mo/ ^ ^r^L = 0, whence Aj^aL = by 



Nakayama's lemma |5.1.6| , so L is strictly invertible. We set 5" := Sym^„(P L*), J'' :-■ 
©reN^r (^R-^ L*®'' , J' := ®rm/r ®R-^ L*®\ B := S'jJ', Y' := SpecP \ Spec {B/J^'B, 



and X' := Proj(P) \ Proj(P/j^'). By lemma |5.7.22| we have an isomorphism /5 : X' ~ X 
preserving the smooth loci; by inspecting the definition we find that lies in the im- 

age of the projection Y^^{S];)ec R"- /mol) Xgj^(Spec i?"/mo/). Hence we can replace P by 
P ®ija L* and assume from start that a lies in the image of the map K,m(Spec P^/mo/) 
-^sm(Spec R"-/moI). Let f G K,m(Spec P'^/mo/) that maps to a. By theorem |5.6.16| (i), the im- 
age To of r in (Spec Sp/ ^)sm lifts to a section r G (Spec Sp/ ^)sm(Spec To conclude, 
it suffices to show the following: 

Claim 5.7.24. Suppose that / is tight. Then r G F(Spec R"-). 

Proof of the claim: Let A := Sp/ ^ , so that r : A ^ R"^ is a morphism of i?"-algebras, and 
set J := t{A+^); by assumption tq G F(Spec R^/I), which means that J ■ {R^/I) = (R'^/I), 
i.e. J + 1 = R". Set M := R^/JR"; it then follows that M = IM, hence M = by lemma 



5.1.6; hence JR'^ = R"^, which is the claim. □ 
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5.8. Lifting and descent of torsors. We begin this section with some generalities about group 
schemes and their linear representations, that are preliminary to our later results about liftings 
of torsors in an almost setting (theorems |5.8.1^ and |5.8.2T| ). 

Furthermore, we apply the results of section to derive a descent theorem for G-torsors, 
where G is a group scheme satisfying some fairly general conditions. 

5.8.1. Let i? be a ring, G an affine group scheme defined over R. We set fflyG) := T(G, ^g); 
so ff{G) is an i?- algebra and the multiplication map of G determines a structure of co-algebra 
on &{G). In ( I3.3.7D we have defined the notion of a (left or right) G-action on a quasi-coherent 



-module M, where X is a scheme acted on by G. We specialize now to the case where 
X = Spec R, and G acts trivially on X. In such situation, a G-action on M is the same as a 
map of fpqc-sheaves, from the sheaf represented by G to the sheaf of automorphisms of M; i.e. 
the datum, for every i?-scheme T, of a functorial group homomorphism: 

(5.8.2) G(T) ^ Aut^^(M ®^ ^t). 

Explicitly, given a map as in ( |5.8.2| ), take T := G; then the identity map G ^ G determines 
an (^(G)-linear automorphism P of M 0r &{G), and one verifies easily that (3 fulfills the 
conditions of ( |3.3.7| ). Conversely, an automorphism [3 as in ( |3.3.7| ) extends uniquely to a well 



defined map of sheaves ( |5.8.2D . Furthermore, the G-action on M can be prescribed by choosing, 
instead of a /5 as above, an i?- linear map: 



7 : M M 



satisfying certain identities analogous to ( |3.3.9| ) and ( p.3.10| ); of course one can then recover the 



corresponding 13 by extension of scalars. One says that the pair (Af, 7) is an i^{G)-comodule; 
more precisely, one defines right and left ^(G)-comodules, and the bijection just sketched sets 
up an equivalence from the category of i?-modules with left G-actions to the category of right 
(^(G)-comodules. One says that an ^(G)-comodule is finitely generated (resp. projective) if 
its underlying i?-module has the same property. 

Lemma 5.8.3. Suppose that R is a Dedekind domain and that ^(G) is fiat over R. Then: 

(i) Every ^{G)-comodule is the filtered union of its finitely generated ^{G)-comodules. 

(ii) Every finitely generated i^{G)-comodule is quotient of a projective i^{G)-comodule. 



Proof (i) is Q §1.5, Cor.] and (ii) is [jg, §2.2, Prop.3]. □ 



5.8.4. Let i? be a ring, G be a flat group scheme of finite presentation over R, and suppose that 
G admits a closed imbedding as a subgroup scheme G C GL„. We suppose moreover that the 
quotient Xq '■= GL„/ G (for the right action of G on GL„) is representable by a quasi-projective 
i?-scheme, and that Xq admits an ample GL„-equivariant line bundle. Then Xq is necessarily 
of finite presentation by p^ , lemme 17.7.5]. Furthermore, Xq is smooth; indeed Xq is flat over 
Spec R, hence smoothness can be checked on the geometric fibres over the points of Spec R, 
which reduces to the case where R is an algebraically closed field. In such case, smoothness 
over R is the same as regularity and the latter follows since GL„ is regular and the quotient map 
GL„ Xc is faithfully flat. The following lemma |5.8.5| provides plenty of examples of the 
situation envisaged in this paragraph. 

Lemma 5.8.5. Suppose that R is a Dedekind domain and G is a fiat affine group scheme of 
finite type over R. Then G fulfills the conditions of (|5.8.4[). 



Proof. The proof is obtained by assembling several references to the existing literature. To start 
with, let P be a finitely generated subrepresentation of the left (or right) regular representation 
of G on ff{G) which generates ff{G) as an i?-algebra. By [ ]T9| , 1.4.5] P is a finitely generated 
projective P-module and the action of G on P is faithful, in the sense that it gives a closed 



ALMOST RING THEORY 



147 



immersion: G —>■ Autij(P). Taking the direct sum with a trivial representation one gets a 
closed immersion of i?-group schemes: G GL„jj. By a theorem of M.Artin (see [|l], 3.1.1]) 
the quotient fppf sheaf GLn/G is represented by an algebraic space of finite presentation over 
Spec R. Then by \^ Th.4.C] this algebraic space is a scheme. Let K be the fraction field of 
R; by classical results of Chevalley and Chow, GLnj^/Gx is quasi-projective over K and by 
VIII.2] it follows that GL„/G is quasi-projective over Spec R. The ample line bundle ^ 



on GLn/G that one gets always has a GL„-linearization. This follows from the proof of [ |66 
lemma 1.2]. For our purpose it suffices to know that the weaker assertion that some tensor 
multiple of ^ is GL„-linearizable. We may assume that ^ is trivial on the identity section 

S := Speci? GLn,R/G. 

Claim 5.8.6. Ker(Pic GL„,h ^ Pic5) = (where e : S ^ GL^. R is the identity section). 

Proof of the claim: GLn,K is open in an affine space, hence it has trivial Picard group, hence 
every divisor on GL„ is linearly equivalent to a divisor whose irreducible components do not 
dominate S, i.e. a pull-back of a divisor on S, which gives the claim. 



The assertion now follows from [59, VII, Prop. 1.5]. □ 



Lemma 5.8.7. Under the assumptions of ( |5.8.4| ), there is a GLn-equivariant isomorphism of 
R-schemes: 

(5.8.8) Xg ^ Proj((Sym^^)/^) \ V{/) 

where is a projective GLn-comodule, and J^, ^ C Sym^^ are two finitely generated 
graded ideals, that are sub-i^{G)-comodules o/Sym^^. 

Proof. Let =Sf be an ample GL„-equivariant line bundle on Xq- Since Xq is quasi-compact, 
we can find n G N large enough, so that is very ample. We can then replace =Sf by 
and therefore assume that Xq admits a locally closed imbedding in Fji(T(Xg, Again by 
compactness argument, we can find a finitely generated i?-submodule W C T{Xg,^) such 
that Xg already imbeds into Fji{W). Let /i, be a finite set of generators of the i?-module 
W. By lemma |5?F3| (i) we can find a finitely generated Z-module Wq C W which is a ^(GL„)- 



comodule containing the (/j | i < k). Up to replacing W by the i?-module generated by Wq, 
we can further assume that W is an ^(GL„)-comodule. 

Claim 5.8.9. W is the quotient of a projective ^(G)-comodule of finite type L. 

Proof of the claim: By the foregoing we can assume that W is generated by a finitely generated 
Z-submodule C W which is an i^(G)-comodule. By lemma p?83| (ii) we can write Wq as a 



quotient of a projective ^(G')-comodule Lq; hence is a quotient of L := Lq ®z R- 

It follows that Xg is a locally closed subscheme of FiyL). Let Y be the schematic closure 
of the image of Xg\ we can write Y ~ Proj((Sym^L)//), for some graded ideal /, and / is 
necessarily an i^(G')-comodule. Furthermore, we have Y \ Xg = y{J), where J C Sym^L is 
another graded ideal, also an i^(G')-comodule. Arguing as in the foregoing we can write J = 
Ua '^a, where Ja runs over the filtered family of the finitely generated ^(G')-sub-comodules of 
J. By quasi-compactness one shows easily that Y \ Xg = V{Ja) for J„ large enough; we set 
^ := Ja- Likewise, we can find a finitely generated i^(G')-subcomodule y C I such that 

(P(L) \ v{^)) n vii) = (P(L) \ VU)) n viy). □ 

5.8.10. Under the assumptions of ( |5.8.4D , let T be a GL„-torsor. Then G acts on T via the 
imbedding G C GL„, and the functor T/G is representable by a smooth i?-scheme. 

Lemma 5.8.11. The functor T/G : i?-Scheme Set is naturally isomorphic to the functor 
that assigns to every R-scheme S the set of all pairs {H, u), where H is a G-torsor on Sfpqc 
andu) : H GL„ T is an isomorphism ofGLn-torsors. 
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Proof. Indeed, let cr : 5* ^ T/G be any morphism of _R-schemes; set Ha^ := S x^/gT, which 
is a G-torsor on Sfp^c- The natural morphism i/^ T induces a well defined isomorphism 
of GL„-torsors cOo- ■ H„ GL„ ^ T. Conversely, given {H,u) over S, we deduce a G- 
equivariant morphism H ^ T; after taking quotients by the left action of G, we deduce a 
morphism S ~ H/G T/G. It is easy to verify that these two rules define mutually inverse 
natural transformations of functors, whence the claim. □ 

5.8.12. The right GL„-torsor T is endowed by a natural left action by the group AutGL„ (T). 
The latter is a group scheme locally isomorphic to GL„ in the Zariski topology; especially it is 
smooth over R. After taking the quotient of T by the right action of G we deduce a left action 

of AutGL„(T) on T/G: 

(5.8.13) AutGL„(T) XrT/G ^ T/G. 



Theorem 5.8.14. Resume the assumptions of proposition \5 .4.T\\ . Let G be a group scheme over 



Spec R\t ^] which satisfies (relative to R[t ^]) the conditions of ( |5.8.4| ). Then the natural map 
i/^(Speci?[t-i]fpq„G) ^ ifi(Speci?^[ri]fpqe,G) 

is a bijection. 

Proof. We begin with the following special case: 
Claim 5.8.15. The theorem holds when G = GL„. 

Proof of the claim: Indeed, a GL„ torsor over a scheme X is the same as a locally free 
module of rank n. Hence the assertion is just a restatement of corollary |5.4.42| . 
For a given GL„-torsor T, let T^ := T x^j^-ij R^[t-^] and denote by 

H^C H\SpecR[t-%^„G) 

the subset consisting of all classes of G-torsors H such that H x'^ GL„ ~ T; define likewise 
the subset iJ^A C iJ^ (Spec i?^ [t"^]fpqc, G) . According to claim |5.8.15| it suffices to show: 

Claim 5.8.16. The restriction H\. H\,,^ is a bijection. 



Proof of the claim: The morphism ( |5.8.13D defines a groupoid T/G of quasi-projective R\t ^] 



schemes; T/G is locally isomorphic to Xq in the Zariski topology, hence it is smooth (see 



5.8.4| ) and we can therefore apply theorem |5.4.38| . The assertion follows directly after one has 



remarked that, for every R[t ^]-scheme S, the set t:q{T /G{S)) is in natural bijection with the 
set of isomorphism classes of G-torsors H on Sfpqc such that H x'^ GL„ ~ T XspccR[t-i] S. 

□ 



5.8.17. Finally we come to the lifting problems for G°-torsors. Let A be a l^'^-algebra, set 
R := and let G a smooth affine group scheme of finite type over Spec R. We suppose that 
G is a closed subgroup scheme of GL„ i?, for some n E N. Clearly G" is a group scheme over 
S := Spec A. Unless otherwise stated, G" will be acting on the right on any such torsor. 

Lemma 5.8.18. Keep the notation of ( |5.8.17D . The category of GLn-torsors over Sfpqc is natu- 
rally equivalent to the category whose objects are the almost projective & s-tnodules of constant 
rank n, and whose morphisms are the linear isomorphisms. 

Proof. Let ff^ be the structure sheaf of Sfpgc, i.e. the sheaf of rings defined by the rule: T t— > 
i^T*- To a given GL„-torsor P we assign the ^^-module Fp := P x^^" ^" (for the natural 
left action of GL„ on ^*). Locally in S'fpqc the sheaf Fp is a free -module of rank n, and 
the assignment P i-^ Fp is an equivalence from GL„-torsors to the category of all such locally 
free ^*-modules F of rank n, whose inverse is the rule: F i— > Iso^;^(^", F). On the other 
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hand, theorem [4.4.24| says that any almost projective ^^-module M of constant rank n defines 



a locally free -module in ^fpqc, by the rule T i— > {i^T ®efs ^)* ^^'^ ^y faithfully flat descent 
it is also clear that the resulting functor is an equivalence as well. □ 

Theorem 5.8.19. Assume that hom.dimym < 1. Let S and G be as in ( |5.8.17p , and Id ffs an 
ideal such that the pair (^5, /) is henselian. Let also xnQ d xnbe a finitely generated subideal, 
and set Sn := Spec ^s/'^qI far n = 0,1. Let P and Q be two C^-torsors over S, and suppose 
that P : P X s Si ^ Q X s Si is an isomorphism ofG" Xs Si-torsors. Then P Xs Iso an 
isomorphism [3 : P ^ Q ofC^-torsors. 

Proof. Let Iso(P, Q) denote the functor that assigns to every S'-scheme T the set of isomor- 
phisms of X5 T-torsors P x 5 T ^ Q x 5 T. It is easy to see that Iso(P, Q) is a sheaf for the 
fpqc topology of S. Since, locally in 5'fpqc, this sheaf is represented by the almost scheme G", it 
follows by faitfuUy flat descent that Iso(P, Q) is represented by an affine S'-scheme, which we 
denote by the same name. To the (right) C-torsor P we associate a left C-torsor P', whose 
underlying S-scheme is the same as P, and whose C-action is defined by the rule: g-x := xg~^ 
for every S'-scheme T, every g E G"-{T) and every x E P{T). Furthermore, we let H denote 
the trivial left and right G"-torsor whose underlying S-scheme is G", and whose left and right 
G"-actions are induced by the multiplication map G"" x $ G"' ^ G"" . 

Claim 5.8.20. There is a natural isomorphism of sheaves on S'fpqc: 

uj : Iso(P, Q)^Qx^'' H x^" P'. 

Proof of the claim: Recall that the meaning of the right-hand side is as follows. For every S'- 
scheme T, one consider the presheaf whose T-sections of are the equivalence classes of triples 
(x, /i, y) E Q{T) X H{T) x P'{T), modulo the equivalence relation such that (x, gi-h- g2,y) ~ 
{x ■ gi, h, g2 ■ y) for every such (x, h, y) and every gi,g2 E G'^{T). Then Q x^" H x^" P' is 
the sheaf associated to this presheaf. The sought isomorphism is defined as follows. Let T be 
an S'-scheme, and /3 a T-section of Iso(P, Q). We pick a covering morphism U ^ T in Sfpqc 
such that P{U) ^ 0; let y E P{U); we set uj{f3,y) := l,y). If now z E P{U) is any 

other section, we have z = yg for some g E G°-{U), therefore: uj{f3, y) = {(3{y),g ■ g^^, y) ~ 
iPiy) ■ 9^ ^^9~^y) = iPiyg), ^,yg) = ^iP, z), i.e. the equivalence class of uj{f3,y) does not 
depend on the choice of y, hence we have a well defined [/-section uj{P) of Q x'^" H x^" P' . 
Furthermore, let : U Xt U ^ U, i = 1, 2 be the two projections; the sections pliu{P, y) and 
P2Uj{l3, y) differ by an element of G"(f/ XtU) so, by the same argument, they lie in the same 
equivalence class, which means that actually lo{I3) comes from T, as required. We leave to the 
reader the verification that uj thus defined is an isomorphism. 

Composing the closed imbedding G" C GL„ 5 with the standard group homomorphism 
GL„ 5 C SL„+i s, we can view G" as a closed subgroup scheme of SL„ 5, whence a closed 
G"-equivariant imbedding of S-schemes G" C Af„ s := Spec^s[xjj <n]. From claim 



5.8.201 we derive a closed imbedding of S-schemes: 

Iso(P, Q)eX:=Q x^" M„,5 x^" P' 

(where G" acts on the left and right on M„ 5 in the obvious way). X is locally isomorphic 
to M„ 5 in Sfpqc, hence it is of the form Spec (Sym^^M), for an almost finitely generated 
projective ^5-module M ; especially, X is almost finitely presented over S, whence the same 
holds for Iso(P, Q). Now, the given (3 gives a section of Iso(P, Q) over Si, so the theorem is an 
immediate consequence of theorem |5.6.16K i). □ 



Theorem 5.8.21. Keep the notation and assumptions of theorem |5.8.191 and suppose further- 
more that I is tight, and that G fulfills the conditions of ( |5.8.4D . Let Pq be any G'^-torsor over 
Sq. Then there exists a G'^-torsor P over S with an isomorphism ofG'^-torsors: Pq ~ P x 5 Sq. 
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Proof. By assumption there exists a finitely generated subideal rao C m and an integer n > 
such that C rrio^s; then by theorem |3.3.38| (ii) we can lift Pq to a G-torsor over 5*1 := 
We form the GL„-torsor Q := P x^" GL„. By lemma |5.8.18| , Q is the same as 
an almost projective -module of constant rank n; by theorem [5 .5 .61 (1) we can then find an 
almost projective (^5-module Q that lifts Q, and then a standard application of Nakayama's 
lemma |5TT3| shows that Q has constant rank equal to n (cp. the proof of theorem |5.7.23[ ). Thus, 
Q is a GL„-torsor with an isomorphism of GL„-torsors to : P x'^" GL„ ^ Q x s Si. By (the 
almost version of) lemma [578 . 1 1| , the datum of (P, u) is the same as the datum of a morphism 
a : Si ^ Q / G"- of sheaves on S'fpqc. The contention is that a Xg Sq lifts to a morphism 
a : S ^ Q/G"". However, we have a natural GL^-equivariant isomorphism 

g/G"^ ^ g x^L" (GL„/G°) ~ g xGL„ (gl„/g)^ 

By lemmata |5.7.17| and |5.8.7| it follows that there is a GL„-equivariant isomorphism: 



with ^' := g X 



X 



^ and ^' := ^ x 



GL„ 



where y and ^ are 



as in ( |5.8.8| ). By lemma p.2.25K ii),(iii) and remark |3.2.26K i),(ii) we see that is almost finitely 
generated projective and J^', are almost finitely generated. Finally, Q/G"' is smooth since 
Xg is (see |5.8.4D , so the existence of the section a follows from theorem |5.7.23| . □ 
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6. Valuation theory 

This chapter is an extended detour into valuation theory. The first two sections contain noth- 
ing new, and are only meant to gather in a single place some useful material that is known to 



experts, but for which satisfactory references are hard to find. The main theme of sections p3 
through |67^ is the study of the cotangent complex of an extension of valuation rings. To give a 
sample of our results, suppose that A; is a perfect field, and let be a valuation ring containing 
k; then we show that ^w/k is a torsion-free VT-module. Notice that this assertion would be 
an easy consequence of the existence of resolution of singularities for A;-schemes; our methods 
enable us to prove it unconditionally, as well as several other statements and variants for log- 
arithmic differentials. Furthermore, consider a finite separable extension K C L of henselian 
valued fields of rank one; it is not difficult to see that the corresponding extension of valuation 
rings C -L+ is almost finite, hence one can define the different ideal /k+ as in chapter ^ 
In case the valuation of K is discrete, it is well known that the length of the module of relative 



differentials 1]^+ /k+ equals the length of / / k+ ; theorem |5.3.20| generalizes this identity 



to the case of arbitrary rank one valuations; notice that in this case the usual notion of length 
won't do, since the modules under considerations are only almost finitely generated. 

Section ^|^ties up with earlier work of Coates and Greenberg [|2T|], in which the notion of 
deeply ramified extension of a local field was introduced, and applied to the study of p-divisible 
groups attached to abelian varieties defined over such p-adic fields. Essentially, section 2 of [ P] ] 
rediscovers the results of Fresnel and Matignon [^7p, although via a different route, closer to the 
original treatment of Tate in |J64|J. In particular, an algebraic extension of is deeply ramified 
if and only if 2Ie+/k+ = (0) according to the terminology of [p7|]. We adopt Coates and 



Greenberg 's terminology for our section and we give some complements which were not 
observed in [^; notably, proposition |6.6.2| , which we regard as the ultimate generalization of 
the one-dimensional case of the almost purity theorem. Our proof generalizes Fallings' method, 
which relied on the above mentioned relationship between differentials and the different ideal; 
of course, in the present setting we need to appeal to our theorem |5.3.20| , rather than estimating 
lengths the way Fallings did. Finally, we extend the definition of deeply ramified extension to 
include valued fields of arbitrary rank. 

6.1. Ordered groups and valuations. In this section we gather some generalities on valua- 
tions and related ordered groups, which will be used in later sections. 

6.1.1. As usual, a valued field {K, \-\k) consists of a field K endowed with a surjective group 
homomorphism \ ■ \k '■ Tk onto an ordered abelian group {Tk, <), such that 

(6.1.2) \x + y\K <mayi{\x\K,\y\K) 

whenever x + y ^ 0. We denote by 1 the neutral element of Tk, and the composition law of Tk 
will be denoted by: (x, y) x ■ y. It is customary to extend the map | ■ |a' to the whole of K, 
by adding a new element to the set Tk, and setting |0| := 0. One can then extend the ordering 
of Tk to Tk U {0} by declaring that is the smallest element of the resulting ordered set. In 
this way, ( |6.1.2D holds for every x,y E K. The map | ■ |a- is called the valuation of K and Tk 
is its value group. 

6.1.3. An extension of valued fields {K, \ -\k) C {E, \ ■ \e) consists of a field extension K C E, 
and a valuation \ ■ \e : E Te l-i {0} together with an imbedding j : Tk C Te, such that the 
restriction to K of | • 1^; equals j o \ ■ \k- 

Example 6.1.4. Let \ ■ \ : K ^T U {0} be a valuation on the field K. 

(i) Given a field extension K C E,it is known that there always exist valuations on E which 
extend | ■ | (cp. [|T6|, Ch.VI, §1, n.3, Cor.3]). 
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(ii) If the field extension K C E is algebraic and purely inseparable, then the extension of 
I ■ I is unique, (cp. [0, Ch.VI, §8, n.7, Cor.2]). 

(iii) We can construct extensions of | ■ | on the polynomial ring -^'[X], in the following way. 
Let r' be an ordered group with an imbedding of ordered groups F C F'. For every xq E K, 
and every p e V, we define the Gauss valuation \ ■ \{xo,p) ■ ^i^] ^ F' U {0} centered at Xq 
and with radius p (cp. [|16|, Ch.VI, §10, n.l. Lemma 1]) by the rule: 

flo + ai(X — xo) + ... + an{X — xq)" ^ max{|aj| ■ | i = 0, 1, n}. 

(iv) The construction of (iii) can be iterated : for instance, suppose that we are given a 
sequence of k elements p := (pi, p2, Pk) of the ordered abelian group F' of (iv). Then 
we can define a Gauss valuation | ■ |(o,p) on the fraction field of K[Xi,X2, Xk], with values 
in F', by the rule: X^aeN*: '^aX"' i-^ max{|aQ,| • | a G N}. 

(v) Suppose again it is given an ordered group F' with an imbedding of ordered groups F C 
F'. Let T C F'/F be a finite torsion subgroup, say T ~ Z/riiZ © ... © Z/ukZ. For every i < k, 
pick an element 7^ G F' whose class in F'/F generates the direct summands %ln{L of T. Let 
Xi G K such that \xi\ = Ui ■ 'ji. For every i = 1, ...,k pick an element i/i in a fixed algebraic 
closure of E, such that y]"^ = Xi\ then the field E := K(yi, ■■■,yk) has degree over K equal 
to the order of T, and it admits a unique valuation | ■ 1^ extending | ■ |. Of course, \yi\E = 7i for 
every i < k. 

6.1.5. We want to explain a construction which is a simultaneous generalization of examples 
|6.1.4K iv),(v). Suppose it is given the datum 6 := {G,j, N, <) consisting of: 

(a) an abelian group G with an imbedding j : ^ G such that G/j{V^) is torsion-free; 

(b) a subgroup N of G/j{V^) such that the natural map: 

F ^ K^'/V Fe := G/{N + j(V^^)) 

is injective; 

(c) an ordering < on F© such that the injective map: F ^ F© is order-preserving. 

Let us denote by K[G] (resp. K[K^]) the group fC-algebra of the abelian group G (resp. K^). 
Any element of K[G] can be written uniquely as a formal linear combination J2geG S ' t^']' 
where ag e K for every g E G, and = for all but a finite number of g E G. We augment 
K[K^] over K via the i^-algebra homomorphism 

(6.1.6) K[K'']^K : [a] ^ a for every a e K"" . 

Then we let K[<3] := K[G] ®k[k>^] K, where the -algebra structure on K is defined 

by the augmentation ( |6.1.6D . It is easy to verify that K[(&\ is the maximal quotient algebra of 



K[G] that identifies the classes of [g ■ a] and a ■ [g], for every g E G and a G . Pick, for 
every class 7 G G/K^, a representative g^ G G. It follows that every element of K[(S] can 
be written uniquely as a formal iC-linear combination J2'yeG/K>^ ^1 ' [d-y]- define a map 
I ■ 1© : K[^] ^ F© U {0} by the rule: 

(6.1.7) > ■ [0^1 I— i> max \aJ ■ \gJ 

where \g^\ G F© denotes the class of g^. One verifies easily that | ■ I© does not depend on the 
choice of representatives g^. Indeed, if {h^ \ 7 G G/K^) is another choice then, for every 
7 G G/K^ we have g^ = j{x^) ■ for some x^ G K^; therefore [g^] = x^ ■ [h^] and 
\g-y\ I x^ I ■ I I . 

Lemma 6.1.8. K[&] is an integral domain, and \ ■ \ & extends to a valuation: 

I ■ |e : K{(5) := FTac{K[(5]) ^ F© U {0}. 
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Proof. Let (Gq, | a; G /) be the filtered system of the subgroups of G such that d G, 
and Gal is finitely generated. Each Ga defines adatum <5a '■= iGa,j, ND^Ga/ j{V^)), <), 
and clearly K[&] = colim/^[0Q,]. We can therefore reduce to the case where G/K^ is finitely 

generated. Write G/K^ = T © F, where T is a torsion group and F is torsion-free. There exist 
unique subgroups f , F D fsT^ in G withf /iT^ = T and F/K'' = F. Let (3t := (T, j, {0}, <) 
and (Sp '■= iF,j, N, <) be the corresponding data. The functor H i-^ K[H] preserves colimits, 
since it is left adjoint to the forgetful functor from i^-algebras to abelian groups; it follows 
easily that K[(S] ~ K[(St] 0k K[<3f]- inspecting (§T7[), one can easily show that K[&t] 
is of the type of example |6.1.4K v) and -^'[(Sf] is of the type of example |6.1.4K iv). Especially, 
K[(S] is a domain, and | ■ | © is induced by a Gauss valuation of a free algebra over the finite field 
extension K[(5t] of K. □ 

The next result shows that an arbitrary valuation is always "close" to some Gauss valuation. 

Lemma 6.1.9. Let {E, \ ■ \e) be a valued field extension of {K, | ■ |). Let x E E \ K, and let 

(flj I i G /) be a net of elements of K (indexed by the directed set (/, <)) with the following 
property. For every b E K there exists io E I such that \x — ai\E < \x — blpfor every i > Iq. 
Let f{X) G K[X] be a polynomial that splits in K[X] as a product of linear polynomials. Then 
there exists io E I such that \ f{x)\E = \f {X)\(^ai,\x-ai\E) far every i > iq. 

Proof. To prove the claim, it suffices to consider the case when /(X) = X — 6 for some b E K. 
However, from the definition of the sequence (ai \ i E I) we have max(|x — UiIe, \ai — b\) > 
\x — b\E > Ix — aj I for every sufficiently large z G /. Therefore, \x — b\E = max(|x — Ojl^;, |6 — 

ai\) = \X ~b\(^a,^\x-a,\^)- □ 



6.1.10. To see how to apply lemma |6.1.9|, let us consider the case where K is algebraically 



closed and E = K{X), the field of fractions of the free i^-algebra in one generator, which 



we suppose endowed with some valuation \ ■ \e with values in F^;. We apply lemma |6.1.9| to 



the element x := X E E. Suppose first that there exists an element a E K that minimizes 
the function K ^ Ve ■ b ^-^ \X — b\E. In this case the trivial net {a} fulfills the condition 
of the lemma. Since every polynomial of K[X] splits over K, we see that | ■ 1^; the Gauss 
valuation centered at a and with radius \X — a\E. Suppose, on the other hand, that the function 
b \X — b\E does not admit a minimum. It will still be possible to choose a net of elements 
{ai \ i E 1} fulfilling the conditions of lemma |6.1.9| (indexed, for instance, by a subset of the 



partially ordered set F). Then | ■ Is is determined by the identity: 

\fiX)\E = lim|/(X)|(„^,|x„a.b) for every /(X) G E. 
i€i 

6.1.11. Given a valuation | ■ | on a field K, the subset := {x E \ \x\ < 1} is a valuation 
ring of K, i.e., a subring of K such that, for every x E K \ {0}, either x E or G . 
The subset {K'^)^ of units of consists precisely of the elements x E K such that |x| = 1. 
Conversely, let V be a valuation ring of K with maximal ideal m; V induces a valuation | ■ | on 
K whose value group is Vk '■= /V^ (then | ■ | is just the natural projection). The ordering 
on Tk is defined as follows. For given classes x,y E F^^, we declare that x <yif and only if 
x/y E m. 



Remark 6.1.12. (i) It follows easily from ( p. 1.1 ID that every finitely generated ideal of a valu 



ation ring is principal. Indeed, if ai, a„ is a set of generators for an ideal /, pick io < n such 
that |aj(,| = maxj<„ \ai\; then / = (o-jo). 

(ii) It is also easy to show that any finitely generated torsion-free K^-modu\e is free and any 
torsion-free i^+-module is flat (cp. [ [I6t Ch.VI, §3, n.6. Lemma 1]). 
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(iii) Let Ehe a field extension of the valued field {K, \ ■ \k)- Then the integral closure W of 
in E is the intersection of all the valuation rings of E containing (cp. [|16|, Ch.VI, §1, 

n.3, Cor.3]). In particular, is integrally closed. 

(iv) Furthermore, if E is an algebraic extension of K, then is a Priifer domain, that is, for 
every prime ideal p C W, the localization Wp is a valuation ring. Moreover, the assignment 
m I— > establishes a bijection between the set of maximal ideals of W and the set of valuation 
rings V of E whose associated valuation | ■ \y extends | • \k (cp. [ [T^ , Ch.VI, §8, n.6. Prop. 6]). 

(v) Let R and S be local rings contained in a field K, xriR and ms their respective maximal 
ideals. One says that R dominates S if S C R and = 3(1 vaR. It is clear that the relation of 
dominance establishes a partial order structure on the set of local subrings of K. Then a local 
subring of is a valuation ring of K if and only if it is maximal for the dominance relation (cp. 
[|16[ Ch.VI, §l,n.2, Th.l]). 

(vi) Let be a valuation ring of K with maximal ideal m, and K^^ a henselization of 
. One knows that K~^^ is an ind-etale local i^^-algebra (cp. Ch.VIII, Th.l]), hence 

it is integral and integrally closed (cp. [KO, Ch.VII, §2, Prop. 2]). Denote by the field of 



fractions of A'+^ and W the integral closure of K'^ in K^. It follows that W C K^"^. Let m'^ 
be the maximal ideal of K'^^; since m"^ fl = m, we deduce that q := DW is a maximal 
ideal of W; then by (iv), Wq is a valuation ring of dominated by K^^; by (v) it follows 
that K'^^ = Wq, in particular this shows that the henselization of a valuation ring is again a 
valuation ring. The same argument works also for strict henselizations. 

The following lemma provides a simple method to construct extensions of valuation rings, 
which is sometimes useful. 

Lemma 6.1.13. Let {K, \-\) be a valued field, k the residue field of , R a -algebra which 
is finitely generated free as a -module, and suppose that R ®k+ is afield. Then R is a 
valuation ring, and the morphism R induces an isomorphism of value groups —>■ ^r- 

Proof. Let ei, e„ be a i^^^-basis of R. Let us define a map \ ■ \r : R ^ TrU {0} in the 
following way. Given x E R, write x = Yl^=i^i ' then \x\r := max{|xj| \ i = 1, . ..,«}. 
If l^l = 1, then the image x of x in i? is not zero, hence it is invertible by hypothesis. 

By Nakayama's lemma it follows easily that x itself is invertible in R. Hence, every element y 
of R can be written in the form y = u ■ b, where u E R^ and h G is an element such that 
\b\ = IvIr. It follows easily that R is an integral domain. Moreover, it is also clear that, given 
any x G Frac(i?) \ {0}, either x E Ror x^^ E R, so R is indeed a valuation ring and | ■ |k is its 
valuation. □ 



Lemma 6.1.14. Every finitely presented torsion -module M is isomorphic to a direct sum 
of the form 

{K+/a,K+) © ... © {K+/anK+) 

where ai, ...,a„ G K^. More precisely, if F M is any surjection from a free -module 
F of rank n, then there is a basis ei, e„ o/F and elements ai, a„ G \ {0} such that 
Ker0 = (aiir+) © ... © (a„ir+). 

Proof. We proceed by induction on the rank n of F. For n = 1 the claim follows easily from 
remark |5".1.12| (i). Suppose n > 1; first of all, S := Ker(0) is finitely generated by [[T^, Ch.I, §2, 
n.8, lemme 9]. Then S* is a free fT^-module, in light of remark |^.1.12| (ii); its rank is necessarily 
equal to n, since S ®x+ K = F ®k+ K. 

The image of the evaluation map S 0k+ F* given by / © « i-^ is a finitely 

generated ideal / 7^ of , hence it is principal, by remark |6.1.12K i). Let Y^^^i fi © be an 
element whose image generates /; this means that J2i=i ^i{fi) is a generator of /, hence one of 
the terms in the sum, say is already a generator. The map ai : 5 — > / is surjective onto 
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a free rank one /C^-module, therefore it splits, which shows that S = (fiK^) © (S* fl Ker ai). 
In particular, 5" := S* fl Ker ai is a finitely generated torsion-free, hence free i^'+-module. Let 
ei, e„ be a basis of F; then fi = ^"^^ ■ for some E . Consider the projection 
Hi : F ^ such that T^i{ej) = 5ij for j = 1, n; clearly TTi(fi) = E L This shows that 
/i = a;i(/i) ■ g for some g E F. It follows that ai{g) = 1, whence F = (gK^) © Ker ai. Set 
F' := Ker we have shown that M ~ (K^/ailfi)) © {F'/S'). But F' is a free /C+-module 
of rank n — 1, hence we conclude by induction. □ 

6.1.15. In later sections we will be concerned with almost ring theory in the special case where 
the basic setup (V, ra) (see [2.1. ID consists of a valuation ring V. In preparation for this, we fix 
the following terminology, which will stand throughout the rest of this work. If is a valuation 
ring, then the standard setup attached to V is the pair {V, m) where ra := \^ in case the value 
group of V is isomorphic to Z (i.e. V is a discrete valuation ring), and otherwise m is the 
maximal ideal of V. 

6.1.16. Let K — > Tk U {0} be a valuation on the field K, and K'^ its valuation ring. We 
consider the category fC+^-Mod relative to the standard setup (K^, m). The topological group 
Div{K~^'^) of fractional ideals of K^"- is the subspace of yx+^^iK"") which consists of all the 
submodules / ^ K"^ of the almost i^+-module K"^, such that the natural morphism / ®k+<^ 
K"^ — i> K"^ is an isomorphism. The group structure is induced by the multiplication of fractional 
ideals. 

Remark 6.1.17. One verifies easily that Div(_ft'+") is isomorphic to the group D{K^) defined 



in[16,Ch.VII, §l,n.l]. 



The structure of the ideals of can be largely read off from the value group V. In order to 
explain this, we are led to introduce some notions for general ordered abelian groups. 

6.1.18. We endow an ordered group V with the uniform structure defined in the following 
way. For every 7 G F such that 7 > 1, the subset of F x F given by £'(7) := {(«, (3) \ 7"^ < 
■ (3 < 7} is an entourage for the uniform structure, and the subsets of this kind form a 
fundamental system of entourages. Let F^ be the completion of F for this uniform structure. 

Lemma 6.1.19. With the notation of ( |6.1.16D , there exists a natural isomorphism of topological 
groups: Div(ir+") ^ F^. 

Proof. We only indicate how to construct the morphism, and leave the details to the reader. In 
light of remark |6.1.12K i), for every ideal I C K^'^ we can find a net {Ji \ i E S} oi principal 



ideals converging to / (for some filtered ordered set (5, <)). Let 7^ E F/^ be the value of a 
generator of Jj. One verifies that the net E S} converges in F^ to some element 7. Then 

we assign: / 1— > 7. One verifies that this rule is well-defined and that it extends uniquely to the 
whole of Div(/s:+"). □ 

Definition 6.1.20. Let F be any ordered abelian group with neutral element 1. 

(i) We denote by F+ C F the subset of all the 7 G F such that 7 < 1. 

(ii) A subgroup A of F is said to be convex if it satisfies the following property. If x G A+ and 
1> y > X, then y E IS.. The set Spec F of all the convex subgroups of F will be called the 
spectrum of F. We define the convex rank of F as the supremum c.rk(F) over the lengths 
r of the chains C Ai C ... C := F, such that all the Aj are convex subgroups. In 
general c.rk(F) G N U {c>o}, but we will mainly encounter situations for which the convex 
rank is a positive integer. It is easy to see that the convex rank is always less than or equal 
to the usual rank, defined as rk(F) := dimQ(F ©z Q)- To keep the two apart, we call 
rational rank the latter. 
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Example 6.1.21. (i) If T is an ordered abelian group, there exists a unique ordered group struc- 
ture on r C?)^ Q such that the natural map F ^ F Cg)^ Q is order-preserving. Indeed, if F is the 
value group of a valuation | ■ | on a field K, and \ ■ is any extension of | ■ to the algebraic 



closure of K, then it is easy to see (e.g. using example [6. 1.4| (v)) that F^^-a ~ F 



(ii) Furthermore, let C K'"^ be the separable closure of K; we claim that | ■ maps 
surjectively onto F^^-a. Indeed, if a G is inseparable over K^, then the minimal polynomial 
m{X) e K^'IX] of a is of the form X*'" - b for some b G For c G K^, let mc{X) G 
/^''[X] be the polynomial m(X) + cX; if a' is a root of mc(X), then a' G moreover, 
I (a — a')^™|i^a = |c • a'lii-a, hence for Icli^-a sufficiently small we have \a\K--^ = \a'\K^. 

(iii) For any valued field (K, \ ■ |), and every 7 G Fa', let := {x e K \ \x\ < 7}. 
One defines the valuation topology on K as the unique group topology such that the family 
(U^ I 7 G F) is a fundamental system of open neighborhoods of 0. The argument in (ii) shows 
more precisely that is dense in for the valuation topology of (fC^, | ■ l^-a). 

(iv) If A C F is any subgroup, then c.rk(F) < c.rk(A) + rk(F/A) (cp. [|T§ Ch.VI, §10, n.2, 
Prop.3]). 

(v) A subgroup A C F is convex if and only if there is an ordered group structure on F/A 
such that the natural map F ^ F/A is order-preserving. Then the ordered group structure with 
this property is unique. 

(vi) If c.rk(F) = 1, we can find an order-preserving imbedding 

p: (F,-,<) ^ (M,+,<). 

Indeed, pick an element (7 G F with g > 1. For every /i G F, and every positive integer n, 
there exists a largest integer k(n) such that g'^^"-^ < If. Then {k{n)/n | n G N) is a Cauchy 
sequence and we let p{h) := Yimk{n)/n. One verifies easily that p is an order-preserving 

group homomorphism, and since the convex rank of F equals one, it follows that p is injective. 

6.1.22. There is an inclusion-reversing bijection between the set of convex subgroups of the 
value group F of a valuation | ■ | and the set of prime ideals of its valuation ring . This 
bijection assigns to a convex subgroup A C F, the prime ideal pA := {x G \ 7 > 
\x\ for every 7 G A}. Conversely, to a prime ideal p, there corresponds the convex subgroup 
Ap := {7 G F I 7 > |x| for all X G p}. Then, the value group of the valuation ring is 
(naturally isomorphic to) F/Ap. Furthermore, is a valuation ring of its field of fractions, 
and its value group is Ap. 

6.1.23. The rank of a valuation is defined as the convex rank of its value group. It is clear 
from ( |6.1.22[ ) that this is the same as the KruU dimension of the associated valuation ring. 



6.1.24. For any field extension Fi C F2, denote by tr.d(F2 : Fi) the transcendence degree 
of F2 over Fi. Let be a field extension of the valued field K, and \ ■ \e '■ — > F^; 
an extension of the valuation | ■ \k '■ Vk of K to E. Let k (resp. k(E)) be the 
residue field of the valuation ring of (K, | ■ |) (resp. of (E, | ■ |)). Then we have the inequality: 
Tk{TE/TK) + tr.d(/€(E) : k) < tr.d(E : K) (cp. [|16[ Ch.VL §10, n.3, Cor.l]). 

6.1.25. The image of \ {0} in F is the monoid F+. The submonoids of F+ are in bijective 
correspondence with the multiplicative subsets of \ {0} which contain (K'^) ^ . The bijection 
is exhibited by the following "short exact sequence" of monoids: 

1 ^ (ir+)^ ^ \ {0} A F+ ^ L 

Then, to a monoid M C F"*" one assigns the multiplicative subset tt^^{M). 
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6.1.26. Let us say that a submonoid of a monoid M is convex if the following holds. If 
7, 5 G M and 7 ■ 5 G A^, then 7 G and 5 G A^. For every submonoid A^ there is a smallest 
convex submonoid A^^""^ such that A^ C A^'^"". One deduces a natural bijection between convex 
submonoids of r+ and prime ideals of K^, by assigning on one hand, to a convex monoid M, 
the ideal p(M) := \ n^^{M), and on the other hand, to a prime ideal p, the convex monoid 
M(p) ■=7t{K+\p). 

6.1.27. The subsets of the form M \ N, where A^ is a convex submonoid of the monoid M, 
are the first examples of ideals in a monoid. More generally, one says that a subset / C M is an 
ideal of M, if / ■ M C /. Then we say that / is a prime ideal if / is an ideal such that, for every 
x,y E M with x-yGl,we have either xEloryEl. Equivalently, an ideal / is a prime ideal 
if and only if M \ / is a submonoid; in this case M \ / is necessarily a convex submonoid. For 
a monoid M, let us denote by Spec M the set of all the prime ideals of M. Taking into account 
( |6. 1.221 ), we derive bijections 

Spec r ^ Spec ir+ Spec r+ : A ^ pA ^ vr(pA) = r+ \ A+. 

Furthermore, the bijection Spec ^ Spec r+ extends to an inclusion-preserving bijection 
between the ideals of and the ideals of r+. 

In the sequel, it will be sometimes convenient to study a monoid via the system of its finitely 
generated submonoids. In preparation for this, we want to delve a little further into the theory 
of general commutative monoids. 

Definition 6.1.28. Let M be a commutative monoid. 

(i) We say that M is integral if we have a = b, whenever a,h,c E M and a ■ c = b ■ c. 

(ii) We say that M is free if it isomorphic to N^^^ for some index set /. In this case, a minimal 
set of generators for M will be called a basis. 

6.1.29. Let Mnd be the category of commutative monoids. The natural forgetful functor 
Z-Mod Mnd admits a left adjoint functor M M^p. Given a monoid M, the abelian 
group MSP can be realized as the set of equivalence classes of pairs (a, b) E M x M, where 
(a, b) ~ (a', b') if there exists c G M such that a ■ b' ■ c = a' ■ b ■ c; the addition is defined 
termwise, and the unit of the adjunction is the map (p : M ^ M^p : a {a, 1) for every 
a E M. It is easy to see that is injective if and only if M is integral. 

6.1.30. The category Mnd admits arbitrary limits and colimits. In particular, it admits direct 
sums. The functor M 1— > M^p commutes with limits and colimits. 

Theorem 6.1.31. Let A be an ordered abelian group, N C A+ a finitely generated submonoid. 
Then there exists a free finitely generated submonoid N' C A+ such that N C A^'. 

Proof. Since A^ is a submonoid of a group, it is integral, so A^ C A^^p. The group homomor- 
phism A^sP C A induced by the imbedding A^ C A is injective as well. The verification is 
straightforward, using the description of A^^p in ( |6.1.29[ ). Then A^^p inherits a structure of or- 
dered group from A, and we can replace A by A^^p, thereby reducing to the case where A is 
finitely generated and A^ spans A. Thus, in our situation, the convex rank r of A is finite; we 
will argue by induction on r. Suppose then that r = L In this case we will argue by induction 
on the rank n of A. If n = 1, then one has only to observe that Z+ is a free monoid. Suppose 
next that n = 2; in this case, let gi,g2 G A be a basis. We can suppose that gi < g2 < 1; 
indeed, if gi > 1, we can replace it by gi^; then, since r = 1, we can find an integer k such that 
(yfg := 5'2'5'i < 1 and > gu clearly gi, g'^ is still a basis of A. We define inductively a sequence 
of elements gi E A+, for every i > 2, in the following way. Suppose that i > 2 and that the ele- 
ments (73 < (74 < ... < gi_i have already been assigned; let /c,; := sup{n G N | gi^i ■ g^^J^ — 1}' 
notice that, since the convex rank of A equals 1, we have k < 00. We set g^ := gi_i ■ g^^^. 
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Claim 6.1.32. We have gf ■ gf^, C g^, ■ gf+^ for every t > 1, and A+ = [j^^,{gf ■ gf_^^). 

Proof of the claim: The first assertion is obvious. We prove the second assertion. Let g E A+; 
for every i > 1 we can write g = gf' ■ g'l!^_i for unique Oj, 6j G Z. Notice that Oj and bi cannot 
both be negative. Suppose that either Oj+i or is not in N; we show that in this case 

(6.1.33) Ittj+il + \bi+i\ < \a,\ + \bi\. 

Indeed, we must have either < and bi > 0, or > and b^ < 0. However, Oj+i = 
tti ■ /cj+i + bi and = aj; thus, if < 0, then bi^i < 0, and consequently aj+i > 0, whence 

(6.1.34) |ai+i| <\bi\ 

and if > 0, then aj+i < 0, so again ( |6.1.34[ ) holds. From ( |6.1.33| ) it now follows that 
eventually and bi become both positive. 

Since is finitely generated, claim |6.1.32| shows that N C g^ ■ g^_^i for z > sufficiently 
large, so the claim follows in this case. 

Next, suppose that the convex rank r = 1 and n := rk(A) > 2. Write A = © G for two 
subgroups such that ik(H) = n — 1 and G = gZ for some g E A. 

Claim 6.1.35. For every 5 E A+ \ {1} we can find a,b E H such that 6 < a ■ g^^ < 1 and 

S<b-^-g<l. 

Proof of the claim: Let p : A ^ M be an order-preserving imbedding as in example |6.1.21K vi); 
since rk(iJ) > 1, it is easy to see that p{H) is dense in p(A). The claim is an immediate 
consequence. 

Let (yffe be a set of generators for A^. For every i < k we can write gi = hi ■ g"'^ for 

unique hi E H and Ui E Z. Suppose that Ui > 0; it follows easily from claim |6T35| that there 
exists a,b E H such that a < g < b and gi < (6^^ • < 1 (resp. gi < (a^^ • g)"-^ < 1) for 
every i such that rii > (resp. Ui < 0). Then for rij > set h'i := hi ■ 6"' and for rii < set 
h'i := hi ■ a"\ Notice that h'- < 1. Set h^ := a - b~^ and let M be the submonoid of if+ spanned 
by hQ, h[, h'j^,; we can imbed M in a larger submonoid M' C such that (M')sp = H. 
Then, by inductive assumption, we can imbed M' in a free submonoid L C H^. Let h, In-i 
be a basis for L. 

We can write ho = n!=i ^fc,: some integers ki, ...,kt E {1, ...,n — 1}. Notice that ho < 
b~^ ■ g and let r < t be the largest integer such that HLi ^fei > 9 ' b~^', set V := g ■ b^^ ■ HLi 
mdl" ■.= g-^-b-Y[Zlh^. 

Claim 6.1.36. The submonoid L' generated by {/i, I"} \ {Ikr+i} contains A^. 

Proof of the claim: Indeed, since /' • /" = Ik^+i^ it follows that L C L'\ moreover, g ■ b^^ = 
I' ■ YVi=i hi and g^^ ■ a = I" ■ Y]^^^^^^ Z^. so g ■ b^^,g^^ ■ a E L' . Now the claim follows by 
remarking that gi = h^- (g^^ ■ a)~"^ if rii < 0, and gi = h^ ■ (g ■ b^^)"^ if Ui > 0. 

Now, it is clear that L C A+; since moreover L spans A and is generated by n elements, it 
follows that L is a free monoid, so the proof is concluded in case c.rk(A) = 1. 

Finally, suppose r > 1 and pick a convex subgroup 7^ Aq C A; then the ordering on A 
induces a unique ordering on A/Aq such that the projection map vr : A A/Aq is order- 
preserving. Let No := n(N). By induction. No can be imbedded into a finitely generated 
free submonoid Fq of (A/Ao)"*". By lifting a minimal set of generators of Fq to elements 
fi, fn E A+, we obtain a free finitely generated monoid F C A^ with 7r(F) = Fq. Now, 
choose a finite set S of generators for N; we can partition S = SiU S2, where Si = S f] Ao 
and S'2 = S' \ Aq. By construction, for every x E S2 there exist integers ki^x > (i = 1, ...,n) 

such that := x ■ HILi /i"'"''" ^ ^o- Let g := max{y.^ \ x E S2}; if 5- < 1, let ei := ft, 
otherwise let := fi-g for every i < n. Since Aq is convex, we have in any case: Cj < 1 
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for i < n. Moreover, the elements ■= x ■ YYi=i contained in Ag . By induction, 

the submonoid of Aq generated hy Si U {zx \ x E S2} is contained in a free finitely generated 
monoid F' C Aq . Using the convexity of Aq one verifies easily that N' := F ■ F' is a free 
monoid. Clearly C A^', so the assertion follows. □ 



Remark 6.1.37. Another proof of theorem |6.1.31| can be found in [ |32| , Th.2.2]. Moreover, this 



theorem can also be deduced from the resolution of singularities of toric varieties ([^ Ch.I, 
Th.ll]). 

6.2. Basic ramification theory. This section is a review of some basic ramification theory in 
the setting of general valuation rings and their algebraic extensions. 

6.2.1. Throughout this section we fix a valued field {K, | ■ | ) . Its valuation ring will be denoted 
and the residue field of will be denoted by k. If (E, | ■ 1^;) is any valued field extension 

of K, we will denote by E^ the valuation ring of E, by k(E) its residue field and by F^; its 
value group. Furthermore, we let be an algebraic closure of K, and the separable closure 
of K contained in K'^. 

6.2.2. Let E C be a finite extension of K. Let W be the integral closure of in E; by 
remark |6.1.12K iv), to every maximal ideal p of IF^ we can associate a valuation \ ■ \p : E^ Tp 



extending | ■ |, and (up to isomorphisms of value groups) every extension of | ■ | to is obtained 
in this way. Set k{p) := W/p; it is known that EpeMax(iy)[rp : T] • [^(p) : k] < [E : K] (cp. 



[|16|,Ch.VI§8,n.3Th.l]). 



6.2.3. Suppose now that E is a Galois extension of K. Then Ga\{E/K) acts transitively on 
Max(PF). For a given p G Max(PF), the decomposition subgroup Dp C Gal(E/K) of p is 
the stabilizer of p. Then k(p) is a normal extension of k and the natural morphism Dp 
Aut(fi;(p)/fi;) is surjective; its kernel Ip is the inertia subgroup at p (cp. [ [T^ , Ch.V, §2, n.2, 
Th.2] for the case of a finite Galois extension; the general case is obtained by passage to the 
limit over the family of finite Galois extensions of K contained in E). 



6.2.4. If now is a finite Galois extension of K, then it follows easily from ( |6.2.2[ ) and 



( |6.2.3[ ) that the integers [Fp : F] and [/t(p) : k] are independent of p, and therefore, if W admits 



n maximal ideals, we have : n • [Fp : F] ■ [^(p) : k] < [E : K]. 

Lemma 6.2.5. Let K^'^^ be a strict henselization of K^; then K^^^ is a valuation ring and 

Tx+ah = F. 

Proof. It was shown in remark |5.1.12| (vi) that K'^^^ is a valuation ring. To show the second 
assertion, let R be more generally any integrally closed local domain; the (strict) henselization 
of R can be constructed as follows (cp. Ch.X, §2, Th.2]). Let F := Frac(i?), F^ a separable 
closure of F, p any maximal ideal of the integral closure FF of i? in F^, D and / respectively 
the decomposition and inertia subgroups of p; let (resp. W^) be the subring of elements 
of W fixed by D (resp. by /) and set p^ := fl p, p^ := fl p. Then the localization 
R^ := (W^)pD (resp. R^^ := {W^)pi) is a henselization (resp. strict henselization) of R. 
Now, let us make R := K'^, so F := K and F^ := K^; let E C A^^ be any finite Galois 
extension of K; We := W n E is the integral closure of K+ in E; set De := D n Gal{E/K), 
Ie := in Ga\{E/K), E' := E'^^, E" := E^^. Let p' := p H E'; it then follows from 
Ch.VI,§12, Th.23] that [Fp/ : F] = 1. Clearly the value group F^h of is the filtered union 
of all such Fp/, so we deduce F/^h = F. Therefore, in order to prove the lemma, we can assume 
that K = K^. In this case Gal(_E'/A') coincides with the decomposition subgroup of p' and 
Ie is a normal subgroup of Gal(A'/_E') such that [Gal(A'/_E') : Ie] equals the cardinality n 
of Aut(/t(-E')//t). By the definition of Ie it follows that the natural map : kvX{K{E)/ k) — > 
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Ant{K{E") / k) is an isomorphism. We derive : [E" : K] = n < [k{E") : k]; then from ( |6.2.4| ) 



we obtain Te" = T and the claim follows. □ 

6.2.6. We suppose now that K'^ is a henselian valuation ring, with value group V. Then, on 
any algebraic extension E C of K, there is a unique valuation | ■ 1^; extending | ■ |, and thus a 
unique inertia subgroup, which we denote simply by /. By remark |6.1.12K iv), E^ is the integral 
closure of in E. 

Remark 6.2.7. (i) In the situation of ( |6.2.6| ), the inequality of ( |5.2.2[ ) simplifies to : 

[k{E) : k] ■ [Te : Tk] <[E : K]. 

(ii) Sometimes this inequality is actually an equality; this is for instance the case when the 
valuation of K is discrete and the extension K C E is finite and separable (cp. [ [T6| , Ch.VI, §8, 
n.5,Cor.l]). 

(iii) However, even when the valuation of K is discrete, it may happen that the inequality (i) 
is strict, if E is inseparable over K. As an example, let k be a perfect field of positive character- 
istic, and choose a power series /(T) G n[[T]] which is transcendental over the subfield k[T]. 
Endow F := Frac(/t(T^/P, /(T))) with the T-adic valuation, and let K be the henselization of 
F. Then the residue field of K is k and the valuation of K is discrete. Let E := K[/(T)^/p]. 
Then [E : K] = p, Te = Tk and k{E) = k. 

6.2.8. For a field F, we denote by the torsion subgroup of . Let be a finite Galois 
extension of K (with still henselian). One defines a pairing 

(6.2.9) / X {Te/Tk) ^ lJi{^^{E)) 

in the following way. For (a, 7) G / x F^;, let x G E'^ such that |x| = 7; then let (o", 7) ^ 
a{x)/x ( mod m^;). One verifies easily that this definition is independent of the choice of x; 
moreover, if a; G , then a acts trivially on x, so the definition is seen to depend only on the 
class of 7 in Te/Tk- 

6.2.10. Suppose furthermore that k is separably closed. Then the inertia subgroup coincides 
with the Galois group Ga\.{E / K) and moreover ^{k{E)) = /x(/t). The pairing ( |6.2.9[ ) induces 
a group homomorphism 

(6.2.11) Ga\{E/K) ^ Eom^{TE/TK,t^{K)). 

Let p := char(K). For a group G, let us denote by G^^^ the maximal abelian quotient of G that 
does not contain p-torsion. 



Proposition 6.2.12. Under the assumptions of ( |6.2.10D , the map ( |6.2.11D is surjective and its 
kernel is a p-group. 

Proof. Let n := [E : K]. Notice that does not contain p-torsion, hence every homomor- 
phism Te/Tk f^i^,) factors through {Te/TkY^^- Let m be the order of (T e /T k)'^^'^ ■ Let 
us recall the definition of the Kummer pairing: one takes the Galois cohomology of the exact 
sequence of Gal(-ft'^/-ft') -modules 

and applies Hilbert 90, to derive an isomorphism /(K^)'"^ ^ {Gal{K^ / K) , ^t^). Now, 
since (m, p) = 1 and k is separably closed, the equation = 1 admits m distinct solutions 
in K. Since is henselian, these solutions lift to roots of 1 in K, i.e., C , whence 
{Ga\{K^ / K) , ^,^) ~ T{omcont{Gal{K^ / K) , . By working out the identifications, one 
checks easily that the resulting group isomorphism 

irx/(irx)™ ~ Hom,o,t(Gal(K7ir), /x„) 
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can be described as follows. To a given a G K^, we assign the group homomorphism 

Gal{KyK) ^ fi^ : a ^ (T(ai/")/a^/™. 

Notice as well that, since k is separably closed, more generally every equation of the form 
X™ = u admits m distinct solutions in k, provided u ^ 0; again by the henselian property we 
deduce that every unit of is an m-th power in K^; therefore / (K^)'^ ~ Fi^/mFx. 
Dualizing, we obtain an isomorphism 

Homz(F/mF, ~ Homz(Homcont(Gal(ir7-^)5 Mm)' Mm)- 

However, 

Hom,ont(Gal(irVir), fij = colim }iom^{Ga\{Ky K) / H , fij 

HcGal{K^/K) 

where H runs over the cofiltered system of open normal subgroups of Ga\{K^ / K) such that 
Gal{K^ / K) / H is abelian with exponent dividing m. It follows that 

Homz(Homcont(Gal(KVK)//f,^„),/x„) ^ ^^^\im^^^Ga\{KyK)/H 

where the right-hand side is a quotient of Ga\{K^ / KY^^ Hence, we have obtained a surjective 
group homomorphism 

(6.2.13) Ga\{KyK) ^ Rom^im-'TK/TK, f^J ^ }iom^{m-'T k /T k , m(«^))- 

(Since Fx is torsion-free, we can identify naturally F^^/mFx to the subgroup m^^F^/Fx C 
(r^ ®z Q)/rx)- Let j : Te/Tk ^ fn^^^ k k be the inclusion map. One verifies directly 
from the definitions, that the maps ( |6.2.1 ID and ( ]6.2.13D fit into a commutative diagram 

GaliK^K) G8i\{E/K) 



where the top map is the natural surjection, and p := Homz(j, Ai('*))- Finally, an easy applica- 
tion of Zorn's lemma shows that p is surjective, and therefore, so is ( |6.2.1 1[ ). 

It remains to show that the kernel H of (|6.2.1 1[) is a p-group. Suppose that a E H and 



nevertheless p does not divide the order / of a; then we claim that the i^'-linear map (p : E ^ E 
given hy X ^ X]!=o '^*(^) isometry. Indeed, 0(a;) = I ■ x + X]i=i('^*(^) — a;); it suffices 
then to remark that \l ■ x\ = \x\ and \a\x) — x\ < \x\, since E H for z = 0, ...,/ — 1. Next, 
for every x E E we. can write = a^{x) — x = (f){x — a{x)); hence a{x) = x, that is, a is the 
neutral element of Gal{E / K), as asserted. □ 

Corollary 6.2.14. Keep the assumptions of ( |6.2.10| ), and suppose moreover that {p, [E : K]) = 
1. Then Te/Tk ^ }lomz{Gal{E/K), ^i{K)). Moreover, if Te/Tk ^ Z/qiZ © ... © Z/g^Z, 
then there exist ai, at E K with E = Kla^''^ , a]/'^'^]- 



Proof. To start out, since {p,[E : K]) = 1, proposition |6.2.12| tells us that the map ( |6.2.1 1[ ) 



is an isomorphism. In particular, GdA{E/K) is abelian, and [F^ : Fx] > [E : K], whence 
[Te : Tk] = [E : K] by remark [O^K ii). Therefore Ga\{E/K) ~ Z/q^Z © ... © Z/g^Z and 
ii^ is a compositum of cyclic extensions Ei, E^ of order gi, g^. It follows as well that 
^e/^k — Roraz{Ga\{E / K), fj,(K)), so the first assertion holds; furthermore the latter holds 
also for every extension of K contained in E. We deduce : 



Claim 6.2. 15. The Galois correspondence establishes an inclusion preserving bijection between 
the subgroups of F^; containing F^, and the subfields of E containing K. 
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To prove the second assertion, we are thus reduced to the case where E is a cyclic extension 
of prime power order, say Gal(£^/i^) ^ Z/qZ, with {q,p) = 1. Let 7 G F^; be an element 
whose class in Te/Tk is a generator; we can find a E K such that \a\ = 7^. Let E' := K[a^^"^] 
and F := E ■ E' . Since Tp h torsion-free, one sees easily that its subgroups Ve and Ve' 
coincide. However, F satisfies again the assumptions of the corollary, therefore claim |6.2.15 



applies to F, and yields E = E'. □ 

Definition 6.2.16. Let {K, | ■ |) be a valued field. We denote by K'^^^ be the strict henselisa- 
tion of and set K^^ := Frac(-ft'+'^'^). The maximal tame extension of K in its separa- 
ble closure is the union of all the finite Galois extensions E of K^^ inside K^, such that 
{\E : K^^'-],p) = 1. Notice that, by corollary |6.2.14|, every such extension is abelian and the 



compositum of two such extensions is again of the same type, so the family of all such finite 
extension is filtered, and therefore their union is their colimit, so the definition makes sense. 

6.2.17. Since Tj^sh = T^, one verifies easily from the foregoing that there is a natural isomor- 
phism of topological groups Ga\{K^ / K^^) ~ RomziTK ®i Z{^p)/Vk, fJ-''^^), where fi denotes 
the group of roots of 1 in K^^ and where we endow the target with the profinite topology. 

6.2.18. Let E C he any separable extension of K. Then it is easy to check that E^ = 
E ■ K^. Indeed, one knows that E^^ = E ■ K^^; then let F be a finite separable extension of E 
such that {[F : E],p) = 1. By taking roots of elements of K we can find an extension F' of K 
such that l[F' : K],l) = 1 and {Tf/Tk)^p^ = {Tf'/TkYp^ and then E ■ F' ■ K^"^ ^ F. 

6.3. Algebraic extensions. In this section we return to almost rings: we suppose it is given a 
valued field {K, | • |), and then we will study exclusively the almost ring theory relative to the 
standard setup attached to (see ( |6.1.15| )). For an extension E of K, we will use the notation 



of ( I6.2.1D . Furthermore, we will denote We the integral closure of in E. 



Lemma 6.3.1. Let R be a ring and Mi M2 M3 ^ a short exact sequence of 
finitely generated torsion R-modules, and suppose that the ToT-dimension of is < 1. Then 
Fo{M2) = Fo(Mi) ■ Fo(M3). 

Proof. We can find epimorphisms (pi : i?"^ Mi for i < 3, with n2 = ni + 123, fitting into a 
commutative diagram with exact rows: 

R"^ ^ ^ ^ 



02 



03 



^ Ml ^ M2 ^ M3 ^ 0. 

Let Ni := Ker0j (i < 3). By snake lemma we have a short exact sequence: Ni ^ N2 ^ 
A^3 — > 0. Since the Tor-dimension of the M3 is < 1, it follows that A^3 is a flat i?-module. 

Claim 6.3.2. A^^+^A/^3 = 0. 

Proof of the claim: Since N-^ is flat, the antisymmetrizer operator : A^A^3 Nf'' is injective 
for every k > (cp. the proof of proposition |4.3.26[ ). On the other hand, A^'^^R'^^'^^ = 0, 
thus it suffices to show that the natural map j®*' : N^^ (^»i3)®fc is injective for every 
A; > 0. This is clear for k = 0. Suppose that injectivity is known for j®^; we have = 
{Iji^k ®ji j) o (j"^^ lAfa)- Since is flat, we conclude by induction on k. 

Next recall that, for every A; > there are exact sequences 

(6.3.3) A^i O/j A^N2 A^+'^N2 A'^+^N^. 
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(To show that such sequences are exact, one uses the universality of A'^j^^N-^ for {k + l)-linear 
alternating maps to i?-modules). From ( |6.3.3D and claim |63^ , a simple argument by induction 



on k shows that the natural map ip : A^Ni (g) A^^A^2 ^ ^'r^2 is surjective. Finally, by 



definition, we have Fo{Ni) = Im(A^Wi 
to remark that the diagram: 



R) . To conclude, it suffices therefore 



(6.3.4) 



A"Wi® A"W3 



commutes. We leave to the reader the task of verifying that the commutativity of ( |6.3.4D boils 
down to a well-known identity for determinants of matrices. □ 



Remark 6.3.5. (i) Lemma |6.3.1| applies especially to a short exact sequence of finitely pre- 
sented torsion 7^^+ -modules, since by lemma |^1.14| , any such module has homological dimen- 
sion < 1 . 

(ii) By the usual density arguments (cp. the proof of propo sition |2 . 3 . 24| ) , it then follows that 
lemma |^3 . 1 1 holds true verbatim, even when we replace R by and the i?- modules Mi, M2, 
M3 by uniformly almost finitely generated torsion 1^+'' -modules. 



Proposition 6.3.6. Suppose that is a valuation ring of rank one. Let E be a finite separable 
extension of K. Then and Q-\^a/j^+a are uniformly almost finitely generated K^"^ -modules 
which admit the uniform bounds [E : K] and respectively [E : K]"^. Moreover, is an almost 
projective K^'^-module. 



Proof In view of the presentation ( [2.5.27p , the assertion for VLy/ajj^+a is an immediate conse- 
quence of the assertion for W^. The trace pairing tE/K '■ E x E ^ K is perfect since E is 
separable over K. Let ei, e„ be a basis of the i^- vector space E and e*, e* the dual basis 
under the trace morphism, so that tE/xi^i ® e.*) = Sij for every i,j < n. We can assume that 
Ci G We and we can find a E \ {0} such that a ■ e* G We for every i < n. Let w G We', we 
can write w = Yl'i=i '^i ' ^r some G K. We have tE/K{w ® a ■ e*) G for every j < n; 



on the other hand, tE/K{w ® a ■ e*) = a 
{xi, ...,Xn) YJi=i ■ e*, we see that 



ttj. Thus, if we let (f) : ^ Ehe. the isomorphism 



(6.3.7) 



(K+)" C ^-\We) C a-' ■ {K+y 



We can write We as the colimit of the family W of all its finitely generated /('"'"-submodules 
containing ei, e„; if Wq G W, then Wq is a free K"*"-module by remark |6.1.12K ii); then it is 
clear from ( |6.3.7D that the rank of Wq must be equal to n. The proof follows straightforwardly 
from the following: 

Claim 6.3.8. Let e G m; there exists Wq e W such that e ■ We C Wq. 

Proof of the claim: Indeed, suppose that this is not the case. Then we can find an infinite 
sequence of finitely generated submodules ©"^iCj ■ C Wq C Wi C W2 C ... C We 
such that £ ■ Wi^i ^ Wi for every i > 0. From ( |6.3.7| ) and lemma |6.3.1| it follows easily that 

Fo{{K+r/a- (K+r) C Fo{Wk-,i/Wo) = Ilto ^o(W^m/W^*) for every A; > 0. However, 
Fo{Wi+i/Wi) C AniiK+iWi+i/Wi) C e ■ K+ for every i > 0. We deduce that |a|" < \e\'' for 
every A; > 0, which is absurd, since the valuation of K has rank one. □ 
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6.3.9. Suppose that the valuation ring of K has rank one. Let K C E C Fhea tower of finite 
separable extensions. Let p C We be any prime ideal; then We,p is a valuation ring (see remark 
3.1.12Kiii)), and Wp^p is the integral closure of We,p in F. It then follows from proposition 



5.3.61 and remark |6.1.12K ii) that Wp ^ is an almost finitely generated projective p-module; 
we deduce that Wp is an almost finitely generated projective l^g-module, therefore we can 
define the different ideal of Wp over Wp. To ease notation, we will denote it by ^Wf/We- If 
I • If is a valuation of F extending | ■ |, then = Wf,p for some prime ideal p C Wp', moreover, 
if I ■ 1^; is the restriction of | ■ li;' to i?, then E^ = WE,q, where q = p fl We- For this reason, we 
are led to define ^^f+/e+ '■= {^Wf/We)p- 

Lemma 6.3.10. Let K G E G F be a tower of finite separable extensions ofK. Then: 

(i) The W p-module {Wp)* is invertible. 

(ii) ^We/K+ ■ ^Wf/We = ^Wf/K+- 



Proof. In view of proposition [4.1. 27| , (ii) follows from (i). We show (i): from proposition 



|5.3.6| we can find, for every e G m, a finitely generated K+-submodule M C We such that 
e ■ We C M. By remark |^.1.12|(ii) it follows that M is a free i^+-module, so the same holds for 



M* := B.omK+{M, K^). The scalar multiplication M* M* : (j) \^ e ■ (p factors through a 
map M* — > Wp, and if we let N be the VTe-module generated by image of the latter map, then 
e ■ Wp C N . Furthermore, for every prime ideal p C We, the localization A^p is a torsion-free 
VT^.p-module; since We,p is a valuation ring, it follows that Np is free of finite rank, again by 
remark |6.1.12K ii). Hence, is a projective V^E-module. In particular, this shows that {Wp)* is 
almost finitely generated projective as a l^g-module. To show that {Wp)* is also invertible, it 
will suffice to show that the rank of equals one. However, the rank of can be computed as 
dim^; A^ ®We We have A^ ®We ^ = ®k+ K = B.omK{E, K), so the assertion follows 
by comparing the dimensions of the two sides. □ 



Proposition 6.3.11. Suppose that has rank one. Let K G E be a finite field extension such 
that I := [E : K] is a prime. Let p := char(K). Suppose that either: 

(a) l^p and K = or 

(b) I = p and K = K^, or 

(c) the valuation of K is discrete and henselian, and E is separable over K, or 

(d) the valuation ofK is discrete and henselian, Tp = Vk and k{E) = k. 

Then : 

(i) In case (a), (b) or (d) holds, there exists x G E\K such that E^ is the filtered union of a 
family of finite -subalgebras of the form E^ := K~^[aiX + bi], (i G N) where ai,bi G K 
are elements with |ajX + &i| < L 

(ii) In case (c) holds, there exists an element x G E^ such that E^ = K^[x]. 

(iii) Furthermore, if E is a separable extension of K, then Hj{hp+/x+) = 0/or every j > 0. 

(iv) If E is an inseparable extension of K, then Hj{hp+/x+) = for every j > 1, and 
moreover Hi{hp+ /x+) is a torsion-free E^ -module. 

Proof. Let us first show how assertions (iii) and (iv) follow from (i) and (ii). Indeed, since the 
cotangent complex commutes with colimits of algebras, by (i) and (ii) we reduce to dealing 
with an algebra of the form [w] for w G E^ . Such an algebra is a complete intersection K^- 
algebra, quotient of the free algebra [X] by the ideal / C [X] generated by the minimal 
polynomial m{X) of w. In view of [^, Ch.III, Cor.3.2.7], one has a natural isomorphism in 
D(ir+H-Mod) 

=i (0 ^ I/P ^K+lX]/K+ ®K+ i^^M 0). 
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If we identify VLk+[x]/k+ ®k+ K^[w] to the rank one free -module generated by dX, 

then 5 can be given explicitly by the rule: f{X) h-* f'{w)dX, for every f{X) G {m{X)). 
However, E is separable over K if and only if m'{w) 7^ 0. It follows that 5 is injective if and 
only if E is separable over K, which proves (iii). If E is inseparable over K, then 5 vanishes 
identically by the same token. This shows (iv). 

We prove (ii). Since the valuation is discrete, we must have either e := [F^; : F] = / or 
/ := [k(-E') : k] = I (see remark |6.2.7K ii)). If e = /, then pick any uniformizer a E E; every 
element of E can be written as a sum X]i=o ' ^* ^^^^ Xi E K for every i < I. Then it is easy to 
see that such a sum is in E^ if and only Xi e for every i < /. In other words, E^ = [a]. 
In case f = can write k,{E) = k[u] for some unit u G (E^)'^ ; moreover, = mE^; then 
+ mE~^ = E^\ since in this case E^ is a finite fC^-module, we deduce E^ = K'^lu] by 
Nakayama's lemma. 

We prove (i). Suppose that (a) holds; then by corollary |6.2.14| it follows that Te/Tk — Z//Z 
and E = K[a^/'-] for some a E K. Hence: 

(6.3.12) |a*/'| i V for every i = 1, 1. 

We can suppose that the valuation of K is not discrete, otherwise we fall back on case (c); then, 
for every e E m, there exists he E K such that < \h[ ■ a\ < 1. Let xq, G K and set 



w := ^-^Q Xi ■ a^/K Clearly every element of E can be written in this form. From ( |6.3.12[ ) we 
derive that the values \xi ■ a*/' I such that Xj 7^ are all distinct. Hence, \w\ = max Ixj ■ a*'''!. 

0<i<l 

Suppose now that w E E^\ it follows that \xi ■ a*/'| < 1 for i = 0, — 1, and in fact 
\xi ■ a*/'| < 1 for i 7^ 0. Let e E m such that \e''^^\ > \xi ■ a*/'| for every i ^ 0. A simple 
calculation shows that \xi ■ < 1 for every i 7^ 0, in other words, w E K^[b£ ■ a^^'], which 
proves the claim in this case. 

In order to deal with cases (b) and (d) we need some preparation. Let x E E \ K he any 
element, and set: 

p{x) := inf |x — a| G F^. 

We consider case (b). Notice that the hypothesis K = implies that the valuation of K 
is not discrete. For any y E E vjq can write y = f{x) for some f{X) := bo + biX + ... + 
bdX'^ E K[X] with d := deg f{X) < p. The degree of the minimal Galois extension F of K 
containing all the roots of f{X) divides d\, hence F C = K. In other words, we can write 
y = dk- Y[i=i{.x - ai) for some ai, ...,adE K. 

We distinguish two cases: first, suppose that there exists a E K with |a; — a| = p{x). 
Replacing x by x — a we may achieve that |x| < |x — a| for every a E K. Then the constant 



sequence (a„ := | n G N) fulfills the condition of lemma |6.1.9| . Thus, if y = /(x) as above is 
in we must have |/(X)|(o,p(x)) < 1; in other terms: 

(6.3.13) \bi\ ■ p{xY < 1 for every i < d. 

Now, if p(x) G V we can find c E K such that xq := x ■ c still generates E and |xo| = 1, 
whence \bi/c'\ < 1 for every z < 1; however, y = 60 + {bi/c) ■ Xq + {b2/c^)x1 + ... + (6rf/c'^)x'^, 
thus y E K^[xq], so in this case, E^ itself is one of the Ef. 

In case p(x) ^ F^', since anyway F;^ is of rank one and not discrete, we can find a sequence 
of elements ci, C2, ... G K such that, letting Xj := x ■ q, we have 

\xj — a\> \xj\ for every a E K, j eW, \xj\ < 1 and \xj\ 1. 
Claim 6.3.14. If x ^ F^-, then |x'| ^ F^^- for every < / < p. 

Proof of the claim: Indeed, suppose that |x'| G Tk for some < I < p; since Fx is /-divisible, 
we can multiply x by some a G to have |x'| = 1, therefore |x| = 1, a contradiction. 
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From ( |6.3.13p and claim |OTT^ we deduce that actually \bi\ ■ p{xy < 1 whenever z > 0. It 



follows that, for j sufficiently large, we will have 1 > |x* | > \bi\- p{xy for every i > 0. Writing 
y = bo + {bi/cj)xj + {b2/cj)x'j + ... + {bd/cj)x'j we deduce y E A^+[xj], therefore the sequence 
of ii'"'"-subalgebra K~^[ci ■ x] will do in this case. 

Finally we have to consider the case where the infimum p(x) is not attained for any x E E. 
In this case, since the valuation is not discrete and of rank 1, we can find, for every x E E, a 
sequence of elements oq, Oi, a2, ... E K such that 

(6.3.15) 7j := \x — ctjl p{x). 

In particular, for j sufficiently large we will have \x\ > \x — aj], therefore |x| = \aj\. This 
shows: 

(6.3.16) r^; = r^. 

Now, pick X E E\K and any sequence of elements ai E K such that (|6.3.15|) holds; it is clear 



that {ai\i E N) fulfills the condition of lemma |6.1.9| . Consequently 

(6.3.17) \y\ = \f\X)\(^a„-i,) for every sufficiently large j. 

Let /(X) = 6o,i + KA^ - + ••• + ^d,j{X - ajY. ( |6.3.17| ) says that \bi^j\ ■ 7] < 1 whenever 
j is sufficiently large. However, from ( |6.3.16[ ) we know that 7j E Tk- Pick Cj E K such that 
\cj\ = '^J^ and set Xj := Cj{x — aj). It follows that |&ij/c* | < 1 and y = boj + {bij/cij)xj + 
... + (bdj/c'j)xj. Hence y E K^[xj\. It is then easy to verify that the family of all such K^- 
subalgebras is filtered by inclusion, and thus conclude the proof of case (b). 

At last, we turn to case (d). Notice that, by remark |6.2.7K ii), this case can occur only if E is 



inseparable over K, and then / = p. Let x E E \ K; a E mhe, Sl uniformizer; for given 
n G N, suppose that bn E K has been found such that \x — 6„| < |a"|. Since k{E) = k, we 
can find an element c E such that c = (x — bn)/aP- (mod m). Set bn+i '■= bn + c ■ a„; 
then \x — bn+i\ < |a"^^|. This shows that p{x) = 0, and the resulting sequence (bn \ n E N) 
converges to x in the m-adic topology. Let y E E; we can write y = f(x) for a polynomial 
f{X)E K[X] of degree d < p. Let F be the minimal field extension of K that contains all the 
roots of f{X). Notice that [F : K] divides d\, hence F is separable over K, and [E ■ F : F] = p. 
Let/(X) = c-nto(^-«i) be the factorization of /(X)inF[X]. By lemma we deduce 
that, for every sufficiently large n E N we have: \y\ = |/(X)|(;,„_|^_b„|), where | ■ \{b„,\x-b„\) 
is the Gauss valuation on F(X). One then argues as in the proof of case (b), to show that 
y E E^ := f('+[c„(x — bn)], with c„ E K such that \cn{x — &n)| = 1- Again, it is easy to verify 
that Ef C Efj^^ for every i e N, so the proof is complete. □ 

Corollary 6.3.18. Let E be a finite field extension of K of prime degree I. 



(i) IfE satisfies condition (a) of proposition 6.3.1 1, and the valuation ofK is not discrete (but 



still of rank one), then VtE+/K+ = 0, \^e+/k+ — and ^^e+/k+ = E~ 



(ii) If E satisfies condition (c) of proposition |6.3.TT1 , then we have : Fo{^Ie+/k+) = ^e+/k+ 
and Hi{hE+/K+) = Ofori > 0. 



Proof, (i): Since condition (a) holds, proposition |6.3.11| and its proof show that there exists a E 
K such that E^ is the increasing union of all K^-subalgebras of the form E^ := K^[b ■ a^/'], 
where b E ranges over all elements such that |6' ■ a| < 1. Consequently, VLe+/k+ = 



cohmfi£;+/^+, and L£;+/j^+ = colim . Then, again from proposition |6.3.1 1| it follows 

h b ' b b 



that Hj(LE+ /K+) = for every j > 0. Hence, in order to show the first two assertions, it 
suffices to show that the filtered system of the is essentially zero. However, the E^- 

module is generated hy Ub ■= d{b ■ a^/'), and clearly / ■ (6' ■ a)*^'^-*^)/' ■ ujb = 0. Since 

{l,p) = 1, it follows that (6' ■ a)*^'^^^/' ■ Ub = 0. On the other hand, for |6| < |c| we can write: 
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ujh = b-c ^-cjc- Therefore, the image of cj;, in vanishes, whenever |6-c ^| < Ic'-al*^' ^^/^ 

i.e., whenever \b ■ a^/'| < \d ■ a\ < 1. Since the valuation of K is of rank one and not discrete, 
such a c can always be found. To show the last stated equality, let us recall the following general 



fact (for whose proof we refer to [ pQ , Ch.VII, §1]). 



Claim 6.3.19. Suppose that E = Klw] for some w E E, and let f{X) E K[X] be its minimal 
polynomial; the elements 1, w, w'^, ...,w^~^ form a basis of the fC- vector space E. Let e^, e* 
be the corresponding dual basis under the trace pairing; then the bases S := {e*, e* } and 

5" := {w^^'^/f'{w),w^''^/f'{w), l/f'{w)} span the same £'+-submodule of E. 



Let us take w = b ■ a^/' for some b E V such that • a| < 1. It follows from claim |6.3.19 



that {^E+/K+)~^ C f'iw)-^ ■ whence f'{w) E ^e+/k+*- However, f'{w) = I ■ and 
from the definition of w we see that \f'{w) \ can be made arbitrarily close to 1, by choosing |6| 
closer and closer to |a|^/'. 

(ii): the claim about the cotangent complex is just a restatement of proposition |6.3.1 lK iii),(iv). 



By proposition |6.3. 1 l| (ii) we can write Ve = K'^lw] for some w E E^ . Let f{x) E K^\X] 
be the minimal polynomial of w. Claim |6.3.19| implies that !^e+/k+ = {f'{w)); a standard 



calculation yields VtE+ /k+ — / ifi^))^ so the assertion holds. □ 

Theorem 6.3.20. Let {E, \ ■ \e) be a finite separable valued field extension of {K, | ■ |) and 
suppose that has rank one. Then Fo(i7^+a/;^'+a) = ^^e+/k+ <^nd Hi(JuE+ /k+) = /or 
i > 0. 

Proof. We begin with a few reductions: 

Claim 6.3.21. We can assume that is a Galois extension of K. 

Proof of the claim: Indeed, let (L, | ■ 1^) be a Galois valued field extension of K extending 
{E, I ■ \e). We obtain by transitivity (p^ II.2.1.2]) a distinguished triangle 



(6.3.22) a ^1^1+ /E+ — ^ ^E+/K+ ®s+ L'^ — ^ ^l+/k+ — ^ hL+/E+- 

Suppose that the theorem is already known for the Galois extensions K C L and E C L. Then 
( |6.3.22D implies that Hi(LE+ /k+) = for i > and moreover provides a short exact sequence 



— ^ ®E+ L'^ ~^ ^L+/K+ ^L+/E+ ~^ 0- 

However, on one hand, by lemma |6.3.10K ii) the different is multiplicative in towers of exten- 



sions, and the other hand, the Fitting ideal Fq is multiplicative for short exact sequences, by 
virtue of remark ( |6.3.5D (ii), so the claim follows. 



Claim 6.3.23. We can assume that is strictly henselian. 

Proof of the claim: Indeed, let K^^^^ be the strict henselisation of and K^^ := Frac(i^'"'"'^^). 
It is known that K^^^ is an ind-etale extension of K^, therefore E~^ ®k+ K~^^^ is a reduced nor- 
mal semilocal integral and flat _ft'+'^'^-algebra, whence a product of reduced normal local integral 
and flat i^+'^'^-algebras Wi, Wk- Each such Wi is necessarily the integral closure of K'^^^ in 
Ei := Fiac{Wi). It follows that hE+/K+ ®k+ -^"^"'^ - '^e+(!Dj^+k+<'^/k+-^ - ®^i=i^w,®j^+K+-^- 
Furthermore: ^^e+/k+ ®k+'^ [K^^^Y ^ ©4^1^^+/;^+* and similarly for the modules of dif- 
ferentials. We remark as well that the formation of Fitting ideals commutes with arbitrary base 
changes. In conclusion, it is clear that the assertions of the theorem hold for the extension 
K C E if and only if they hold for each extension K^^ C Ei. 

Claim 6.3.24. Suppose K = K^^. We can assume that Ga\{E/ K) is a p-group. 
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Proof of the claim: Indeed, let P be the kernel of ( |6.2.1 ip . By propo sitio n |5 . 2 . 1 2| , P is j9-group; 



let L be the fixed field of P. Then L C and, by virtue of corollary |6.2.14 , we see that L 



admits a chain of subextensions K := Lq C Li C ... C := L such that each Lj C Lj+i 
satisfies either condition (a) or (c) of proposition |6.3.1 1| . Then, by corollary |6.3.18| it follows 



that the assertions of the theorem are already known for the extensions Lj C Li+i. From here, 
using transitivity of the cotangent complex and multiplicativity of the different in towers of 
extensions, and of the Fitting ideals for short exact sequences, one shows that the assertions 
hold also for the extension K C L (cp. the proof of claim |6.3.21D . Now, if the assertions are 



known to hold as well for the extension L (Z E, again the same argument proves them for 
K CE. 

Claim 6.3.25. The theorem holds if the valuation of K is discrete. 



Proof of the claim: By claim |5.3.24| , we can suppose that GaA{E/K) is a p-group. Hence, 



we can find a sequence of subextensions Eq := K C Ei C E2 C ... C En := E with 
[Ei+i : Ei] = p, for every i = 0, ...,n — 1. Arguing like in the proof of claim |0.24| we see that 



it suffices to prove the claim for each of the extensions Ei C -Ej+i. In this case we are left to 
dealing with an extension K C E of degree p, which is taken care of by corollary |6.3.18K ii). 

Claim 6.3.26. Suppose K = K^^, that Gal{E : i^') is a p-group and that the valuation of K 
is not discrete. Let L be a finite Galois extension of K such that ([L : K],p) = 1. Then the 
natural map E^ L'^ ^ {E ■ L)^ is an isomorphism. 



Proof of the claim: By corollary |6.2.14| we know that L admits a tower of subextensions of the 



form K := Lq C Li C ... C Lk := L, such that, for each i < k we have Lj+i = Li[a^/'] for 
some a E Li and some prime I ^ p. By induction on i, we can then reduce to the case where 
L = i^'[a^/'] for some a E K and a prime / 7^ p. Under the above assumptions, we must have 
EnL = K, hence a ^ E. Then i^-L = E[a^/^] and by proposition |07TT1 and its proof, {E-Ly 



is the filtered union of all its subalgebras of the form E^[b ■ a^/'], where b E E ranges over all 
the elements such that 16*" ■ a| < 1. However, since the valuation of K is not discrete and has 
rank one, Tk is dense in Te, and consequently the subfamily consisting of the E'^[b ■ a^/'] with 
b E K is cofinal. Finally, forbEK we have E^[b ■ a^/'] ~ E^ ®k+ K^[b ■ a^^']. By taking 
colimits, it follows that • L)+ ^ ®k+ L+ . 

Claim 6.3.27. We can assume that K is equal to K^. 

Proof of the claim: By claim |6.3.23| we can and do assume that K = K^^, in which case 



is the filtered union of all the finite Galois extension L of K such that {[L : K],p) = 1. Then 
K^^ = IJ^ and (E- K^)^ = [J^(E ■ L)^ , where L ranges over all such extensions. By claim 
|6.3.24| we can also assume that Gal{E/K) is ap-group, in which case, by claim |0?26| , we have 



E+^K+L^ (i?-L)+forevery Las above. Taking colimit, we get i?+(g);^+K*+ {E-K^)+. 
Since K^^ is faithfully flat over K^, this shows that, in order to prove the theorem, we can 
replace K by K^; however, by ( |6.2.18D we have (K^y = K^, whence the claim. 

After this preparation, we are ready to finish the proof of the theorem. We are reduced to 
considering a Galois extension E of K = such that Ga\.{E/K) is a p-group; moreover, 
we can assume that the valuation of K is not discrete. Then, arguing as in the proof of claim 
|6.3.25| , we can further reduce to dealing with an extension K C E of degree p; furthermore, the 



condition K = still holds, by virtue of ( |5.2.18[ ). In this situation, condition (b) of proposition 



|6.3.11| is fulfilled, hence Hj{hE+ /k+) = for j > 0, by proposition |6.3. 1 l| (iii). It remains to 



show the identity Fo{yLEo.+ /k+°-) = ^e+/k+- By proposition |6.3. 1 IK i), there exists x E E such 
that is the filtered union of a family of finite K^-subalgebras E^ := K^[aiX + bi] (i E N) 
of E^ . Let f{X) E K^[X] be the minimal polynomial of x. By construction of E^ , it is clear 



ALMOST RING THEORY 



169 



that they form a Cauchy net in J^x+"(-E'^") converging to It then follows from lemma 

2.5.261 , that the net 0^+ E'^ \ i eN} converges to [Ie+/k+ in ^{E^). In particular, 

Fo{ilE+/K+) = liniFo(fir;+/^+ ®p;+ E^). The minimal polynomial of aiXi + h is fi{X) : = 
/(ar^X - therefore: = E+ /{fl{aiXi + bi)) = E+ /{ar^f'{x)). Consequently, 

Fo{nE+/K+) = \im{ar^f'{x)). On the other hand, claim |01^ yields: ^e+/k+ = 
for every i eN. Then the claim follows from lemma [4.1.30| . □ 

The final theorem of this section completes and extends theorem |6.3.20| to include valuations 
of arbitrary rank. 

Theorem 6.3.28. Let {K, \ ■ \) be any valued field and {E, \ ■ \e) any algebraic valued field 
extension of{K,\-\).We have : 

(i) Hi{LE+/K+) = 0/or i > 1 and Hi(hE+/K+) is a torsion-free E^ -module. 

(ii) If moreover, E is a separable extension of K, then Hi(hE+ /k+) = Ofori > 0. 

Proof. Let us show first how to deduce (ii) from (i). Indeed, suppose that E is separable over 
K. Then L,e/k — 0. However, by (i), the natural map Hi(Le+ /k+) Hi(Le+ /k+) ®k+ K ~ 
Hi{L,e/k) is injective, so the assertion follows. 

In order to prove (i), we reduce easily to the case of a finite algebraic extension. Let us write 
K as the filtered union of its subfields Lq, that are finitely generated over the prime field. For 
each such La, let Ka := {LaY fl K and Eo, := {La)'"^ fl E. Then E^ is a finite extension of 
Ka and K is the filtered union of the Ka- It follows easily that we can replace the extension 
K (Z E hy the extension Ko, C E^, thereby reducing to the case where the transcendence 
degree of K over its prime field is finite. In this situation, the rank r of i^' is finite (cp. ( |6.1.24D ). 
We argue by induction on r. Suppose first that r = 1. We can split into a tower of extensions 
K C n E C E; then, by using transitivity (cp. the proof of claim |6.3.21[ ), we reduce 
easily to prove the assertion for the subextensions K C and D E C E. However, the 
first case is already covered by theorem |6. 3. 20| , so we can assume that E is purely inseparable 
over K. In this case, we can further split E into a tower of subextensions of degree equal 
to p; thus we reduce to the case where [E : K] = p. We apply transitivity to the tower 
K C C E ■ = E^: by proposition |6.3.11K iv) we know that Hi{LE^+ /k^+) vanishes 
for i > 1 and is torsion-free for i = 1; by theorem |6.3.2U| , we have Hi(LKt+/x+) = for 
i > 0, therefore Hi(LEt+ /k+) vanishes for i > 1 and is torsion-free for i = 1. Next we apply 
transitivity to the tower K C E C E^ :hy theorem |6.3.20| we have Hi (LEt+ /e+) =0 for z > 0, 
and the claim follows easily. 

Next suppose that r > 1, and that the theorem is already known for ranks < r. Arguing as in 
the proof of claim |6.3.23[ , we can even reduce to the case where is henselian, and then 
is the integral closure of in E. Let p,. := (0) C pr-i C ... C po be the chain of prime ideals 
of K^, and for every i < r let be the unique prime ideal of lying over pj. The valuation 
ring has rank r — 1, thus, by inductive assumption, the desired assertions are known for 
the extension C E'^^. It suffices therefore to show that Hi(LE+ /k+) C Hi(L^+ ) for 
every i > 0. Pick a E po\ Pi- Then K+ = K+[a-^] and E+ = E+[a-'^] and ^e+jk+ = 
/K+ '^K+ K^[a^^]. Hence, we are reduced to show that multiplication by a is injective on 
the homology of L£;+/;^+. Let R := /aK^ and Re := E^ ®k+ R- We have a short exact 

sequence — > — > i? — > 0, therefore, after tensoring by 1^e+/k+, a distinguished 
triangle: 

a L 

^E+/K+ ^E+/K+ ^E+/K+ ®K+ R Cr^E+/K+- 

L 

On the other hand, according to remark |6.1.12K ii), E^ is flat over K^, therefore 'Le+ /k+ ®k+ 
R ~ I^Re/r (by [^, II. 2. 2.1]). Consequently, it suffices to show that Hi(LR^/R) = for i > 2. 
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However, R = (K^/pi) R, and Re = (-E^/qi) 0k+ R', moreover, E^/qi is the integral 
closure of the valuation ring K'^ /pi in the finite field extension Frac(£'"''/qi) of Frac(-ft'''"/pi). 
Therefore we can replace by /pi and by /qi. This turns us back to the case 
where r = 1. Then the vanishing of Hi(LE+/K+) for i > 2 yields the vanishing of Hi(Ljij^/ji) 



fori > 2. Moreover, since Hi(Le+/k+) is torsion-free, multiplication by a on if 1 1 
injective, therefore H2(Lji^/ji) vanishes as well. 



L 



'E+/K- 



-)is 

□ 



6.4. Logarithmic differentials. In this section is a valuation ring of arbitrary rank. We 
keep the notation of ( |6.2.1D . We start by reviewing some facts on logarithmic structures, for 
which the general reference is [p8|]. 



6.4. 1 . Let Mndx (reps. Z-Mod^) be the category of sheaves of commutative monoids (resp. 
of abelian groups) on a topological space X. The forgetful functor Z-Modx Mndx admits 
a left adjoint functor M t-^ M^^. If M is a sheaf of monoids, M^^ is the sheaf associated to the 
presheaf defined hy : U ^-^ M(t/)^P for every open subset U C X. 

The functor T : Mndx Mnd that associates to every sheaf of monoids its global sections, 
admits a left adjoint Mnd Mndx : M Mx- For a monoid M, Mx is the sheaf 
associated to the constant presheaf with value M. 

6.4.2. Recall that a pre-log structure on a scheme X is a morphism of sheaves of commutative 
monoids : a : M — > &x, where the monoid structure of 0x is induced by multiplication of 
local sections. We denote by pre-Iogj^ the category of pre-log structures on X. 

To a monoid M and a morphism of monoids : M — > r(X, ^x)» one can associate a 
pre-log structure (px '■ Mx — > &x by composing the induced morphism of constant sheaves 
Mx —^V{X,ffx)x with the counit of the adjunction V{X, ffx)x ^x- 

6.4.3. To a morphism : F — > X of schemes, one can associate a pair of adjoint functors 
(j)* : pre-logj^ pre-logy and (j)^ : pre-logy pre-log^. Let (M, a : M G x) 
(resp. (iV, : N_ ffy)) be a pre-log structure on X (resp. on Y) and (j)' : ffx ^ <P*^y 
(j)'^ : (j)~^ffx the natural morphisms (unit and counit of the adjunction on 



sheaves of Z-modules); then </> M 



'X 



fy defines 0*(M,a : M 



0*(iV, /3 : iV — > ^y) is the morphism of sheaves of monoids 7 : 0*iV 
makes commute the cartesian diagram 

<P*N ^4>*f^Y Gx 



'X 



Gx) and 
?'x which 



'Y- 



6.4.4. A pre-log structure a is said to be a log structure if ( ^ 
the category of log structures on X. The forgetful functor logx 
admits a left adjoint 

(6.4.5) pre-log^ ^ log^^ : M ^ M}"^ 

and the resulting the diagram: 



) ~ We denote by log 
pre-logx : M^Af"''-^"^ 



a 



M 



(6.4.6) 



^1 



is cocartesian in the category of pre-log structures. From this, one can easily verify that the unit 
of the adjunction : M 1-^ (M^'"'^"^"^)'"^' is an isomorphism for every log structure M. 
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6.4.7. The category log^ admits arbitrary colimits; indeed, since the unit of the adjunction 



( I6.4.5D is an isomorphism, it suffices to construct such colimits in the category of pre-log struc- 
tures, and then apply the functor (— ) t-^ (_yog which preserves colimits, since it is a left 
adjoint. In particular, log^ admits arbitrary direct sums, and for any family (M^ \ i E I) of 
pre-log structures we have (©ie/Mi)^°^ — ®ieiM.i^- 

6.4.8. For any morphism of schemes F ^ X we remark that, if (M, a) is a log structure on 
Y , then the pre-log structure (f)*{A£, a) is actually a log structure (this can be checked on the 
stalks). We deduce a pair of adjoint functors {(f)*, 0*) for log structures, as in ( |6.4.3D . These are 



formed by composing the corresponding functors for pre-log structures with the functor ( |6.4.5[ ). 



6.4.9. We say that a log structure M is regular if M = (Mx)'°^ for some free monoid M, and 
the associated morphism of monoids cj) : M r(X, ffx) maps M into the set of non-zero- 
divisors of r(X, ffx)- 

6.4.10. For an ^x-module ^ , denote by Hom^_^ *) the category of all homomorphisms 
of ^x-modules ^ ^ (for any i^x-module s^). A morphism from ^ ^ io ^ ^ ^ h 
a morphism iSS oi ^x-modules which induces the identity on ^ . This category admits 
arbitrary colimits. 

6.4.11. Given a pre-log structure a : M — >^ ffx, one defines the sheaf of logarithmic differ- 
entials J^x/z(logM) as the quotient of the ^x-module Qx/z © {^x ®ix M^^) by the iffx- 
submodule generated by the local sections of the form ((ia;(m), — a(m) m), for every local 
section m of M. (The meaning of this is, that one adds to Vtx/z the logarithmic differentials 
a{m)~^da{m)). For every local section m of M, we denote by d log(m) the image of 1 ® m in 
^x/z(logM). The assignment M ^ (fix/z ^ ^x/z(logM)) defines a (covariant) functor : 

Vt : pre-log^ Hom^^(ilx/z, *)• 

Lemma 6.4.12. Let X be a scheme. 

(i) The functor commutes with all colimits. 

(ii) The functor factors through the functor ( |6.4.5[ ). 

(iii) Let j : U ^ X be a formally etale morphism of schemes and M a log structure on X. 
Then the natural morphism: j*^^x/z(logM) ~^ ^c//z(log j*M) is an isomorphism. 

(iv) If is a regular log structure, then f2(M) is a monomorphism of iffx-modules. 

Proof, (i): It is clear that Vt commutes with filtered colimits. Thus, to show that it commutes 
with all colimits, it suffices to show that it commutes with finite direct sums and with coequal- 
izers. We consider first direct sums. We have to show that, for any two pre-log structures 
and M_2, the natural morphism 

(]x/z(logMi) n l^x/z(logM2) ^f^x/z(logMi©M2) 



is an isomorphism. Notice that the functor (— ) i-^ {—Y^ of ( |6.4.1D commutes with colimits, 
since it is a left adjoint. It follows that the diagram 

^x/z ^X/Z © {^X ©Zx Mf ) 



^x/z © {^x ©zx Mf) ^x/z © {^x ©z^ (Ml © M^Y") 

is cocartesian. Thus, we are reduced to show that the kernel of the map 

^x/1 © {^x ©zx M^) ^ ^x/7.{\ogM) 
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is generated by the images of the kernels of the corresponding maps relative to and Mq. 
However, any section of M_i © M_2 can be written locally in the form x ■ y for two local sections 
X of M_i and y of M_2. Then we have : 

{da{x ■ y), —a{x ■ y) ® {x ■ y)) = ■ da{y) + a{y) ■ da{x), —a{x) ■ a{y) <S) {x ■ y)) 

= a{x) ■ {da{y), —a{y) ® y) + a{y) ■ {da{x), —a{x) x) 

so the claim is clear. Next, suppose that 0, ^/^ : M — > iV are two morphisms of pre-log structures. 
Let : a : Q — > be the coequalizer of and ip. Clearly, Q is the coequalizer of (p and in the 
category of sheaves of monoids. The functor M i— > M^^ preserves colimits, so we are reduced 
to consider the cokernel of P := (f)^ — -ip^. Moreover, clearly we have Coker(/3) i^Zx — 
Coker(/3 ^x) \ the claim follows easily. 



(ii) : Let us apply the functor Vt to the cocartesian diagram ( |6.4.6D . In view of (i), the resulting 
diagram of ^x-modules is cocartesian. However, it is easy to check that f2x/z(log Ci~^{^x)) — 
f^x/z(log ^x) — ^x/z- The assertion follows directly. 

(iii) : one uses P^ , Ch.IV, Cor. 17.2.4]; the details will be left to the reader. 

(iv) : By (ii), the functor ^7 descends to a functor 



(6.4.13) 



Since the unit of the adjunction ( |6.4.5D is an isomorphism, it follows easily that ( |6.4.13| ) com- 
mutes with all colimits of log structures. Hence, to verify that i7(M) is a monomorphism when 
M is regular, we are immediately reduced to the case when M is the regular log structure asso- 
ciated to a morphism of monoids (p : N ^ r(X, ^x)- Let / := 0(1). It is easy to check that in 
this case, the diagram 

^^x 



'X 



dlog/ 



df 

^xiz^^x/z{\ogM) 

is cocartesian. By assumption, / is a non-zero-divisor, thus multiplication by / is a monomor- 
phism of i^x-modules, so the assertion follows. □ 

6.4.14. This general formalism will be applied here to the following situation. We consider 
the submonoid M := \ {0} of . The imbedding M C induces a log structure on 
Spec , which we call the total log structure on . More generally, we consider the natural 
projection vr : M r+ (see ( |6.1.25p ); then for every submonoid C r+, we have a log 
structure N_ corresponding to the imbedding 7r^^(A^) C . To ease notation, we will denote 
by VtK+ /z(log N) the corresponding _ft""^-module of logarithmic differentials. 

Proposition 6.4.15. In the situation of ( |6.4.14| ), let /\ dV be any subgroup, N a prime ideal 
ofA~^ (cp. ( |6.1.27| )j and suppose that the convex rank ofT, := A/ (A+ \ N)^^ equals one. Then 
we have a short exact sequence 

^ nKyz{\ogA+ \ N) ^ l]^+/^(log A+) ^ S {K+Iit-\N) ■ K+) ^ 0. 

Proof. Let us first remark that the assumptions and the notation make sense : indeed, since 
is a prime ideal of A+, it follows that M := A"*" \ is a convex submonoid of A+, hence 
M = (MSP)+ and M^p is a convex subgroup of A (cp. ( |6.1.26p ), therefore S is an ordered 
group (cp. example ( |6.1.2ip (v)), and hence it makes sense to say that its convex rank equals 
one. 

Let us show that j is injective. We can write A+ as the colimit of the filtered family of its 



finitely generated submonoids Fa. For each such Fa, theorem |6.1.31| gives us a free finitely 
generated submonoid La C A+ such that Fa C La. Clearly A+ is the colimit of the La, and M 



is the colimit of the M„ 



MnLa. Thus A^ 



is the colimit of the L^, and M is the colimit of the 
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M„. Let Sa be a basis of La- Since M is convex in A, we see that is free with basis SaCiM 
and La = Ma © Na, where Na is the free submonoid spanned by Sa \ M. For each e E Sa\ M, 
pick arbitrarily an element Xe E such that \xe\ = e. The map e t-^ Xe can be extended 
to a map of monoids Na K^, and then to a pre-log structure z/q, : {Na)specV ~^ ^SpocA'+- 
Clearly we have an isomorphism of pre-log structures: La = M ^ © z/^. Since the formation of 
logarithmic differentials commutes with colimits of monoids, we are reduced to showing that 
the analogous map 



is injective. By lemma |6.4.12K i), we have Ker{ja) — Ker(nx+/z ^x+/z(log z/^)). By 



lemma |6.4.12K iv), the latter map is injective, whence the assertion. 



Next we proceed to show how to construct p. Define a map 

p:X:= Qk+zz © (vr^'A ©^ K+) ^ S ©z {K+fir-^N) ■ K+) 



by the rule : (cj, a © 6) i-^ 7r(a) © h, for any oj G VtK+ /i, a G vr^^ A, h G . 

Claim 6.4.16. Kerp contains the kernel of the surjection X — > i7x+/z(log^^)- 

Proof of the claim: It suffices to show that a © |a| G Kerp whenever n{a) ^ (A+ \ N)^'^. 
However, 7r(a) ^ (A+ \ iV)sP ^ n{a) ^ \ N ^ n{a) e N ^ a E n'^iN), so the claim 
follows. 



By claim |6.4.16| we deduce that p descends to the map p as desired. It is now obvious that 
p is surjective and that its kernel contains the image of j. To conclude the proof, it suffices 
to show that the cokemel of j is annihilated by n^'^N. We are thus reduced to showing that 
7r^^(A^) annihilates the classes in Coker(j) of the elements dlog(e), for every e G n^^N. Let 
a E n^^{N). Since the convex rank of E equals one, and 7r(e) G N, there exists A; > 
and b E such that e = ■ h and |6| < \a\. In particular, |6| G A+, and we can write: 
d log(e) = d log(a^ -h) = b - k ■ d log(a) + ■ log(&), and it is clear that a annihilates each of 
the terms of this expression. □ 



Corollary 6.4.17. In the situation of ( |6.4.14D , we have 



(i) The natural map : (3k+ '■ ^k+/z ^K+/i.(JogT'^) is injective. 

(ii) Suppose moreover that has finite rank. Let p,. := C pr-i C ... C po := vn.K be the 
chain of all the prime ideals of K^. Denote by A^ := Tk 3 Aj._i D ... D Aq := the 
corresponding ascending chain of convex subgroups ofTx (see ( |6.1.22D j. Then Coker Pk+ 



admits a finite filtration Fil' (Coker indexed by the totally ordered set Spec(-ft'+), 
such that : 

grP' (Coker ~ (A^+i/Ai) (^^ {K^ /pi) for every p, G Specir+. 

Proof, (i): Since the formation of differentials and logarithmic differentials commutes with 
colimits of Z-algebras and log structures, we can reduce to the case where K is a field of finite 
type over its prime field. In this case the convex rank of F is finite, so the assertion follows from 



proposition |6. 4. 15| and an easy induction. 



(ii): is a straightforward consequence of proposition |6.4.15| . □ 



6.5. Transcendental extensions. In this section we extend the results of section |6|3| to the case 
of arbitrary extensions of valued fields. 
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6.5.1. We fix the following notation throughout this section. For a valued field extension 
(ir,|-|)c(E,|-U),welet 

be the natural morphism. One of the main results of this section states that Cokei{pE+ /k+) is 
injective with torsion-free cokemel when K is algebraically closed (theorem |6.5.2UD or when K 
has characteristic zero (lemma |6. 5.1 2D. Lurking behind the results of this sections there should 



be some notion of "logarithmic cotangent complex", which however is not currently available. 

6.5.2. Let (25 := (G, j, A^, <) be a datum as in ( |6.1.5| ). We wish to study the total log structure 
of the valued field {K{(&), \ ■ lig). We consider the morphism of monoids 

(6.5.3) G^K[<&] : g^[g]. 

Let /^[(S]^ be the subring of the elements x E K[(S] such that jxl© < 1. Let vr : G — > 
be the projection; for every submonoid M C F^, the preimage vr^^M is a submonoid of G, 



and the restriction of ( |6.5.3D induces a morphism of monoids 7r~^(M) —>■ K[(5]'^, whence a 
pre-log structure tt^^Mx on X := Spec K[0]'^ (see ( |6.4.2D ). To ease notation, we set M : = 
(7r~^Mx)'°^ and we will write fix/z(logM) for the associated sheaf of log differentials. 

Lemma 6.5.4. Resume the notation of ( |6.1.5| ). Then the natural diagram 

K"" ®z G ®z K[e]-^ 



nK+/z(logF+) ®K+ Kl'&Y ^lK[e]+/i.{\ogV+) 

is cocartesian. 

Proof. Let P be the push out of a and [3. We already have a map cf) : P ^ VLx[is,]+ /■L{\ogV^), 
and by inspecting the definition of -ft'[(S]"*' one verifies easily that (p is surjective; thus we need 
only find a left inverse for 0. Let us remark also that (3, and consequently rj, is surjective, hence 
it suffices to exhibit: 

(a) a derivation 5 : P such that ri{5a) = da for every a E K[(3]~^; 

(b) a Z-linear map ijj : (7r"^F^)sP G such that rj o tp^'y) = d\og{g) for every g E vr'^F^. 

Of course we can take for %/j the natural identification (7r^^F^)sP G. To define 5, choose 
arbitrarily a set of representatives (g^ \ 7 E G/K^) for the classes of G/K^. Then every 
a E K[(S] can be written in a unique way as a fC-linear combination a = J2'yeG/Kx ^1 ' \9i\'^ 
we define 5' : i^'[(!5]+ ^ G ®z -^^[(5]+ by the rule: a ^ Xl7eG//^x 9i ® ^i- ^^^y check 
that the image of 5' {a) in P does not depend on the choices of representatives, and this defines 
our sought derivation 5. □ 

6.5.5. Let K{<5)^ be the valuation ring of the valuation | ■ I©. It is easy to see that K{<5)^ = 
K[(3]^, where p is the ideal of elements x E K[(3] such that \x\0 < 1. It then follows from 
lemma |6.4.12K i),(iii) that the diagram of lemma [6.5.4] remains cocartesian when we replace 
everywhere K [(3]'^ hy K{(3y. 



Proposition 6.5.6. Suppose that K is algebraically closed, let {E, \ ■ \e) be a purely transcen- 
dental valued field extension of{K, I ■ I) withtY.deg{E : K) = 1. Then: 

(i) flE+ /K+ is a torsion-free -module and Hi(JuE+ /k+) = 0/or every z > 0. 

(ii) The natural map of E^ -modules: f2x+/z(log T"*") ®k+ ^£;+/z(logr^) is injective 
with torsion-free cokernel. 
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(iii) Suppose that Ve = T. Then the natural diagram 



IS cocartesian. 



Proof. Let m^; be the maximal ideal of and X E E such that E = K{X). Following 
( |6.1.10D , we distinguish two cases, according to whether there exists or there does not exist an 
element a E K which minimizes the function K ^ Te '■ b ^-^ \X — b\E. Suppose first 
that such an element does not exist. We pick a net (oj | i G /) satisfying the conditions of 



lemma |6.1.9| , relative to the element x := X. For a given b E K, choose i E I such that 
\X — ai\E < |X — b\E', then we have |aj — b\ = \X — b\E and it follows easily that Te = 
in this case. Then, for every i E I we can find bi E K such that \X — ai\E = \bi\. Let 
f{X)/g{X) E E+ be the quotient of two elements f{X),g{X) E K[X]. By lemma |6T9i 
we have \f {X) / g{X)\(^a,,\h\) < 1 and 7 := \g{X)\E = \g{X)\(^a,,\b,\) for every sufficie ntly lar ge 
i E I. Pick a E K such that \a\ = 7. Arguing as in the proof of case (b) of proposition |6.3.1 l| (i), 
we deduce that a^^ ■ g{X),a~^ ■ f{X) E Ai := K^[{X - ai)/bi], and if we let pi := Air\mE+, 
then f(X)/g(X) E E^ := p^. It is also easy to see that the family of the fC^-algebras E^ is 
filtered by inclusion. Clearly 1]^+^^+ is a free ^E^^-module of rank one, and Hi(L^+ ) = 

for every i > 0, so (i) follows easily in this case. Notice that, since F = F^;, the log structure F^ 
on Spec E^ (notation of ( |6.4.14D ) is the log structure associated to the morphism of monoids 



(K^) \ {0} E^. It follows easily that, for every i E have a cocartesian diagram 

^K+/Z ®K+ Ai — ^ VlAii 

(6.5.7) 

f^i^+/z(logF+) ®K+ A, r]^^/z(logF+) 

where moreover, is split injective; the diagram of (iii) is obtained from ( |6.5.7[ ), by localizing 
at p and taking colimits over the family /; since both operations preserve colimits, we get (ii) 
and (iii) in this case. Finally, suppose that there exists an element a E K such that |X — a| is 
minimal; we can replace X by X—a, and thus assume that a = 0. By ( |6.1.10D it follows that \ -\e 
is a Gauss valuation; then this case can be realized as the valuation | ■ | © associated to the datum 
:= {K^ ©Z, j, iV, <), where j is the obvious imbedding, and N is either Z or {0}, depending 
on whether \X\e E F or otherwise. In either case, ( |6.5.5[ ) tells us that the map of (ii) is split 
injective, with cokemel isomorphic to E^, so (ii) holds. Suppose first that \X\e E F. Then 
we can find b E K such that \X/b\E = 1, and one verifies easily that E^ is the localization of 
A := [X/b] at the prime ideal mx ■ E^ . Clearly ( ]6.5.7| ) remains cocartesian when we replace 
Ai by A and ai by the corresponding map a; the latter is still split injective, so (iii) follows 
easily, (i) is likewise obvious in this case. In case \X\e ^ F, we distinguish three cases. First, 
suppose that |X I < |6| foreveryfe E . Then C £'+foreverya E i^'^, and indeed 

it is easy to check that E^ is the filtered union of its fT^-subalgebras of the form K^^lX/^p^, 
where pf, is the prime ideal generated by rrix and X/b. Again (i) follows. The second case, when 
\X\e > \b\ for every b E K^, is reduced to the former, by replacing X with X^^. It remains 
only to consider the case where there exist oq, &o ^ K such that |ao| < \X\e < \bo\', then we 
can find a net (oj, bi \ i E I) consisting of pairs of elements of K^, such that |aj| < \X\e < \bi\ 
for every i E I, and moreover, for every a,b E such that \a\ < \X\ < \b\, there exists io E I 
with \a\ < I a; I and \bi\ < \b\ whenever i > io- In such a situation, one verifies easily that E~^ 
is the filtered union of its ii'"'"-subalgebras of the form E^ := i^+[aj/X, X/bi]p-, where pi is 
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the prime ideal generated by xtik and the elements Ui/X, X/bi. Each ring is a complete 
intersection i^^^-algebra, isomorphic to K'^[X, Y]/{X ■ Y — ai/bi). It follows that L^+^^+ is 

acyclic in degrees > 0, and ^e+/k+ ~ X • E+ © F © E:^/{XdY + YdX). We leave to the 

reader the verification that this i^^^-module is torsion-free. □ 

Theorem 6.5.8. Let {K, | • |) C {E, \ ■ \e) be any extension of valued fields. Then 

(i) Hi{LE+/K+) = 0/or every i > 1 and Hi{Le+/k+) is <^ torsion-free E^ -module. 

(ii) If K is perfect, then Hi(JuE+ /k+) = Q for every z > 0. 

Proof. Let us show first how to deduce (ii) from (i). Indeed, we reduce easily to the case where 
E is finitely generated over K. Then, if K is perfect, we can find a subextension F C E which 
is purely transcendental over K, and such that E is separable over F; by transitivity, we deduce 
that hE/K — E ®f1^f/k', moreover Hi{LFiK) = for i > 0; by (i) we know that Hi{hE+ /k+) 
imbeds into Hi{hE+ /k+) ®e+ E c:^ Hi(Le/k), so the assertion follows. 

To show (i), let | ■ 1^;^ be a valuation on the algebraic closure E^ of E, which extends | ■ 1^; 



recall that E^~^ is a faithfully flat 7^^+ -module by remark |6.1.12K ii). We apply transitivity to the 
tower C E~^ C E^'^ to see that the theorem holds for the extension {K, | ■ |) C {E, \ ■ \e) 
if and only if it holds for {K, | ■ |) C {E^, \ ■ \e-) and for {E, \ ■ \e) C (^^, | ■ \e-). For 
the latter extension the assertion is already known by theorem |6.3.28| (i), so we are reduced to 
prove the theorem for the case (K, | • |) C (E^, \ ■ \e^). Similarly, we apply transitivity to the 
tower c K^~^ c E^'^ to reduce to the case where both K and E are algebraically closed. 
Then we can write E as the filtered union of the algebraic closures Ef of its finitely generated 
subfields Ei, thereby reducing to prove the theorem for the extensions K C Ef-; hence we can 
assume that tT.d{E : K) is finite. Again, by transitivity, we further reduce to the case where 
the transcendence degree of E over K equals one. In this case, we can pick an element X E E 
transcendent over K, and write E = K{X)^. Using once more transitivity, we reduce to show 
the assertion for the purely transcendental extension K C K{X), in which case proposition 
|b.5.6K i) applies, and concludes the proof. □ 



Lemma 6.5.9. Let R S be a ring homomorphism. 

(i) Suppose that ¥p C R, denote by : R ^ R the Frobenius endomorphism of R, and 
define similarly $5. Let _R($) := ^*rR and S'($) := $^5* (cp. ( [3.5.7D j. Suppose moreover 
that the natural morphism : 

L 

is an isomorphism in D(i?-Mod). Then L,s/r — in D(s.S'-Mod). 

(ii) Suppose that S is a fiat R-algebra and let p be a prime integer, b E R a non-zero-divisor 
such that p ■ R d V ■ R. Suppose moreover that the Frobenius endomorphisms of R' : = 
R/bP ■ R and S' := S/b'^ ■ S are surjective. Then the natural morphism : 

^S/R ^S[b-'^]/R[b-^ 

is an isomorphism in D(s.5'-Mod). 

Proof, (i): Let P* := Pr{S) be the standard simplicial resolution of S by free i?-algebras. Then 
hs/R — i^p'/R ©p« S. Let $p. : P* P'^-^ be the termwise Frobenius endomorphism of the 
simplicial algebra P*. As usual, we can write $p. = ($p 0r Ip.) o ^r./r, where the relative 
Frobenius ^p'/r : -R($) 0r P* — > P*^-^ is a morphism of simplicial -algebras. Concretely, 
if P'^ = R[Xi I i G /] is a free algebra on generators (Xj \ i e I), then 

(6.5.10) ^pk/R{Xi) = Xf for every t G /. 
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Under the assumption of the lemma, $p. is a quasi-isomorphism of simplicial _R($) -algebras. 



It then follows from Ch.n, Prop. 1.2. 6. 2] that $p. induces an isomorphism 



(6.5.11) ®R I.S/R ^ - ^S/R- 

However, ( |6.5.1(J| ) shows that ( |6.5.1 1[ ) is represented by a map of simplicial complexes which is 



termwise the zero map, so the claim follows. 

(ii): Under the stated assumptions, the Frobenius map induces an isomorphism of i?-algebras: 
R/h ■ R ^ i?!^-) (resp. of S-algebras: S/b ■ S ^ S'^^-^). Thus the map 

S' ^ : x^y ^ <^s'{x) -y 

is an isomorphism. Since moreover S' is a flat i?'-algebra, we see that the assumption of (i) is 
satisfied, whence L,s'/r' — 0. If we now tensor the short exact sequence O^R^R^R'^ 
by hs/R, we obtain a distinguished triangle 

^S/R ^ ^S/R ^S/R ®rR ^ (^'^S/R- 

L 

However, hs/R ®i? R' — hs'/R' by [ |4q , II. 2. 2.1], so we have shown that acts as an isomor- 
phism on hs/R. In other words, hs/R ~ hs/R ®s S[b~^] ~ hs[b--i-]/R[b-^, as claimed. □ 

Lemma 6.5.12. Let {K, | ■ |) C {E, \ ■ \e) be an extension of valued fields and suppose that 
Q C k{K). Then the map Pe+ /k+ of ( p.5.l\ ) is injective with torsion-free cokernel. 

Proof. To begin with, let (F, | ■ |p) be any valued field extension of {E, \ ■ \e). We remark that: 

(6.5.13) PF+/E+ O {Pe+/K+ <^E+ = PF+/K+- 

Claim 6.5.14. Suppose moreover that E is an algebraic extension of K. Then Pe+/k+ is an 
isomorphism. 



Proof of the claim: Applying ( ]6.5.13D , with F := E^, we reduce easily to prove the claim in 
case E is algebraically closed. Let K^^ be the field of fractions of the strict henselization of 
(which we see as imbedded in E^). Let j : Spec K^^'^ Spec be the morphism induces 
by the imbedding K C K^^; In view of lemma |^.2.5| , the log structure F^.h on Spec /T'^^"'" 
(notation of ( |6.4.14D ) equals j*r. Since moreover K^^'^ is local ind-etale over K~^, we deduce 
from |6.4.T^ iii) that PK^i^+/K+ is an isomorphism. Then arguing as in the foregoing, we see that 
it suffices to prove the claim for the case when K = K^^. Since everything in sight commutes 
with filtered unions of field extensions, we can even reduce to the case where is a finite 
(Galois) extension of K. Then, by corollary |6.2.14| , this case can be realized as the extension 



associated to some datum := (G, j, N,<), where moreover G/K^ is a finite torsion group. 
Since by assumption Q C -ft^flSj^, the claim follows by lemma |^3^ and ( |6.5.5| ). 



Now, if C -E is an arbitrary extension, we can apply ( |6.5.13| ) with F := E^ and claim 



6.5.14] to the extension E (Z E^ to reduce to the case where E is algebraically closed. Then 



we can apply again claim |6.5.14| to the extension K C and ( |6.5.13p with E := and 



F := E,to reduce to the case where also K is algebraically closed. Then, by the usual argument 
we reduce to the case of an extension of finite transcendence degree, and even to the case of 
transcendence degree equal to one. We factor the latter as a tower of extensions K c K(X) c 
E, where X is transcendental over K, hence E algebraic over K{X). So finally we are reduced 
to the case E = K{X), in which case we conclude by proposition |6.5.6K ii). □ 

Theorem 6.5.15. Let {K, | ■ |) C {E, \ -\e) be an extension of valued fields, with K algebraically 
closed. Then VLe+/k+ is a torsion-free E^ -module. 
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Proof. Pick a valuation | ■ \e'^ of the field E'^ extending | ■ \e- We have an exact sequence: 
Hi{hE'>-+ /E+) — ^ ®E+ ^E+/K+ ^E^+/K+, whcrc the leftmost term is torsion-free by 
theorem |5.3.28| , so it suffices to show that r2£;a+ //^+ is torsion-free, and we can therefore assume 
that E is algebraically closed. In this case, if now char(fr) > 0, it follows that the Frobenius 
endomorphism of E^ is surjective; then, for any a E E^ we can write da = d{a^^^y = 
p ■ a^^~^^/P ■ da^^P = 0, so actually ^Ie+/k+ = 0. In case char(_ft') = and chai{K(K)) = 
p, let us pick an element b E such that \lf\ > \p\. Since K and E are algebraically 
closed, the Frobenius endomorphisms on /VK^ and E^ /VE^ are surjective, so 'Le+ /k+ — 
'^E+[b-^]/K+[b'^ by lemma |63!9| (ii). Now, K^^~^] is the valuation ring of a valuation | ■ |' on 



K, which extends to a valuation | ■ on E^ whose valuation ring is E^^^^]. Furthermore, the 
residue fields of these valuations are fields of characteristic zero. Hence, we have reduced the 
proof of the theorem to the case where i^{K) D Q. We can further reduce to the case where 
tr.d(£' : K) is finite and K is the algebraic closure of an extension of finite type of its prime 
field. By lemma |6.5.12| we have a commutative diagram with exact rows: 



E^ ®K+ ^K+/Z ^ ^E+/Z ^ ^E+/K+ ^ 



7 



E+ ®K+ ^^i^+/z(logr+) r]£;+/z(logr+) Coker(ps+/^+) 



where 13 k+ and 13 e+ are the maps of corollary |6.4.17K i). By virtue of lemma |6.5.12| , it suffices to 
show that 7 is injective. Since (3e+ is injective by corollary |6.4.17K i), the snake lemma reduces 
us to prove : 

Claim 6.5.16. The induced map E^ ®k+ Coker Cokei (3e+ is injective. 

Proof of the claim: Under our current assumptions, and E^ are valuation rings of finite 
KruU dimension, by ( |6. 1 .241 ). Letp,. := C pr-i C ... C po '■= m^; be the chain of all the prime 
ideals of E^ . Denote by := Te D A,—! D ... D Aq := the corresponding ascending 
chain of convex subgroups of F^; (see ( |6.1.22D ). Let Fil*(Coker I3e+) (resp. Fir(Coker I3k+)) 
be the finite filtration indexed by the totally ordered set Spec E^ (resp. Spec K^), provided by 
corollary |6.4.17K ii). Since it is preferable to work with a single indexing set, we use the surjec- 
tion Spec E^ Spec K^, to replace by Spec E~^ the indexing of the filtration on Coker f3K+', 
of course in this way some of the graded subquotients become trivial, but we do not mind. With 
this notation we can write down the identities: 

E+ gr'^ {Coker (3k+) ^ E+ ®k+ ((A,+i n r)/(A,; n F)) 0^ (i^+/p, n K+) 

for every pj E Spec(£'+). Furthermore, our map : ®x+ Coker Cokei (3e+ respects 
these filtrations. If now pj E Spec(i?+) is the radical of the extension of a prime ideal of , 
then clearly the map gi'^^^cj)) : E^ ®k+ gr'''(Coker I3k+) ~^ grf'(Coker Pe+) is induced by the 
imbeddings (Aj+i n F)/(Ai n F) C Aj+i/A,; and K+/pi n C E+/pi, and it is therefore 
injective. On the other hand, if pj is not the radical of an ideal extended from K^, we have 
grP' (Coker Pk+) = 0, so grP'(0) is trivially injective in this case as well. Since the map gr'((/)) 
is injective, the same holds for (p, which concludes the proof of the claim and of the theorem. 

□ 



Theorem 6.5.17. Let \ ■ be a valuation on the separable closure of K, extending the 
valuation ofK. Then the map p := Pk^+/k+ is injective. 

Proof. Suppose first that F is divisible. By the usual reductions, we can assume that K is 
finitely generated over its prime field, hence that the convex rank of T^b is finite. We consider 
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the commutative diagram : 



K+/I 



>>K+ 



s+ 



r]x+/z(iogr+) (g)K+ fi^s+/^(iogr 



where I3k+ and (5^^+ are the maps of corollary |6.4.17| (i). By theorem |6.3.28K ii), a is injective, 
and the same holds for j3K^+, hy corollary [6.4. 17| (i). It follows that \m.{(3K+ ®k+ lii:s+)nKer p = 
{0}, in other words, the induced map 

(6.5.18) Kerp ^ ®k+ Coker/5j^+ 

is injective. By corollary |6.4. 17| (ii), there is a filtration Fil*(Coker I3k+) on Coker 13 k+, indexed 
by Spec_ft'+, such that gr^^ (Coker ~ (Aj+i/Aj) ®i {K^ /pi), where Aj, Aj+i are two 
convex subgroups of Vk- However, since we assume that F is divisible, the same holds for 
A,;+i/A,;; we deduce that grP'( Coker I3k+) vanishes whenever Frac(-ft' "''/pi) is a field of positive 
characteristic. What this means is that the filtration Fil' ( Coker /3i^+) is actually indexed by 
Spec ®z Q C Spec K^, and the natural map : 

(6.5.19) Cokei (3k+ ^ Q ®z Coker 

is an isomorphism. The same holds also for Coker If := ®z Q = {0}, then 
Coker [3k+ = Coker I3k<^+ = {0}, hence Ker p = 0, which is what we had to show. 

In case ^ {0}, then K'^ is a valuation ring of K with residue field of characteristic 

8)^ Coker 



zero. However, by lemma 5.4.1 2 [iii) it follows easily that 



and likewise p^^s 



P/('S+ /ft-H 



where := 



Coker Qj^+, 
is a valuation ring of 



whose valuation extends that of K(^. Since ( |6.5.19p is an isomorphism, ( |6.5.18| ) factors through 
Kerp^s+y^+; however, the latter vanishes by lemma |6.5.12| . Since ( |6.5.18 ) is injective, we 
derive Ker p = 0, so the theorem holds in this case. 

In case F is not necessarily divisible, let us choose a datum := (G, j, A^, <) as in ( |6.1.5[ ), 
such that G := (K^)^ © F, where F is a torsion-free abelian group (whose composition law 
we write in multiplicative notation) and is the graph of a surjective group homomorphism 
: F — i> (K^)^. Notice that in this case F© ~ Tk^ ~ F ®z Q, and the restriction to F of 
the projection G — > F© is the map x i— > |0(x~^)|i^s. Let now H := © F and define a 
new datum S) := {H,j, H Ci N, <); since is surjective, clearly we still have F^, ~ F ©^ Q- 
Notice as well that K^{i3) is separable over K{S)). Set p^ := Pk{^)+/k+-, P& '■= Pk^{&)+/k^+ 
and p0/sj := PA'={e5)+/A'{fi)+- We consider the diagram : 



fi^+/z(logF+) ©^+ K^{i3y 



'■i^s(^B)^ 



n 



A's+/; 



;(logF 



KS{(9)^ 



(logF+)©^(^)+ K^i&y 



^x=(©)+/z(logF+). 



Since F is torsion-free, it follows easily from ( |6.5.5| ) and lemma |^5.4| that p^^ and p© are injec- 
tive with torsion-free cokemels. Hence, in order to prove that p is injective, it suffices to show 
that Pk^((S)+ /K{f})+ is. Finally, let E be the separable closure of K{:^) and choose a valuation on 
E which extends the valuation of K^{(5); we notice that KeipK^(^0)+/K(f})+ C Ker pe+/k {sj)+- 
Therefore, we can replace K by K{Sj) and reduce to the case where F is divisible, which has 
already been dealt with. □ 

Theorem 6.5.20. Let {K, | ■ |) C {E, \ C \e) be an extension of valued fields, with K alge- 
braically closed. Then pE+ /k+ is injective with torsion-free cokernel. 
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Proof. By the usual arguments, we can suppose that E is finitely generated over K. Let 
I ■ |£;s be an extension of the valuation | ■ 1^; to the separable closure of E. We have 
KeipE+ /K+ C. KeTpE!^+/K+, and even CokeTpE+/K+ C. Cokei pe!^+/k+, by theorem |6.5.17| . 
Thus we can replace E by E^ and suppose that E is separably closed, hence Te divisible, by 
example |6.1.21K ii). By corollary |6.4.17| (i) we have a commutative diagram with exact rows : 



E+ (g)K+ ^K+fz E+ ®K+ l^x+/z(logr+) E+ 0K+ Coker/?i^+ 

a Pe+/k+ 7 

Y 

^ ^E+/z ^ fiij+/z(logr+) ^ Coker^s+ ^ 0. 



By theorem |5.5.8K ii), the map a is injective. The same holds for 7, in view of claim |6.5.16| . It 



follows already that Pe+/k+ is injective. Moreover, by theorem |6.5.15| , Cokera is a torsion 



free £^+-module. Since both T and F^; are divisible, it follows easily from corollary |6.4.17K ii) 



that Coker/^A- and Coker/^^; are Q-vector spaces (cp. the proof of theorem |i5.5.17D , hence the 
same holds for Coker7. Consequently, CokeTpE+/K+ is a torsion-free Z-module, and thus we 
are reduced to show that Q 0z CokeipE+/K+ is a torsion-free E'^-module. However, Q 0z 
CokeTpE+/K+ — Cokerp^+/^+, where E^ := i?+ ®z Q and := are valuation rings 
with residue fields of characteristic zero (or else they vanish, in which case we are done). But 



the assertion to prove is already known in this case, by lemma 6.5.12. □ 



Corollary 6.5.21. Let {K, \ ■ \) be a valued field, and k a perfect field such that k C K'^. Then 
^K+/k (^nd Cokerpx+/A; <^re torsion-free -modules. 

Proof We have A;^ C let E := k'' ■ K C K'^ and de note b y j : Spec E+ Spec K+ the 

morphism induced by the imbedding K C E. By lemma |6.2.5| the natural map : j*r^ 



is an isomorphism of log structures; moreover flk'^/k = 0, since k is perfect. Hence ^K+/k C. 
ilE+ /fca, and furthermore, by lemma |6^4.12K iii) we have Cokei pk+ /k C Cokerp£;+ /^a. Then the 



assertion follows from theorems |6.5.15| and |6.5.20| . □ 



Remark 6.5.22. Notice that corollary |6.5.21| is a straightforward consequence of a standard (as 



yet unproven) conjecture on the existence of resolution of singularities over perfect fields 



6.6. Deeply ramified extensions. We keep the notation of section |0| . We borrow the notion 
of deeply ramified extension of valuation rings from the paper [p]], even though our definition 
applies more generally to valuations of arbitrary rank. 

Definition 6.6.1. Let {K, | ■ |) be a valued field, | ■ |k= a valuation on which extends | ■ |. We 
say that {K, | ■ |) is deeply ramified if f2i^s+ = 0. Notice that the definition does not depend 
on the choice of the extension | ■ l^^- 

Proposition 6.6.2. Let {K, \ ■ \) be a valued field whose valuation has rank one, \ ■ \ko an 
extension of\-\to K^. Then the following conditions are equivalent : 

(i) {K, \ ■ \) is deeply ramified; 

(ii) The morphism of almost algebras {K^Y ~^ {K^^Y is weakly etale; 

(iii) {SIk^+,k+Y = 0. 

Moreover, the above equivalent conditions imply that the valuation ofK is not discrete. 

Proof. We leave to the reader the verification that (iii) (and, a fortiori, (i)) can hold only in case 
the valuation of K is not discrete. 

Let K^^^ be a strict henselization of contained in K^'^ , and K^^ its fraction field. It is 
easy to check that (i^T, | ■ |) is deeply ramified if and only if {K^^, | ■ l^sh) is. Moreover, in view 
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of lemma |J. 1 ■2K iv), condition (ii) holds for {K, | ■ |) if and only if it holds for {K^^, \ ■ Ik^^), 
and similarly for condition (iii). Hence we can assume that is strictly henselian. It is also 
clear that (i)^(iii)<^=(ii). To show that (iii)^(ii), let E C he a finite separable extension of 



K and set := K^^ fl E; it follows from theorem |6.3.20| that the natural map VLe+ /k+ ®e+ 
K^^ — > VLk^+ik+ is injective; thus, if (iii) holds, we deduce that {VLe+/k+Y = for every 
finite separable extension E of K. Again by theorem |6.3.2(J| we derive that &e+ /k+ = E^"' for 



every such E. Finally, lemmata |6.3 .101 (1) and |4.1.29| show that E^°- is etale over K^°-, whence 



(ii). Suppose next that the residue characteristic of is zero; then every finite extension E 
of K factors as a tower of Kummer extensions of prime degree, therefore VLe+ /k+ = by 
corollary |6.3.18K i), which implies that (i)-^(iii) in this case. Finally, suppose that the residue 
characteristic is p > 0. Let us choose a E such that \a\ > \p\. It follows easily from 
example |5.1.21K iii) that every element x E K^^ can be written in the form x = + a ■ z fox 
some y, z E K'^^. Hence dx = p ■ dy^^^ + a ■ dz, which means that ^1^^+ /k+ = a ■ ^Ikb+ 
Therefore, even in this case we deduce (iii)^(i). □ 

6.6.3. Let us say that a K+"-module M is K'^"^ -divisible if, for every x E \ {0} we have 
M = x- M. 

Lemma 6.6.4. Let {K, \ ■ \) be a valued field such that Q G K, and let p := char(/t) > 0. Let 
{K^, \ • \k^) be an extension of the valuation \ • \ to a separable closure of K. Denote by T the 
K^^ -torsion submodule of ^1^^+ /i- Then T ~ K^/K^^. 

Proof. Let (Q^, | ■ l^a) be the restriction of | • to the algebraic closure of Q in /T*^. From 



theorem p. 5. 20| it follows easily that T ^ f2Qa+ ®Qa+ K'^'^, hence we can suppose that K = Q. 
From theorem [6.3.20| we deduce that the natural map i^e+ ^e+/z ^q'^+ /z is injective 



for every subextension E C Q*^. For every n E N and every subextension E C Q*^, let 
En := E((pn), where Cpn is any primitive p"-th root of 1 and set E^ := [j^yo 

Claim 6.6.5. For every finite subextension E C Q^, there exists n E N such that the image of 
En 0E+ /z in is included in the image of E^ VL^+ y^. 

Proof of the claim: For every n G N, E^ is a discrete valuation ring and K{En) is a finite sepa- 
rable extension of k(Q) = Fp; from the exact sequence tn£'„/m|;^ ^e+/z ^ ^K{E„)/¥p = 
we deduce that is a (torsion) cyclic i?+-module. By comparing the annihilators of the 

modules under consideration, one obtains easily the claim. 

A standard calculation shows that f^Q+ — Qoo/Qi,- This, together with claim |6 . 6 .3| implies 
the lemma. □ 



Proposition 6.6.6. Keep the notation and assumptions of proposition |6.6.2| and suppose more- 
over that the characteristic p of the residue field k of is positive and that the valuation on 
K is not discrete. Let {K^, \- \^) be the completion of{K, \ ■ \)for the valuation topology. Then 
the following conditions are equivalent: 

(i) {K, I ■ I) deeply ramified; 

(ii) The Frobenius endomorphism of K^^ /pK^^ is surjective; 

(iii) For some h E \ {0} such that 1 > \h\ > \p\, the Frobenius endomorphism on 
{K^ /hK^Y is an epimorphism; 

(iv) Qk+ /z(log F"*") is a -divisible -module; 

(v) /z is a -divisible -module; 

(vi) {^K+izY is a K^"^ -divisible K^^-module; 

(vii) Coker p^s+ = (notation of ( |5.5.1| )j; 

(viii) Coker (pj^s+/^+)" = 0. 
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Proof. Suppose that (i) holds; then by proposition |6.6.2| it follows that the morphism {K^)' 
[K^^Y is weakly etale, so the same holds for the morphism {K'^ /hK'^Y {K^'^ /bK^ 
for every b E with |6| > \p\. In view of example |6.1 .211 (111), one sees that the Frobe- 



nius endomorphism on K^^/bK^^ is an epimorphism. Using theorem |3.5.13K ii) we deduce 
that the Frobenius endomorphism on {K^ /bK^Y is an epimorphism as well. This shows that 
(i)=^(iii). To show that (iii)^(ii), let us choose £ G ra \ {0} such that je^l > \b\; by hypoth- 
esis, for every x E there exists y E such that ■ x — E bK^ . It follows easily 
that the Frobenius endomorphism is surjective on /{b ■ e~^)K^ . Replacing 6 by 6 • e^'^ 
we can assume that the Frobenius endomorphism is surjective on /bK^ . Let bi E 
such that 1 > \bl\ > \b\; we let Y\\l{K+/pK+) (resp. Yi\l{K^ /pK+)) be the 6i-adic (resp. 
&5'-adic) filtration on /pK^. The group topology on jpK^ defined by the filtrations 
Y'A*{K^ jpK^) (i = 1,2) is the same as the one induced by the valuation topology of K^; 
moreover, one verifies easily that the Frobenius endomorphism defines a morphism of filtered 
abelian groups Fi\l(K^ /pK^) — > Fi\l(K^ /pK'^) and that the associated morphism of graded 
abelian groups is surjective. It then follows from [|T^ Ch.III, §2, n.8, Cor.2] that (ii) holds. 
Next suppose that (ii) holds; choose b E such that 1 > \b\ > \b'P\ > |p|; by hypothesis, 
the Frobenius endomorphism on /VK^ is surjective; the same holds for the Frobenius map 
on K^^ /VK^^ , in view of example |6.1.21K iii). Hence, the assumptions of lemma |6.5.9K ii) are 



fulfilled, and we deduce that Lxs+//^+ ~ Lxs+[f,-i]/;^+[b-i]. Now, if char(i^') = p, this implies 
already that VtK<>+iK+ — ^k^/k = 0, which is (i). In case char(-ft') = 0, we only deduce that 
^K^+/K+ — ^K''+[i/p]/K+[i/p]', however, R := is a valuation ring of residue character- 

istic 0. We are therefore reduced to showing that R is deeply ramified. Arguing as in the proof 
of proposition |6.6.2| we can even assume that R is strictly henselian, in which case the assertion 
follows from corollary |6.3.18K i). 

Furthermore, (ii) implies easily that ^(K+/bPK+)/z = (since dx'^ = p ■ dx^~^ = 0). Let 
/ := VK^; it follows that the natural map I /P {K^ /bPK^) ®x /z is surjective, i.e. 
^K+/z = b'P ■ /1 + ■ dbP dhP ■ Qk+ /z, which implies (v). Next, by corollary |6.4.17K ii), 
we have ^]ii'+/z(log^+)/^7x+/z — ®z T, and this last term vanishes since (ii) implies that 
r = r^. This shows that (ii)^(iv) as well. Clearly (v)^(vi). Suppose that (vi) holds. We will 
need the following : 

Claim 6.6.1. Vt^^+i^ is a fr'^^-divisible module and C := Coker(px=+/A'+) is a i^'^-torsion 
module (notation of ( |6.5.1D ). Furthermore, ~ (fii^s+/;^+)". 

Proof of the claim: In view of example |6. 1 .2 IK iii), {K^, \ ■ |xO satisfies condition (ill), hence the 
first assertion follows from the implications (iii)<(=^(ii)^(v), which have already been shown. 
Furthermore, it is clear that is a torsion J^^-module and therefore the second asser- 

tion follows easily from corollary |6.4.17[ . The latter corollary also implies that {VIk+ /zY — 



/z(log r+)", and similarly for /z, whence the third assertion. 
Now, suppose first that ¥p C K~^; in this case ^lj,c^+ /z is a torsion-free f('''+-module according 
to corollary |6.5.21| . Let b E be any element; by theorem |6.5.17| and snake lemma we deduce 



that the 6-torsion submodule C[6]" := Ker(C"^ ^ C"" : x ^ b ■ x) h isomorphic to the cokernel 
of the scalar multiplication by b on the module K^^ ®k+ /z{^ogV^); the latter vanishes 
by assumption, and by claim |6.6.7| we have C"^ = IJfeex+ whence = 0, which is 



equivalent to (i) by claim |6.6.7| and proposition |5.6.2[ 

Finally, in case is of mixed characteristic, denote by T (resp. T') the i^'^-torsion sub- 
module of VIk^+ii (resp. of K^^ ®k+ ^k+/z) and define T[b] (resp. T'[b]) as its 6-torsion 
submodule, for any b E . The foregoing argument shows that T" is isomorphic to the K^"-- 
torsion submodule of (nxs+/z(logr^s))", and similarly for {T'Y\ moreover, by snake lemma 
we obtain a short exact sequence T'[6]" T[6]" — > C[6]" for every b E K^, whence 
a short exact sequence {T'Y — — > — 0. Under (vi), [T'Y is a divisible module; 
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however, it is clear from lemma ^^K^ that the only divisible (i^''^+)"-submodules of T" are and 



T". Consequently, in light of claim 6.6.7| and proposition |6.6.2| , in order to prove that (vi)^(i), 
it suffices to show that (T')" ^ 0. In turns, this is implied by the following : 

Claim 6.6.8. The image in ^1^+ /zO-OgT) of d\og{p) G i7Q+/z(logr^), has annihilator pif^. 
Proof of the claim: (Of course, := fl Q). By theorem |6.5.17| it suffices to consider the 



image of dlog{p) in Qk^+ /z(logrjs). Then, by theorem |6.5.20| , we reduce to consider the case 



= Q. Then, once more by theorem [6. 5. 17| , it suffices to look at the annihilator of d\og{p) in 
/z(log Tq) itself, and the claim follows. 
Since (vi) is implied by both (iv) and (v), we deduce at once that all the conditions (i)-(vi) are 
equivalent. Furthermore, it is clear from claim |6.6.7| and proposition |6.6.2| that both (vii) and 



(viii) are equivalent to (i), so the proposition follows. □ 

Remark 6.6.9. By inspecting the proof of proposition |6.6.6| , we see that the argument for 
(ii)=^(i) still goes through for valued fields {K, | ■ |) of arbitrary rank and characteristic p > 0. 

Lemma 6.6.10. Let {K, \ ■ \) be a valued field and h E K an element with < \h\ < 1. Denote 
by q(6) the radical of the ideal hK^ and set p(6) := nr>o^^ ' Then p(6) and q(6) are 
consecutive prime ideals, i.e. there are no prime ideals strictly contained between p{h) and 
q(6). Equivalently, the ring W{h) := (-ft'+/p(6))q(;,) is a valuation ring of rank one and the 
image ofb is topologically nilpotent in the valuation topology ofW{b). 

Proof. It is easy to verify that p{b) and q(6) are prime ideals, and using ( |6.1.22| ) one deduces 
that W{b) is a valuation ring of rank one, which means that p(b) and q(b) are consecutive, □ 

Theorem 6.6.11. Let {K, \ ■ \) be a valued field, {K^, \ ■ |^) its completion. The following 
conditions are equivalent : 

(i) (fC, I • I) ?5 deeply ramified. 

(ii) For every valued extension {E, \ ■ \e) of {K, \ ■ \), for every b G \ {0} and for every 
i> Owe have Hi(h(^E+/bE+)/{K+/bK+)) = 0. 

(iii) For every pair of consecutive prime ideals p C q C K~^, the valuation ring {K~^ /p)^^ is 
deeply ramified. 

(iv) For every pair of convex subgroups Hi C H2 C T, the quotient H2/H1 is not isomorphic 
to Z, and moreover, ifp := char(fi;) > 0, the Frobenius endomorphism on K^^ /pK^^ is 
surjective. 

Proof. To show that (ii)^(i), we take E := and we choose a valuation on extending 
I ■ I . Then, by arguing as in the proof of lemma |6.5.9Kii), we deduce from (ii) that the scalar 



multiplication by b on i7/^s+ 1^+ is injective. Since the latter is a torsion -module, we deduce 
(i). To show (i)^(ii), we reduce first to the case where E = E^; indeed, let | ■ l^a be a 
valuation on E^ extending | ■ 1^; and suppose that the sought vanishing is known for the extension 
{K, I ■ I) C {E^, I ■ \e^); by transitivity, it then suffices to show : 

Claim 6.6.12. Hi{L(^E'^+/hE!^+y(^E+/bE+)) = for every i > 1. 

L 

Proof of the claim: By [^11.2.2.1] wehave'L(^E^+/i,E^+y(^E+/bE+) — L'E^+/e+'^e^+ E^~^ /bE^^, 
whence a spectral sequence 

Epq •= Toip {Hg(LE^+ /E+), E^~^ /bE'^'^) =^ Hp+g(L(^E^+/bE^+y(^E+/bE+))- 

Since E^^ /bE^'^ is an ii^'^"'"-module of Tor-dimension < 1, we see that E^^ = for every 
p > 1; furthermore, by theorem |6.3.28K i), it follows that Ep^ = whenever p,q > 0, so the 
claim follows. 
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Thus, we can suppose that E is algebraically closed. A spectral sequence analogous to the 
foregoing computes Hi(Li^E+ /bE+)/{K^+ /bK'^+)), and using theorems |6 .5.81 (11) and |6.5.15 



we 



find that the latter vanishes for i > 0. Consequently, by applying transitivity to the tower 
of extensions /hK^ C K^'^ /bK^~^ C /hE^ , we reduce to show the assertion for the 
case E = K^. However, by example [6.1 .2 l| (iii) we have K^~^/bK^~^ ~ K^^ /hK^^ for every 
h G K'^ \ {0}, so we can further reduce to the case E = K^. In this case, one concludes 
the proof by another spectral sequence argument, this time using assumption (i) and theorem 
|6.3.28K ii) to show that the relevant terms E'^^ vanish. 

To show that (iii)^(iv), we consider two subgroups Hi C H2 as in (iv); if c.ik(H2/ Hi) > 1, 
then clearly H2/H1 cannot be isomorphic to Z, so we can assume that Hi and H2 are con- 
secutive, so that the corresponding prime ideals are too (see (|6.1.22p). In this case, (ill) and 



proposition |6.6.2| show that H2/H1 is not isomorphic to Z, which is the first assertion of (iv). 



To prove the second assertion, it will suffice to show the following : 

Claim 6.6.13. Suppose thatp := char(/«) > and that (ill) holds. Then, for every 6 G K^\{0} 
with 1 > |6| > \p\, the Frobenius endomorphism on /hK^ is surjective. 

Proof of the claim: For such a 6 as above, define p(6), q(&) and W{h) as in lemma |^6.10| ; then 
W{h) is a valuation ring of rank one, so it is deeply ramified by assumption (ill). Then, by 
proposition |6.6.6| it follows that the Frobenius endomorphism is surjective onW{h)/h- W{h) 



K~^^^^/hK~^^^y We remark that i>K~^^^-^ C there follows a natural imbedding: /hK~^^^^ C 
W{h)/h ■ W{h), commuting with the Frobenius maps. It is then easy to deduce that the Frobe- 
nius endomorphism is surjective on K'^ /bK'^^^y Moreover, by proposition |6.6.2| , the valuation 



of W{b) is not discrete, hence its value group is isomorphic to a dense subgroup of (M, >) (see 
example [6.1.21| (vi)); therefore, by ( |6.1.22D and example [6.1.21| (v), we deduce that there exists 



an element c G such that |6| > \c^p\ and |6| < \c^'^\. These inequalities have been chosen 
so that C and bK^^^^^ C c^^K^^^^y whence bK^^^^^ C d'K^, and finally we con- 

clude that the Frobenius endomorphism induces a surjection: /cK^ j&K^ . We let 

Fil*(ir+ jbK^) (resp. Fil2(i^+ IbK^)) be the c-adic (resp. c^-adic) filtration on ir+ jbK^ . The 
foregoing implies that the Frobenius endomorphism induces a morphism of filtered modules 
YS!C-y{K^ jbK^) — > Fil2(-ft'^/&-ft'^) which is surjective on the associated graded modules; by 
[|r§ Ch.III, §2, n.S, Cor.2] the claim follows. 

Next, assume (iv) and let W := (fr+/p)q, for two consecutive prime ideals p C q C . By 
assumption the Frobenius map is surjective on /bK^ , whenever b G \ {0} and \b\ > \p\; 
we deduce easily that the Frobenius endomorphism is surjective on W/bW, which implies (ill), 
in view of proposition |6. 6. 6| . 



(i)^(iii): indeed, let p C q be as in (iii); we need to show that (i^"'"/p)q is deeply ramified. 
After replacing by we can assume that q is the maximal ideal of K^. The ring : = 
/p is a valuation ring; let k := Frac(A;+), | ■ 1^ the valuation on k corresponding to k^, and 
(k', I ■ \k') a finite separable valued extension of {k, \ ■ \k). It suffices to show that f^k'+/k+ = 0. 
We have k' ~ k[X]/(f(X)) for some irreducible monic polynomial f{X) G k[X]; let f{X) G 
K^[X] bealiftingof/(X) to a monic polynomial. Then := fs:+[X]/(7(X)) is the integral 
closure of in the finite separable extension E := Frac(i?'^) of K, and E^ /pE^ ~ k' , so 
that E^ is a valuation ring, by lemma |6.1.13| . Furthermore, the preimage of in E^ is a 
valuation ring Roi E with RD K = and R/pR ^ k'^. From (i) and theorem |6.3.28K ii) we 
deduce that ^Ir/k+ = 0, whence ^1^'+ /k+ = as required. 

Finally we show that (iv) implies (i). We distinguish several cases. The case when p : = 
char (K) > has already been dealt with, in view of remark |6.6.9| . Next suppose that char(K) = 



0; we will adapt the argument given for the rank one case to prove corollary |6.3.18K i). As usual, 
we reduce to the case where K is strictly henselian; it suffices to show that ilE+/K+ = for 
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every finite extension [E, | ■ 1^;) of i^'. Then E factors as a tower of subextensions Eq := K C 
El C E2 C ... C En := E such that Ej+i = Ei[by'''] for every i = 0,...,n — 1, where 
li := [Ei+i : Ei] is a prime number and bi E Ei such that ^ /j ■ F^;-. It is easy to see that 
assumption (iv) is inherited by every finite algebraic extension of K, hence we can reduce to 
the case E = K[b^/^], with b := bi, I := li. One verifies as in the proof of proposition |6.3. 1 l| (i) 
that E~^ consists of the elements of the form ^-Iq Xi ■ 6*/' such that Xi E K and \xi ■ U^^\e < 1 
for every i = 0, — 1 and we have to show that d{xi ■ 6*/') = for every i < / — 1. We may 
assume that i > 0, and up to replacing bhy V ■ x\, we can obtain that b E E~^; we have then to 
verify that rffe^/' = 0. Define p{b), q(6) as in lemma [^6 .101 , so that p(6) and q(6) are consecutive 
prime ideals, therefore (£'+/p(6))q(5) is a deeply ramified rank one valuation ring; in particular, 
its value group is not discrete. Then, using ( |6.1.22| ) and example |6.1.21K v), we deduce that there 
exists an element c E such that |6| > |c'+^| and \b\ < |c'|. We can write 6 = x ■ c' for some 
X E K+, whence rffci/' = c- dx^/^. However, |c| < < \a'^/^ . = \xf-^^/^. 

Since x^^'^^^'' ■ dx^^^ = 0, the claim follows. Finally, suppose that p := char(K) > and 
char(i^') = 0. Arguing as in the previous case, we produce an element b E such that 
1 6''' I > \p\ and 16*^+^1 < |j9|. The Frobenius map is surjective on /VK^ by assumption, and 
on K^^/IPK^^ by example |6.1.21K iii), hence ik+ — ^K<'+[i/p\/K+[i/p\, by lemma |63!9| (ii). 



Now it suffices to remark that K^[l/p\ is a valuation ring with residue field of characteristic 
zero, so we are reduced to the previous case, and the proof is concluded. □ 

Remark 6.6.14. By inspection of the proof, it is easy to check that condition (ii) of theorem 



6.6.11| is equivalent to the following. There exists a subset S C K'^ \ {0} such that the convex 
subgroup generated by l^l := \ s E S} equals Vk and Hi{hE+/K+ ®k+ / s ■ K^) = 
for every valued field extension [E, | ■ l^) of {K, | ■ |), every s E S and every i > 0. 
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7. Analytic geometry 

In this final chapter we bring into the picture p-adic analytic geometry and formal schemes. 
The first three sections develop a theory of the analytic cotangent complex : we show how to 
attach a complex L^^^ to any morphism of locally finite type (p : X Y of formal schemes 
or of R.Huber's adic spaces. This complex is obtained via derived completion from the usual 
cotangent complex of the morphism of ringed spaces underlying 0. We prove that I^^/y 
trols the analytic deformation theory of the morphism (f), in the same way as the usual cotangent 
complex computes the deformations of the map of ringed spaces underlying (f). We hope the 
reader will agree with us that these sections - though largely independent from the rest of the 
monograph - are not misplaced, in view of the prominence of the cotangent complex construc- 
tion throughout our work. Some of what we do here had been already anticipated in an appendix 
of Andre's treatise [0, Suppl.(c)]. 

The main result of the remaining sections and [73] is a kind of weak purity statement 
valid for affinoid varieties over a deeply ramified valued field of rank one (theorem |7.4.17| ). 
The occurence of analytic geometry in purity issues (and in p-adic Hodge theory at large) is 
rather natural; indeed, the literature on the subject is littered with indications of the relevance 



of analytic varieties, and already in [|64j], Tate explicitly asked for a p-adic Hodge theory in the 
framework of rigid varieties. We elect instead to use the language of adic spaces, introduced 
by R.Huber in [p4||. Adic spaces are generalizations of Zariski-Riemann spaces, that had al- 
ready made a few cameo appearences in earlier works on rigid analytic geometry. Recall that 
Zariski-Riemann spaces were introduced originally by Zariski in his quest for the resolution of 
singularities of algebraic varieties. Zariski's idea was to attach to any (singular, reduced and 
irreducible) variety X defined over a field k, the ringed space {X, & ^ defined as the projective 
limit of the cofiltered system of all blow-up maps X^ ^ X; so a point of X is a compatible 
system x := (xa € Xa \ X^ ^ X). It is easy to verify that, for any such x, the stalk j is 
a valuation ring dominating the image of x in X. The strategy to construct a regular model for 
X was broken up in two stages : first one sought to show that for any point x e X one can find 
some Xa under x which is non- singular in the blow-up X^. This first stage goes under the name 
of local uniformization; translated in algebraic terms, this means that for every valuation ring v 
of the field k{X) of rational functions on X, there is a model of k{X) on which the center of 
f is a non-singular point (a model is a reduced irreducible /c-scheme Y of finite type such that 
k{Y) = k{X)). Local uniformization and the quasi-compactness of the Zariski-Riemann space 
imply that there is a "finite resolving system", i.e. a finite number of models such that every 
valuation of k(X) has a non-singular center on one of them (notice that the local uniformization 
of a point Xa "spreads around" to an open neighborhood Ua of Xa in Xa, so we achieve uni- 
formization not just for x, but for all the valuations contained in the preimage U of Ua, which 
is open in X). 

The second step is to try to reduce the number of models in a finite resolving system; restrict- 
ing to open subvarieties one reduces this to the question of going from a resolving system of 
cardinality two to a non-singular model. This is what Zariski called the "fundamental theorem" 
(see pSL §2.5]). Zariski showed local uniformization for all valuation rings containing the field 



but for the fundamental theorem he could only find proofs in dimensions < 3. 



Our theorem [7.4. 17| is directly inspired by Zariski's strategy : rather than looking at the 
singularities of a variety, we try to resolve the singularities of an etale covering y — ^ X of 
smooth affinoid adic spaces over a deeply ramified non-archimedean field K (so the map is 
singular only on the special fibre of a given integral model defined on the valuation ring of 
K). We assume that X admits generically etale coordinates ti, ...,tci E &x{X), and the role 
of Zariski's X is played by the projective system of all finite coverings of the form X„ : = 
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X[tl^"', ...,ty"], where n ranges over the positive integers. We have to show that the etale 
covering F„ := X„ Xx Y X„ becomes "less and less" singular (that is, on its special fibre) 
as n grows; so we need a numerical invariant that quantifies the singularity of the covering : 
this is the discriminant 'Oy/x- The analogue of local uniformization is our proposition [7.4.13 



whose proof uses the results of section Next, in order to exploit the quasi-compactness 



of the affinoid adic spaces F„, we have to show that the estimates furnished by proposition 
7.4.13] "spread around" in an open subset; to this aim we prove that the discriminant function is 



semicontinuous : this is the purpose of section |73| . Notice that in our case we do not need an 



analogue of Zariski's difficult fundamental theorem; this is because the discriminant function 
always decreases when n grows : what makes the problem of resolution of singularities much 
harder is that a non-singular point Xa on a blow up model Xa may be dominated by singular 
points on some further blow up X^g Xa (so, for instance one cannot trivially reduce 
the cardinality of a resolving system by forming joins of the various models of the system). 
Besides, our spaces are not varieties, but adic spaces, i.e. morally we work only "at the level 
of the Zariski-Riemann space" and we do not need - as for Zariski's problem - to descend to 
(integral) models of our spaces; so we are dealing exclusively with valuation rings (or mild 
extensions thereof), rather than more complicated local rings. 

In essence, this is the complete outline of the method; however, our theorem is - alas - much 
weaker than Faltings' and does not yield by itself the kind of Galois cohomology vanishings 
that are required to deduce comparison theorems for the cohomology of algebraic varieties; we 
explain more precisely the current status of the question in ( [7.5.27p . 



Throughout this chapter we fix a valued field {K, | ■ |) with valuation of rank one, complete 
for its valuation topology. As usual, m denotes the maximal ideal of K^. We also let a be a 
topologically nilpotent element in . 

7.1. Derived completion functor. Let A be a complete i^^^-algebra of topologically finite 
presentation. For any A-module M, we denote by the (separated) a-adic completion of M. 

Proposition 7.1.1. Let A be as in (^TTJ). 

(i) Every finitely generated A-module which is torsion-free as a -module, is finitely pre- 
sented. 

(ii) A is a coherent ring. 

(iii) Let N be a finitely presented A-module, N' G N a submodule. Then there exists an integer 
c > such that 

(7.1.2) a'^NnN' C a'^'^N' 

for every k > c. In particular, the topology on N' induced by the a-adic topology on N, 
agrees with the a-adic topology of N'. 

(iv) Every finitely generated A-module is a-adically complete and separated. 

(v) Every submodule of a free A-module F of finite type is closed for the a-adic topology of 
F. 

(vi) Every A-algebra of topologically finite type is separated. 

Proof, (i) is an easy consequence of [ ]r3| . Lemma 1.2]. To show (ii), one chooses a presen- 
tation A := {Ti, ...,Tn) /I for some finitely generated ideal /, and then reduces to prove 
the statement for {Ti, ...,Tn), in which case it follows from (i). Next, let N, N' be as 
in (iii) and define T to be the K+-torsion submodule of N" := N/N'; clearly T is an A- 
submodule, and the A-module N" /T is -torsion-free, therefore is finitely presented by (i). 
Since N is finitely generated, this implies that M := Ker(A^ — > N"/T) is finitely gener- 
ated. Hence, there exists an integer c > such that a^M C N'. If now > c, we have 
a^N nN' C a^N n M = a^M C a^'^'N', which shows (iii). Next let us show: 
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Claim 7.1.3. Assertion (iv) holds for every finitely presented A-module. 

Proof of the claim: Let be a finitely presented A-module and choose a presentation 
K N 0. By (ii), K is again finitely presented, and by (iii), the topology on K 

induced by the a-adic topology on A" coincides with the a-adic topology of K. Hence, after 
taking a-adic completion, we obtain a short exact sequence : — A" — A^^ — > (see 



Th.8.1]). It follows that the natural map K is injective, which shows that the map 

A^ — > A^^ is surjective for every finitely presented A-module A^. In particular, this holds for K, 
whence K ~ K^, and A^ ~ A^^, as claimed. 

Finally, let M be a submodule of A". By (iii), the topology on M induced by A" coincides 
with the a-adic topology. Consequently, if M is finitely presented, then M is complete for the 
a-adic topology by claim [7.1.3| , hence complete as a subspace of A", hence closed in A"-. For an 
arbitrary M, define M := IJn>o(^ • '^")' '^hen M is a submodule of A"- and A/M is torsion- 
free as a if+-module, so it is finitely presented by (i), therefore M is finitely presented by (ii). 
It follows that (fM C M for some c > 0,_whence a'^A'' n M = a'^A" n M for every > c. By 
the foregoing, M is complete, so a'' A"- fl M is also complete, and finally M is complete, hence 
closed. This settles (v) and (iv) follows as well, (vi) is an immediate consequence of (v). □ 

Lemma 7.1.4. Let A ^ B be a map of -algebras of topologically finite presentation. Then 
B is of topologically finite presentation as an A-algebra. More precisely, if(j) '■ A{Ti, ...,Tn) 
B is any surjective map, Ker is finitely generated. 

Proof. By proposition [7.1.1| (vi), B is complete and separated, hence we can find a surjective 
map (p : A{Ti, Tn) B. It remains to show that Ker (J) is finitely generated for any such (p. 
We can write A := K^{Tn+i, T„i) / 1 for some finitely generated ideal /, and thus reduce to 
the case where A = and : K'^{Ti, Tn) B. We will need the following : 

Claiml .1.5. Let a : -ft'+(Yi, y^+s) — -B be a surjective map and (3 : (Yi-, ■■■■,Yr) 
K^{Yi, Yr+s) the natural imbedding. Suppose that 7 := a o /5 is surjective as well. Then 
Ker a is finitely generated if and only if Ker 7 is finitely generated. 

Proof of the claim: For i = r + 1, ...,r + s, choose fi G K^{Yi, F,.) such that 7(/j) = a{Yi). 
We define a surjective map 6 : K~^{Yi, l^r+s) K^{Yi, Yr) by setting 6{Yi} := Yi for 
i < r and S{Yi) := ft for i > r. Clearly 7 o 5 = a. There follows a short exact sequence 
Ker 5 Ker a Ker 7 — 0. However, Ker S is the closure of the ideal / generated by 
Yi — fi fori = r + l,...,r + s. By proposition [7. 1 . IK v), we deduce that Ker 5 = 1, and the claim 
follows easily. 

By hypothesis there is at least one surjection if) : (Yi, Yr) B with finitely gener- 
ated kernel. Let jj, : B®k+B —^Bht the multiplication map and set 6 := fi o {(j)®K+^) '■ 
(Ti, T„, Xi, Xk) B. Applying twice claim [71] we deduce first that Ker 9 is finitely 
generated, and then that Ker (p is too, as required. □ 

Lemma 7.1.6. Let F be a fiat A-module. Then: 

(i) is a fiat A-module. 

(ii) For every finitely presented A-module M, the natural map 
(7.1.7) M®Ai^^ ^ (M®aF)^ 

is an isomorphism. 

Proof. To begin with, we claim that the functor N t-^ (N ®^ F)^ is exact on the abelian 
category of finitely presented A-modules. Indeed, let £^ := {0 ^ N' ^ N ^ N" 0) be an 
exact sequence of finitely presented A-modules; we have to show that {E_ ®a F)^ is still exact. 
Obviously E_ ®^ F is exact, so the assertion will follow by [ l54| , Th.8.1(ii)], once we know: 
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Claim 7.1.8. The topology on A^' F induced by the imbedding into ®a F agrees with the 
a-adic topology. 

Proof of the claim: By proposition [7. 1 . l| (iii), we can find c > such that ( p.l.2[ ) holds. Since F 
is flat, we derive 

a\N (^A F) n (iV' ®A F) C a^-\N' ®a F) 

which implies the claim. 

(ii): clearly ( |7.1.7[ ) is an isomorphism in case M is a free module of finite type. For a general 
M, one chooses a resolution R := (A^ A"^ — > M — > 0); by the foregoing, the sequence 
(R 0A F)^ is still exact, so one concludes by applying the 5-lemma to the map of complexes 
R^aF"^^ {R^a F)"^. 

(i): we have to show that, for every injective map of A-modules f : N' ^ N, f 0^ is 
still injective. By the usual reductions, we can assume that both N and A^' are finitely presented. 
In view of (ii), this is equivalent to showing that the induced map (A^' ®a F)^ {N ®a F)^ 
is injective, which is already known. □ 

7. 1 .9. We will need to consider the left derived functor of the a-adic completion functor, which 
we denote: 

(7.1.10) D"(y4-Mod) ^ D"(A-Mod) : {K') ^ (TT*)^. 

As usual, it can be defined by completing termwise bounded above complexes of projective 
y4-modules. However, the following lemma shows that it can also be computed by arbitrary flat 
resolutions. 

Lemma 7.1.11. Let : K* — ^ K' be a quasi-isomorphism of bounded above complexes of flat 
A-modules and denote by (K*)^ the termwise a-adic completion of K* (i = 1,2). Then the 
induced morphism 

(7.1.12) {Kir ^ (^2)'^ 

is a quasi-isomorphism. 

Proof. Since and K' are termwise flat, we deduce quasi-isomorphisms 

0„ : K*„ := K'^ 0A A/a^A ^ i^a.n := K'^ ®A A/a^A 

for every n E N. The map of inverse system of complexes (Kl^lnm (-^2n)neN can 
be viewed as a morphism of complexes of objects of the abelian category (A-Mod)^ of in- 
verse systems of A-modules. As such, it induces a morphism {(f)n)neN in the derived category 
D((A-Mod)^), and it is clear that (0„)„eN is a quasi-isomorphism. Let 

i?lim : D((A-Mod)^) D(A-Mod) 

be the right derived functor of the inverse limit functor lim : (A-Mod)^ — > A-Mod. We 
remark that, for every j E Z, the inverse systems {Kj^lneN (i = 1, 2) are acyclic for the functor 
lim, since their transition maps are surjective. We derive that Rlim{K'r)neN — i^i)^^ and, 
under this identification, the morphism ( |7.1.12| ) is the same as -Rlim(0„)„gN. Since the latter 
preserves quasi-isomorphisms, the claim follows. □ 

7.1.13. We denote by □"(A-Mod)'^ the essential image of the functor ( |7.1.10| ). 

Corollary 7.1.14. (i) For any object K* of D^(A-Mod), the natural morphism 

is a quasi-isomorphism. 

(ii) D^(A-Mod)'^ is a full triangulated subcategory o/D^(A-Mod). 
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Proof. Notice first tliat there are two natural morphisms as in (i), which coincide : namely, 
for any complex E in D^(y4-Mod) one has a natural morphism ue '■ E ^ E^; then one 
can take either or uj^a. Now, (i) is an immediate consequence of lemmata and 

7.1.6| . Clearly D^(y4-Mod)^ is preserved by shift and by taking cones of arbitrary morphisms; 
furthermore, it follows from (i) that it is a full subcategory of D^(A-Mod). □ 

We will need some generalities on pseudo-coherent complexes of i?-modules (for an arbitrary 
ring R), which we borrow from [[Tl|, Exp.I]. In our situation, the definitions can be simplified 
somewhat, since we are only concerned with sheaves over the one-point site that are pseudo- 
coherent relative to the subcategory of free A-modules of finite type. 

7.1.15. For given n E Z, one says that a complex K* of _R- modules is n-pseudo-coherent if 
there exists a quasi-isomorphism E' K* where E' is a complex bounded above such that 
i?* is a free i?-module of finite type for every i > n. One says that K* is pseudo-coherent if it 
is n-pseudo-coherent for every n E Z. 

7.1.16. Let K* be a n-pseudo-coherent (resp. pseudo-coherent) complex of i?-modules, and 
F* — > K' a quasi-isomorphism. Then F' is n-pseudo-coherent (resp. pseudo-coherent) ([[TT], 
Exp.I, Prop. 2. 2(b)]). It follows that that the pseudo-coherent complexes form a (full) subcate- 
gory D(i?-Mod)coh of D(i?-Mod). 

7.1.17. Furthermore, let X ^ Y ^ Z ^ be a distinguished triangle in D~(i?-Mod). 
If X and Z are n-pseudo-coherent (resp. pseudo-coherent), then the same holds for Y ([jTT], 
Exp.I, Prop.2.5(b)]). 

Lemma 7.1.18. Let n,p E N, K' a n-pseudo-coherent complexes in D-°(i?-Mod), and 
one of the functors Sym^, A^, defined in [ ^5] , 1.4.2.2.6]. Then LJFp{K') is an n- 
pseudo-coherent complex. 

Proof. It is well known that sends free i?-modules of finite type to free i?-modules of finite 
type. It follows easily that the assertion of the lemma can be checked by inspecting the definition 
of the unnormalized chain complex associated to a simplicial complex, and of the simplicial 
complex associated to a chain complex via the Dold-Kan correspondence. We omit the details. 

□ 

7.1.19. Let K' be a pseudo-coherent complex. By ([[11], Exp.I, Prop. 2.7]) there exists a quasi- 
isomorphism E' K' where E' is a bounded above complex of free i?-modules of finite 
type. 

7.1.20. Suppose now that R is coherent; then we deduce easily that a complex K* of R- 
modules is pseudo-coherent if and only if H^{K*) is a coherent i?-module for every i eZ and 
W{K') = for every sufficiently large i E Z ([[TT], Exp.I, Cor.3.5]). By proposition [7.1. IK iv) it 
follows also that D"(A-Mod)coh C D"(A-Mod)^ for every A"+-algebra A as in (]77T]). 

7.1.21. Let A be as in ( f/.lj ) and M an A-module of finite presentation. We denote by M[0] the 
complex consisting of the module M placed in degree zero. Any finite presentation of M can 
be extended to a quasi-isomorphism E* M[0], where E' is a complex of free A-modules of 
finite type and = for i > ([|TT], Exp.I, Cor.3.5(a)]). Together with proposition [7.1. l| (iv), 
it follows easily that the natural morphism M[0] M[0]^ is a quasi-isomorphism. 

Lemma 7.1.22. Let A B be a map of complete -algebras of topologically finite presen- 
tation. Then, for every object K* o/D^(yl-Mod), the natural morphism 

is a quasi-isomorphism. 
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Proof. We can suppose that K' is a complex of free A-modules. Then we are reduced to 
showing that, for every free A-module F, the natural map (F ®a B)^ (F^ 0a B)^ is an 
isomorphism. We leave this task to the reader. □ 

Definition 7.1.23. Let : A — > i? be a map of complete i^'"'" -algebras of topologically finite 
presentation. The 5-module of analytic differentials relative to (f) is defined as ^^/^ ^b/a- 
The analytic cotangent complex of is the complex L^^^ := (L^/a)^. Directly on the defini- 
tion we derive a natural isomorphism 

(7.1.24) Ho{lJ'ijA)^^B/A 

Notice that L^^^ is defined here via the standard resolution Pa{B) B, and it is therefore well 

defined as a complex of 5-modules, not just as an object in the derived category D~(i?-Mod)^. 
This will be essential in order to globalize the construction to formal schemes, in ( [7.2.2p , and to 
adic spaces, in definition [7.2.31. 



The following lemma will be useful in section \L% 

Lemma 7.1.25. Let A ^ B be a continuous map of -algebras of topologically finite pre- 
sentation. The natural map (pB/A '■ ^b/a ^b/a surjective with -divisible kernel. 

Proof. One writes B = Bq/I with Bq := A{Ti, ...,Tn) and / C Bq. Directly from the con- 
struction of ^B^/A checks that (f)Bo/A is onto. Then, a little diagram chasing shows that 
(pB/A is onto as well, and yields a surjective map B 0Bo ^^^^Bq/a Ker 0^/^. This allows 
to reduce to the case where B = Bq. In this case, KercpB/A is generated by the terms of the 
form S{f) := df — Yll=ii^f l^i) ' where / ranges over all the elements of Bq. For given 
/ G Bq, we can write f = fo + afi, with /q G A[Ti, ...,T„], fi G Bq. It follows easily that 
6{f) = S{afi) = a ■ whence the claim. □ 



Remark 7.1.26. In view of 07.1.241 ), lemma [7.1.25| is also implied by the following more gen 



eral observation. Let Kb/a '■= Cone{ipB/A '■ ^b/a ^^/a)1'^]'' ^as: Kb/a ®b B/aB ~ 0. 

L 

Indeed, directly on the definition of L^^^ one sees that iPb/a®b ^B/aB is an isomorphism. 

Proposition 7.1.27. Let cj) : A ^ B be a map of complete K^ -algebras of topologically finite 
presentation, and suppose that (j) is formally smooth for the a-adic topology. Then there is a 
natural quasi-isomorphism 

Proof. For every n G N, set An := A/a"" ■ A and Bn := B/a^ ■ B. The hypothesis on implies 
that 0„ := ®A 1a„ is of finite presentation and formally smooth for the discrete topology, 
therefore 

(7.1.28) Lb„/a„ ^ ^b^/aJO] - Qb/a ®a A^O] 

for every n E N. Moreover, is flat by [ |T3| , Lemma 1.6], hence L,b„/a„ — ^b/a ®a An. On 
the other hand, for every i E Z there is a short exact sequence (cp. [ |67i Th.3.5.8]) 

^ \im'W-\hB/A ®A An) ^ H\h^^/A) ^ \imW{hB/A ®A An) ^ 0. 



In view of ( [7.1.28D , the inverse system {H^ ^(Lb/a ®a ^n))neN vanishes for i ^ I and has 



surjective transition maps for i = 1, hence its lim^ vanishes for every % E TL, and the claim 
follows easily. □ 



192 



OFER GABBER AND LORENZO RAMERO 



Proposition 7.1.29. Let (p : A B be a surjective map of complete -algebras of topo- 
logically finite presentation. Then 1^b/a is a pseudo-coherent complex, in particular it lies in 
D (B-Mod)^ andhB/A ^ 

Proof. First of all, notice that by lemma [7TO] , B is of finite presentation, hence it is coherent as 
an A-module. Let P := Pa{B) be the standard simplicial resolution of B by free A-algebras. 
We obtain a morphism of simplicial 5-algebras cj) : B 0a -P — > -B by tensoring with B the 
augmentation P ^ B (here B is regarded as a constant simplicial algebra). By the foregoing, 
P is pseudo-coherent, hence P ®a B lies in D(i?-Mod)coh- Let J := Ker 0. The short exact 
sequence of complexes ^ J ^ P 0a B ^ B ^ is split, therefore J is also pseudo- 
coherent. Recall that we have natural isomorphisms: .P/ ^ Sym^(LB/^) for every i G N 
(where J° := B®aP and ^jn\%{l.B/A) ■= B) ([||, Ch.III,§3.3]). Furthermore, we have (see 
loc.cit.) : 

(7.1.30) Hn{P) = for every n,i eN such that i > n. 

We prove by induction on n that I^b/a is n-pseudo-coherent for every n < 1. If n = 1 there is 
nothing to prove. Suppose that the claim is known for the integer n. It then follows by lemma 
[7.1.181 that jy J*+^ is n-pseudo-coherent for every i > 0. However, it follows from ( |7.1.30| ) 



that P is n-pseudo-coherent as soon as i > —n. Hence, by ( |7.1.17[ ) (and an easy induction), we 
deduce that J' is n-pseudo-coherent for every i E N. Hence J^[l] is (n — 1) -pseudo-coherent; 
if we now apply ( [7.1.17] ) to the distinguished triangle J ^ hB/A J'^IM J[^]^ we deduce 
that L^/^ is {n — 1) -pseudo-coherent. □ 

Theorem 7.1.31. Let A ^ B ^ C be maps of complete -algebras of topologically finite 
presentation. Then: 

(i) L^')^ lies in D~(5-Mod)coh- 

(ii) There is a natural distinguished triangle in D^(C-Mod) .• 

(7.1.32) C ®B l^B/A ^ ^c/a - ^c/B --C0B 

Proof, (i): by lemma [7!l.4| we can find a surjection Bq := A{Ti, T„) B from a topolog- 
ically free A-algebra onto B. If we apply transitivity to the sequence of maps A ^ Bq ^ B 
and take the (derived) completion of the resulting distinguished triangle, we end up with the 
triangle: 

{B ®Bo LboM)^ ^ ^B/A - ^B/Bo ^ ^Bo LiJoM)^[l]. 

We know already from proposition [7. 1 .29| that L b ibo is pseudo-coherent, hence it coincides with 



"^^b/Bq- Lemma [7. 1 .22[ yields a quasi-isomorphism: {B ®Bo Lbqm)^ {B ®Bo IL-b^j/a)^' i'^ 
view of proposition [7. 1.27[ , L^^J,/^ is a free i?o-module of finite rank in degree zero, in particular 



it is pseudo-coherent, so the same holds for {B ®Bo ^Bq/a)^, and taking into account ( [7.1.17[ ), 
the claim follows. 

(ii): if we apply transitivity to the sequence of maps A B ^ C, and then we complete the 
distinguished triangle thus obtained, we obtain ( [7.1.32[ ), except that the first term is replaced by 



{C ®b^b/a)^, which we can also write as (C ®b L^"^)^, in view of lemma [7.1.22[ . However, 
by (i), L^" ^ is pseudo-coherent, so it remains such after tensoring by C; in particular C ®b'^^/a 
is already complete, and the claim follows. □ 

7.2. Cotangent complex for formal schemes and adic spaces. In this section we show how 
to globalize the definition of the analytic cotangent complex introduced in section |7]l|. We 
consider two kinds of globalization : first we define the cotangent complex of a morphism 
f : X 2) of formal schemes locally of finite presentation over Spf K^; then we will define 
the cotangent complex for a morphism of adic spaces locally of finite type over Spa(i^r, K^). 
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Lemma 7.2.1. Let X := Spf A be an affine formal scheme finitely presented over Spf K^. For 
every f e A, letD{f) := {x eX \ f ^ m^}. The natural map A r(D(/), <^x) is fiat. 

Proof. Since T{D{f), G^) is the a-adic completion of A/, the lemma follows from lemma 

yrm. □ 

7.2.2. Let f : X — 2) be a morphism of formal schemes locally of finite presentation over 
Spf K"*", and suppose that 2) is separated. For every affine open subset f/ C X, the small 
category Fu of all affine open subsets V dSQ with f ([/) C V , is cofiltered under inclusion (or 
else it is empty). For every V G Fu, ^^xjiV) is a K"*" -algebra of topologically finite presentation, 
hence the induced morphism ^<ri{V) &x{U) is of the kind considered in definition [7.1.23 
We set 

L{Um :=colimL^^'^(^)/^^(^). 



Definition 7.2.3. The mapping U ^ L{U/^) defines a complex of presheaves on a cofinal 
family of affine open subsets of X. By applying degreewise the construction of [ER Ch.O, 
§3.2.1], we can extend the latter to a complex of presheaves of i^x-modules on X. We define 
the analytic cotangent complex L^g^ of the morphism f : X ^ 2) as the complex of sheaves 
associated to this complex of presheaves (this means that we form degreewise the associated 
sheaf, and we consider the resulting complex). 

7.2.4. More generally, if 2) is not necessarily separated, we can choose an affinoid covering 
2) = IJ.g^ilj and the construction above applies to the restrictions 2Jj := f"^(iij) ilj; since 
the definition of U^ j^ is local on 2Jj, one can then glue them into a single cotangent complex 

Lemma 7.2.5. Let L^/g denote the (usual) cotangent complex of the morphism 

(/,/»):(X,^x)-(2),^2)) 
of ringed spaces; there exists a natural map of complexes 

(7.2.6) L^/sg 
inducing an isomorphism 

(7.2.7) G^la^Gx ^ L^^/^, 
for every n G N. 

Proof. It suffices to construct ( [7.2.6D in case 2) is affine. According to [ p^ , Ch.II, (1.2.3.6)] 
and [|4|, Ch.II, (1.2.3.4)], the complex L^/g is naturally isomorphic to the sheafification of the 
complex of presheaves defined by the rule: 

V ^ colimL^^(c/)/^g(v') 

and then it is clear how to define [7.2.6| . From the construction it is obvious that ( [7.2.7[ ) is an 
isomorphism. □ 

It is occasionally important to know that both IL^° ^i^d the morphism ( |7.2.6D are well defined 
in the category of complexes of ^x-modules (not just in its derived category). 
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7.2.8. Furthemiore, denote by the sheaf of analytic relative differentials for the mor- 

phism f, which is defined as (y /y^)\x, where y is the ideal defining the diagonal imbedding 
X — s> X X g X. We see easily that there is a natural isomorphism 

(7.2.9) Hoih^^/^) ^ n^i/^. 

Proposition 7.2.10. Let f : X ^ ^T) be a morphism of formal schemes locally of finite type over 
Spf(is:+). Then: 

(i) 1L^2) '■^ pseudo-coherent complex of x-f^odules. 

(ii) If \ is a closed imbedding, then ( |7.2.6p is a quasi-isomorphism. 

(iii) If f is formally smooth, then ( [7.2.91 ) induces a quasi-isomorphism: L^'/g^ ^ ^ae/?) ['-']• 

Proof, (i): according to [[11], Exp. I, Prop. 2. 1(b)], it suffices to show that ifj(L|°3^) is a coherent 
sheaf of ^x-modules for every i E N. To this aim, let t/ C X be an affine open subset such that 
the family Fu (notation of ( p.2.2D ) is not empty; pick any V E Fu. After replacing X by U, we 



can suppose that U = X. Set A := r(X, ^x) and let be the sheaf of coherent ^x-modules 



associated to the coherent A-module Li := Hi(L^^^^y^^^y^) (cp. Ch.I, §10.10.1], where 
this concept is discussed in the case of locally noetherian formal schemes). The assertion will 
be an immediate consequence of theorem [7.1.31K i) and the following : 

Claim 7.2.11. There is a natural isomorphism of (^^'x-modules: Hi(L^^^). 

Proof of the claim: By the definition of 1^^^^ we deduce a natural morphism of i^x-modules: 

a : L,f — > Hi(L^^y). It therefore suffices to show that a induces an isomorphism on the stalks. 
To this aim, we remark first that the natural map Lj — ifj(L(X/2))) is an isomorphism. Indeed, 
it suffices to consider another open subset V E Fx with V C V; we have (y)/^?) (v) ~ 
by proposition [7.1.27| , and then it follows by transitivity (theorem |7.1.31K ii)) that the map 



Li Hi(h'^^^^y^,^_^^y,^) is an isomorphism. More generally, this argument shows that, for 
every affine open subset U' C X, the natural map Hi(L^'^f^jj,y^^^y^) Hi{L{U' /^)) is an 

isomorphism. However, on one hand we have {Lf^)^ ^ Lj (g)^ ^x,x- On the other hand, we 
have ([|6|, Ch.O, §3.2.4]) : 

(7.2.12) Hi{h^^/^), ~ co\imH,{L{U'm) 

where the colimit ranges over the set S of all affine open neighborhoods of x in X. We can 
replace S by the cofinal subset of all open neighborhoods of the form S)(/) (for f E A such 
that / ^ rria;). Then, lemma [7.2. 1| , together with another easy application of transitivity allows 
to identify the right-hand side of ( [7.2. 12[ ) with ifj(L(X/2))) ®a ^x,x, so (i) follows, (ii) and (iii) 



are immediate consequences of proposition [7.1.29| and respectively proposition [7.1.27[ □ 



Proposition 7.2.13. Let X — 2) 3 two morphisms of formal schemes locally of finite 
presentation over Spf K^. There is a natural distinguished triangle in D~(^x-Mod) 

(7.2.14) Lfh^), h^), L^^%j ^ Lrh^),[l]. 

Proof. As explained in [^ Ch.II, §2.1], for every sequence of ring homomorphisms A ^ B ^ 
C, the transitivity triangle is induced by a functorial exact sequence of complexes L,c/b/a of flat 
C-modules (a "true triangle" in loc. cit.). Suppose now that A, B, C are complete fC^-algebras 
of topologically finite type; upon a-adic completion, one deduces a true triangle L^^^^^. Then, 
to every sequence of affine open subsets U CX, yc2), iyc3 such that f(f/) C V and 
q{V) C W, one can associate the true triangle 'L'^^^^y^^^yy^^fy^y Since the construction is 
functorial in all arguments, one derives a presheaf of true triangles on a cofinal family of open 
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subsets of X, which we can then sheafify in the usual manner. The resulting distinguished 
triangle in (^x-Mod) gives rise to ( [7.2. 14D . □ 



In the following we wish to define the cotangent complex of a morphism of adic spaces 
(studied in [Hp and P3|]). For simplicity, we will restrict to adic spaces of topologically finite 



type over Spa^K, K^), which suffice for our applications. For the convenience of the reader 
we recall a few basic definitions from . 

7.2.15. An f-adic ring is a topological ring A that admits an open subring Aq such that the 
induced topology on Aq is pre-adic and defined by a finitely generated ideal J C Aq. As an 
example, every ii'-algebra of topologically finite type is an f-adic ring. A subring Aq with the 
above properties is called a ring of definition for A, and / is an ideal of definition. One denotes 
by A° the open subring of power-bounded elements of A. 

7.2.16. Let A ^ B he complete f-adic rings and (p : A ^ B a ring homomorphism. One 
says that (p is of topologically finite type if there exist rings of definition Aq C A and Bq C B 
such that (P{Aq) C Bq, the restriction Aq — > Bq factors through a quotient map {i.e. open and 
surjective) Aq{Ti, T„) — > Bq and B is finitely generated over A ■ Bq. 

1 .2.11 . An ajfinoid ring is a pair A = {A^, consisting of an f-adic ring A'' and a subring 
^4+ C A'^ which is open, integrally closed in A^ and contained in the subring A°. A'^ is called 
the subring of integral elements of A. 

7.2.18. The completion A^ of an affinoid ring A = (A^, A+) is the pair ((A^)^, (it 
turns out that {A'^)^ is integrally closed in (A^)^). 

A homomorphism (p : {A'', A'^) — > {B'^, 5+) of affinoid rings is a ring homomorphism 
(p'^ : A'^ B^ such that (p{A^) C -B"*". One says that cp is of topologically finite type if (p^ is of 
topologically finite type and there exists an open subring C C B^ such that B^ is the integral 
closure of C, <p{A'^) C C and the induced map ^ C is of topologically finite type. (cp. 



7.2.19. For instance, {K, K^) is an affinoid ring, complete for its valuation topology; notice 
that in this case we have = K° . A complete f-adic ring of topologically finite type over 
K is the same as a f^-algebra of topologically finite type. Furthermore, suppose that A and 
B are complete f-adic rings of topologically finite type over K, and let / : A — > i? be a 
continuous ring homomorphism. Then there is a unique subring of integral elements B^ such 
that / : {A, A°) (B, B^) is a morphism of affinoid rings of topologically finite type; namely 
one must take B^ := B°. Especially, A'^ := y4° is the only ring of integral elements of A such 
that the affinoid ring {A, A+) is of topologically finite type over {K, K+) ([Q, Prop.2.4.15]). 

7.2.20. Given an arbitrary ring A, a valuation on A is a map | ■ | : A — > F U {0} where F is 
an ordered abelian group whose composition law we denote multiplicatively, and the ordering 
is extended to F U {0} as usual. Then | ■ | is required to satisfy the usual conditions, namely: 

\x ■ y\ = \x\ ■ \y\ and \x + y\ < max(|a;|, \y\) for every x,y E A, and |0| = 0, |1| = 1. 

7.2.21. Now, let A be an f-adic ring, and \ ■ \ : A ^ T U {0} a valuation on A. For every 
7 G F, let f/^ := {a G F I a < 7} U {0}. We endow F U {0} with the topology which restricts 
to the discrete topology on F, and which admits (U^ | 7 G F) as a fundamental system of open 
neighborhoods of 0. We say that | ■ | is continuous if it is continuous with respect to the above 
topology on F U {0}. One denotes by Cent (A) the set of all (equivalence classes of) continuous 
valuations on A. Given a,b E A, let U{a/h) C Cont(yl) be the subset of all valuations | • | 
such that \a\ < \b\ 7^ 0. Cont(A) is endowed with the topology which admits the collection 
{U{a/h) I a, 6 G A) as a sub-basis. With this topology, Cont(A) is a spectral topological space 
(see 1.1.13] for the definition of spectral space). In particular, this implies that Cent (A) 
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admits a basis of quasi-compact open subsets. Such a basis is provided by the rational subsets, 
defined as follows. A subset U C Cont(yl) is called rational if there exist fi, fn,g G A such 
that the ideal J := fiA + ... + fnA is open in A and U consists of all | ■ | e Cont(y4) such that 
\fi\ < \g\ 7^ for every i = 1, ...,n. (Notice that, since we have chosen to restrict to f-adic rings 
containing K, asking for J to be an open ideal is the same as requiring that J = A). Given 
/i, fn,g G A with the above property, we denote by R{fi/g, fn/ g) the corresponding 
rational subset. 



7.2.22. If A := then one defines the subset Spa A := {| • | g Cont(A^) | \a\ < 

1 for every a E A^} C Cont(y4'^). Spa A, endowed with the subspace topology, is called the 
adic spectrum of the affinoid ring A. Spa A is a pro-constructible subset of Cent (A), hence it 
is a spectral space too. Any continuous map A ^ B of affinoid rings induces in the obvious 
way a continuous map on adic spectra: Spa B Spa A. 



7.2.23. For any affinoid ring A, one can endow X := Spa A with a presheaf of topological 
rings, as follows. First of all, for any fi, fn,g E A'' as in ( [7.2.21| ), one defines an affinoid 



ring A{fi/g,...Jn/g), such that A{fi/ g, ...Jn/ gf := and A{fi/ g, ...J^/ g)+ is the 

integral closure of the subring A[fi/g, fjg] in A{fi/g, fn/gf- If 5 C is a ring 
of definition and / C -B an ideal of definition, let B(fi/g, fn/ g) be the subring of {A^)g 
generated by B and fi/g f^/g; we endow B{fi/g, f^/g) with the pre-adic topology 
defined by the ideal / ■ B{fi/g, fn/g); then the f-adic topology on A{fi/g, fn/gT is 
defined to be the unique ring topology for which B{fi/g, fn/g) is a ring of definition. Next, 
let A{fi/g, fn/g) ■■= A{fi/g, fn/g)^ (cp. ( P.2.18D ). With this preliminaries, one sets: 

^xiR{fi/g, fn/g)) := A{f,/g, fn/gr. 
In this way, is well defined on every rational subset. One can then extend the definition to 



an arbitrary open subset of Spa A, following 02^ , Ch.O, §3.2.1]. It is not difficult to check that. 



for every open subset U C Spa A, and every x E U, any valuation | ■ |^ in the equivalence class 
X extends to the whole of ffx{U), hence to the stalk &x,x- One denotes by the sub-presheaf 
defined by the rule: ^^(f/) := {/ E ^x{U) \ \f\x < 1 for every a; G f/}. In the cases of 
interest, the presheaf ^x is a sheaf (and is therefore a subsheaf). In such cases, one can 
show that, for every rational subset R{fi/g, fn/g), the natural map A{fi/g, fn/g)^ — 
0'^{R{fi/ g, fn/g)) is an isomorphism of topological rings. 

This holds notably when A^ is a K-algebra of topologically finite type. One calls the datum 
(Spa A, i^spaA, ^spayi) affinoid adic space. General adic spaces are obtained as usual, by 
gluing affinoids. Adic spaces form a category, whose morphisms f : X are the morphisms 
of topologically locally ringed spaces (X, ^x) iX-, ^v) which induce morphisms of sheaves 



7.2.24. Let / : X ^ F be a morphism of adic spaces. One says that / is locally of finite 
type if for every x E X there exist open affinoid subspaces U E X^V dY such that x E U, 
f lu) C V and the induced morphism of affinoid rings (^y(F), ^^{V)) {^x{U), ^^(f/)) 
is of topologically finite type. 



7.2.25. A morphism / : X — > F between adic spaces (defined over Spa(-ft', K~^)) is called 
smooth (resp. unramified, resp. etale) if / is locally of finite type and if, for any affinoid 
ring A, any ideal / of A'' with P = {0} and any morphism Spa A Y, the mapping 
Homy(Spayl, X) — Homy(Spa A//, X) is surjective (resp. injective, resp. bijective). 
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7.2.26. In p5| , §1.9] it is shown how to associate functorially to every formal scheme X (say 
locally of finite presentation over Spf K^) an adic space d{X), together with a morphism of 
topologically ringed spaces A : d{X) X, characterized by a certain universal property which 
we won't spell out here, but that includes the condition that Im(^x K^d{x)) C ^^(^x)- 
X = SpfAo for a ^''"-algebra Aq of topologically finite type, then d(X) = Spa A, where A is 
the affinoid ring {Aq ®k+ K,A~^), with defined as the integral closure of the image of Aq 
in Aq ®k+ K. Moreover, X is quasi-compact if and only if d{X) is. 

1 .2.21 . Let X be a formal scheme of finite presentation over Spf . The collection of 
all morphisms f : X' — j£ of formal schemes of finite presentation over Spf such that 
(i(f) is an isomorphism, forms a small cofiltered category (with morphisms given as usual by 



the commutative diagrams). It is shown in [ p4i §3.9] that there is a natural isomorphism of 
topologically ringed spaces 

(7.2.28) {d{X\ ^+^^) ^ ^Jl^^J^'. ^x')- 

(Actually, the argument in loc.cit. is worked out only in the case of noetherian formal schemes, 
but it is not difficult to adapt it to the present situation). 



7.2.29. Let f : A ^ B he a. morphism of affinoid rings of topologically finite type over 



{K, K+) (especially A+ = A° and B+ = B°, see ([7XT9| )). We let be the filtered family 
consisting of all the pairs {Aq, Bq) of i^^-algebras of topologically finite presentation, such 
that Aq (resp. Bq) is an open subalgebra of A° (resp. of B°) and /(^o) C Bq. The analytic 
cotangent complex of the morphism / is the complex of i?+-modules 

:= colim IJ^^,.. 

7.2.30. Let / : X — > F be a morphism of adic spaces locally of finite type over Spa(i^', K^), 
and suppose that Y is separated. For every affinoid open subset f/ C X, the small category Fu 
of all affinoid open subsets V C Y with f{U) C l^, is cofiltered under inclusion (or else it is 
empty). For every V E Fu, (i^'yiV), ^y(f/)+) is an affinoid (K, fr+)-algebra of topologically 
finite type, hence the induced morphism (V) &x{U) is of the kind considered in ( [7.2.29D . 
We set 

L{U/Y) :=colimL+^(^)/^^(^). 

Definition 7.2.31. The mapping U ^ L{U /Y) defines a complex of presheaves on a cofinal 
family of affinoid open subsets of X. By applying degreewise the construction of [EH Ch.O, 



^3.2.1], we can extend the latter to a complex of presheaves of ^^c^modules on X. We define the 
analytic cotangent complex Lj^^y of the morphism / : X — > F as the complex of sheaves asso- 
ciated to this complex of presheaves (cp. definition ( |7.2.3| )). We also set L^^y := L^/y ®k+ K. 
The definition can be extended to the case of a morphism f : X ^ Y where Y is not necessarily 
separated: one argues as in ( [7.2.4D . 



7.2.32. Let X+ denote the ringed space (X, i^j^) and define likewise Y~^. Just as in the proof 
of lemma [7.2.5| , by inspecting the construction we obtain natural maps of complexes 



(7.2.33) hx+/Y+ ^x/Y W/y — ^ I^x/y- 
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7.2.34. Let A, B be complete f-adic rings and A ^ B a ring homomorphism of topologically 



finite presentation. We refer to [ p3i §1.6] for the construction of a universal A-derivation of 
B, which is a continuous A-derivation d : B ^ ^b/a from B to a complete topological B- 
module f^^'/^, universal for A-derivations i? — > M to complete topological 5-modules M. 
The construction of ^^^/^ can be globalized to a sheaf of relative differentials ^^^/y for any 
morphism of adic spaces X ^ Y locally of finite presentation. Then one checks easily that: 

(7.2.35) i^o(L^» ^ n'^x/Y- 

Proposition 7.2.36. Let X ^ Y Z be two morphisms of adic spaces locally of finite type 
over Spa(fC, K'^). There is a natural distinguished triangle in D~(^x-Mod) 

(7.2.37) Lf*l.^,, ^ L-/^ ^ L-/y ^ L/*L-/^[1]. 



Proof. Mutatis mutandis, this is the same as the proof of proposition [7.2. 13| , so we can leave the 



details to the reader. □ 



Remark 7.2.38. In fact, the proof of proposition [7.2.36| shows that ( |7.2.37| ) is represented by 
a functorial true triangle (see [ |4^ , Ch.I, §3.2.4]). This will be important in the sequel, when 
we will need to compute the truncation T[_iLx/z of the analytic cotangent in the situation 



contemplated in proposition [7.2.44 



Theorem 7.2.39. Let f : X ^ 2) (resp. f : X Y) be a morphism of formal schemes 
(resp. of adic spaces) locally of finite presentation over Spf (resp. locally of finite type over 
Spa(JC, K^)) such that the induced morphism d{f) : d{X) — > c?(2)) is smooth (resp. such that 
f is smooth). Then: 

(i) h^^/^ ®K+ K ~ ^^|°/25[0] ®K+ K in D"((^x ®k+ i^)-Mod). 

(ii) L^^/y ~ fix/y[0] D"(^x-Mod). 

Proof. After the usual reductions, both assertions come down to the following situation. We 
have a map of if"*" -algebras of topologically finite presentation (j) : Aq ^ Bq, such that 
c?(Spf 0) is a smooth morphism of affinoid adic spaces. We have to show that L^^J,/^;, '^k+ K ^ 
^A,Mo ®K+ K[{]\ in D(5-Mod). We can write Bq = Cq/Iq, where Cq := Ao{Ti, ...,T„) and 
Jo is some finitely generated ideal. Set I := Iq 0k+ K , A := Aq ®k+ K and let n be a maximal 
ideal of C := Cq®k+ K with / C n. 

Claim 7.2.40. /„ is generated by a regular sequence of elements of the local ring C^. 

Proof of the claim: Let p := n fl A; p is a maximal ideal in A, and its residue field K' is a finite 
extension of K. Let n be the image of n in C ®a K' and ^ C ^d(spf Co) the sheaf of ideals 
corresponding to /; the maximal ideal n yields a point in (i(Spf Cq), which we denote by a;(n). 
We have an isomorphism on the n-adic completions: 

(7.2.41) (^,.(„))^ ^ {Q\ 

Moreover, there are natural maps : 

^.(n)/A%) - n/n' ^ fi-/^ ®c C/n 

and, by [ ]T4| , Prop. 2. 5], there exists a set of generators gi, for ^^.(n) such that the images 
dgi, dgk in i^^^ ®C7 C/n are linearly independent; it follows that the images g^, ...,gf, in 
n/n^ are also linearly independent. Due to ( [7.2.41[ ), we can assume that gi, ...,gk G /„, and then 
it follows that gi 1, gk I are the first k elements of a regular system of parameters for 



the regular local ring ®a K'. From lemma [7X6| it follows that is a flat Ap-module; then 
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by Ch.O, Prop. 15. 1.16] we deduce that gi, ...,gn is aregular sequence of elements of Cn, as 
required. 

Set B := Bo ®k+ K; it follows from claim p. 2. 4U| and \M, Chill, Prop.3.2.4] that 



hc/B — ^Cn/Bn — -^n/-^n[l] cvery maximal ideal n, hence L,c/b — -^/-^^[l]- By proposition 
7.1.291 , we derive ^Co/Bq ^ — ^/■^'^IM- Finally, by theorem [7.1.31K ii) and proposition 



7.1.27] we deduce an isomorphism in D (i?-Mod) : 



^B,/A, ®X+ ^ (0 ^ I/P ^ B ®Co ^Co/A, - 0) 

and the latter complex is quasi-isomorphic to ^7^^^[0] by [ p^ Prop. 2. 5]. □ 

Lemma 7.2.42. Let f : X ^ Y be a closed imbedding ofadic spaces locally of finite type over 
Spa(fr, K^). Then the natural morphism 

is an isomorphism in D(^x-Mod). 

Proof. The question is local on X, so we can reduce to the case where Y = Spa(y4, ^4°) for 
some JC-algebra of topologically finite type and X = Spa(i?, B°), where B = A/I for some 
ideal I C A. Let ^ be the filtered family of all triples of the form {U, Aq, Bq) where U C Y is 
an affinoid open neighborhood of X, Aq C ^y(f/)°, Bq C B° are two open K+-subalgebras 
of topologically finite presentation with Im(ylo —^B)c. Bq. 

Claim 7.2.43. The family C K of all {U, Aq, Bq) such that Im(v4o ^ B) = Bq is cofinal. 

Proof of the claim: Let (U, Aq, Bq) be any triple in ^. We can find finitely many elements 
fei, 6fc G Bq such that Ao[fei, ...,bk\ is dense in Bq. Choose elements fei, 6^ ^ A that lift 
the bi; the subset U' := {x E U \ \bi{x)\ < 1; i = 1, k} is an affinoid open neighborhood 
of X and the topological closure Aq of Ao[6i, ■■■,bk] is a f^^-algebra of topologically finite 
presentation contained in ^xiU'T; moreover Im(y4Q — > 5) = Bq, hence ([/', Aq, Bq) G ^. 

Finally, let {U, Aq, Bq) G by proposition [7.1.29| we have ^bI/Ao — ^Bq/Aq- After taking 
colimits we deduce: 

colim L^%y(^N ~ colim hB/ifyiu) 

where U runs over the cofiltered family of all open affinoid neighborhoods of X in F. The 
lemma follows easily. □ 

Proposition 7.2.44. Let X ^ Y Z be morphisms of adic spaces locally of finite type over 
Spa(-ft', K^), where f is a closed imbedding with defining ideal J' C Gy> <^nd g is smooth. 
Then there is a natural isomorphism in D(i^x-Mod) 

(7.2.45) r[_iL^% ^ (0 ^ ^ f*^T/z - 0) 

where d is the natural map. 

Proof. From lemma [7^2. 42| and Ch.III, Cor.1.2.8.1] we deduce a natural isomorphism 



Taking into account proposition [7.2.36| , theorem |7.2.39| , one can repeat the proof of Ch.III, 



Cor.1.2.9.1], which yields a distinguished triangle: 

(7.2.46) /*iJo(W/z)[0] ^ n-il^x/z i/i(Lx/y)[l] 

such that the connecting morphism (j^/j^^)|x — i?i(Lx/y) /*-ffo(Ly/z) — f*^Y^/z 
naturally identified (up to sign) with the differential map f ^ df . There follows an isomor- 
phism such as ( I7.2.45D ; however, the naturality of ( |7.2.45D is not explicitly verified in loc.cit. : 
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in general, this kind of manipulations, when carried out in the derived category, do not lead to 
functorial identifications. The problem is that we can have morphisms of distinguished trian- 
gles: 

A' B' C A'[l] 

f 9 h m 

A" B" C" ^"[1] 

such that both / and g are the zero maps, and yet h is not. The issue can be resolved if one 
remarks that ( p.2.46p is deduced from a transitivity triangle via proposition p.2.36[ , and thus it is 



actually well defined in the derived category of true triangles T(i^x-Mod) (cp. remark [7.2.38 
and [ p6| , Ch.I, §3.2.4]). It suffices then to apply the following 

Claim 7.2.47. Let be any abelian category, T := (0 ^ A* — > i?' ^ C" ^ 0) a true triangle 
of T('^) and n G Z an integer such that W^'^^A*) = = W{C*) for every i ^ n. Then there 
is a natural isomorphism in T(^): 

T ~ (0 ^ + 1] ^ Cone(/7"(C")[n] ^ H'^+'^{A*)\n + 1]) ^ H''{C')[n] 0) 

where d is the connecting morphism of the long exact homology sequence associated to T. 

Proof of the claim: Under the stated assumptions, the natural maps of complexes : r[„C* C 
and il) : A' ^ t^^^A' are quasi-isomorphisms; we set T' := if) *T_* cj) (notation of ( |2.5.5| ). 
Clearly the puUback and push out maps define a natural isomorphism T' ^ T in T(^). Say 
that T' = (0 A" B" C" 0); since H''+^{C") = 0, it follows that the complex 
T" := T[n+iT! := (0 ^ r[„+iA" ^ r[„+i5" ^ rin+iC" 0) is again a true triangle of 
T(^), naturally isomorphic to T'. Likewise, T" is naturally isomorphic to the true triangle 
r„+i]T", and by inspection, one sees that the latter has the expected shape. □ 

7 .3. Deformations of formal schemes and adic spaces. 

Lemma 7.3.1. Let (X, ^x) a formal scheme locally of finite presentation over Spf K^, let 
J' he a coherent ^x-tnodule and (0 ^ ^ ^ 0) an extension of sheaves of 

-algebras on X. Then (X, ^i) is a formal scheme locally of finite presentation over Spf K~^. 

Proof. We may and do assume that X is an affine formal scheme over Spf K^; then the assertion 
follows from claims [7.3.2| and [7.3.3| below. 



Claim 7.3.2. i^i (X) is a complete K+-algebra of topologically finite presentation. 

Proof of the claim: Since X is affine, we derive a short exact sequence y{X) ^i(X) 
^x{^) 0. Since is coherent, the ^x(^)-module J^{X) is finitely presented. Let T C 
J^(X) be the i^^-torsion submodule; by proposition [7. 1 . IK i), it follows that y{X) /T is finitely 
presented, hence T is finitely generated over (^x(^); likewise, the fT^-torsion submodule T' of 
(^x(X) is a finitely generated (^x(X) -module, and then the K^-torsion submodule Ti of ^i(X) 
is a finitely generated (^i(X) -module. Let := Ker(^i(X) ^x(X)/r'); in the usual way 
we derive that there exists fco G N such that 

a^^iiX) n ^(X) = a'^N n ^(X) C a'=-^«^(X) for every k>ko. 

We deduce by [ p4| , Th.8.1(ii)] a short exact sequence of complete i^'^-algebras ^(X) 
^i(X)^ ^x(^) 0, which shows that ^i(X) is complete. Since ^(X) and ^x(^) are 
topologically of finite type, we can then find a continuous surjection A := K^{Ti, T„) — > 
(^i(X); by lemma [7^ 1 .4| it follows that ^i(X) is a finitely presented A-algebra, hence J^(X) is 
a finitely presented A-module, and then the same holds for ^i(X), so the claim is proved. 
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Claim! .3.3. For / G ^x{^), let D{f) C X be as in lemma [7.2.1| . Then the natural map 

{^i{X)f)^ ^i(D(/)) is an isomorphism. 

Proof of the claim: The existence of the said map is a consequence of claim [7.3.2| ; however, we 
have as well a natural short exact sequence y{X)j ^i(D(/)) — > ^x(X)j 0, so the 
assertion is immediate. □ 

The meaning of lemma [7.3. 1| is that the square zero deformations of X by in the category 
of ringed spaces are the same as those in the category of formal Spf ii"+-schemes locally of 
finite presentation. Especially, the latter are classified by the appropriate Ext-group of the 
(usual) cotangent complex of the map of ringed spaces X Spf K^; we aim to show that the 
same computation can be carried out with the analytic cotangent complex ^x}k+ introduced in 
definition [7X3| . 

7.3.4. Let T be a topos, I a small category; the category of all functors from / to T is a 
topos in a natural way, and we define a functor c : T — > by assigning to an object X of T the 
constant functor cx : / ^ T of value X (so cx{i) = X for every object i of /, and cx(0) = Ix 
for every morphism (p of /). The functor c admits a right adjoint lim : ^ T, and the adjoint 

pair (c, lim) defines a morphism of topoi vry : — > T. If : S* T is any morphism of topoi, 
we obtain a commutative diagram of topoi: 



rpl 



whence two spectral sequences: 



Ff := WmPR^^^i ^ RP+i{(f) o 7Ts),{^i ^ G /) 

i&I 

for every abelian sheaf \ i E I) on S^. 

Lemma 7.3.5. Let X be an adic formal scheme over Spf K^, ^ a coherent G x-^odule and set 
'■= ^/a"-^ for every nGN. Then | n G N) defines an abelian sheaf on X^, and we 
have Ymi'^^n = on X, for every q > 0. 

nGN 



Proof. We apply the spectral sequences of ( [7.3.4D to the indexing category N and the morphism 



of topoi : 11 Spf K~^, where ii C X is any affine open subset. Hence Fj"' = whenever 
g > 0, therefore the abutment is isomorphic to = lim'' ^^(ii); however, the inverse system 

nGN 

(^„(il) I 72 G N) is surjective, hence F^'^ = for p > 0, and it follows that E^^ = whenever 
p + q > and E?^ ^ lim ^n(ii) — ^(il). Since 11 is arbitrary, the claim follows easily. □ 

nGN 

7.3.6. With the notation of ( [73^ , let G, := {^i \ i e I) be a ring object of the topos 
(briefly: a T^-ring), or which is the same, a functor ^ from / to the category of T-rings. Let 
also be a T-ring, and ttj, : ^ t^t*^» a morphism of T-rings. Then the pair (ttt, tt^.) 
defines a morphism of ringed topoi tit '■ {T^ , (T, G^)- The corresponding functor 

txt* = lini : i^.-Mod i^^-Mod admits a left adjoint vr^, defined by the rule: 
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(Of course, tt^^^ is the same as the functor c : T ^ of ( p.3.4D ). The adjoint pair (nx*, vr^) 
extends to an adjoint pair of derived functors {Rt^t*! Ltc^); more precisely, for every complex 
Kl e D"(^r-Mod) and/^2 ^ D+(^,-Mod) there is a natural isomorphism ("trivial duality") 

L 

(see [gg, Ch.III, Prop.4.6]). 

Proposition 7.3.7. Let X be formal scheme locally of finite presentation over Spf and 
any coherent iy'^-niodule. Then the natural morphism L,x/k+ ~^ ^'x/k+ induces isomorphisms 

Exf^^ , ^) ^ Ext*^,^ {l.x,K+ , ^) for every i e N. 

Proof We endow the topos with the ring object ff, := {^x/a'^^x | n G N); the natural 
morphism lim ^» determines a morphism of ringed topoi vr : (X^, ff,) (X, ^x) 

as in ( p.3.6i ). By lemma \I.3.5[ the natural map =^ RMm-K*^ is an isomorphism and by 

lemma [TTLTI , both Lx/x+ and are complexes of flat ^x-modules, hence the trivial duality 

isomorphism reads 

Ex4 {Ti*U'i/K+ , vr*=^) ~ Ex4^ (L^'}^+ , ^) for every i e N 

and likewise for hx/K+ ■ To conclude it remains only to remark that n*'Lx/K+ — ^*'^x}k+ ■ '-' 

Lemma [7.3.1| and proposition [7.3.7| enable one to derive the standard results on nilpotent 



deformations, along the lines of section : the statements are unchanged, except that the 
topos-theoretic cotangent complex is replaced by the (much more manageable) analytic one. 
The details will be left to the reader. 

7.3.8. Let / : X F be a morphism of adic spaces locally of finite type over Spa(i^, K~^). 
We would like to show that the infinitesimal deformation theory of / is captured by the ana- 
lytic cotangent complex L^^y, in analogy with the usual topos-theoretic situation, and with the 
treatment for formal schemes already presented. This turns out to be indeed the case, however 
the proofs are rather more delicate than those for formal schemes, due to the existence of square 
zero deformations of affinoid algebras that are not themselves affinoid. In homological terms, 
this reflects the fact that the natural map 

(7.3.9) ExtJ,^(L5,^/y, ^) ^ ExtJ,^(Lx/y, ^) 

is not in general an isomorphism for arbitrary coherent i^x-modules Nevertheless, we have 
the following: 

Proposition 7.3.10. Let f : X ^ Y be as in ( [7.3.8| ). Then the map ( |7.3.9D is injective for every 
coherent iff x-tnodule ^ . 

Proof. Using the long exact Ext sequence, we reduce to showing: 
Claim 7.3.11. Ext^,^(Cone (Lx/y ^ L^V), ^) = 0. 
Proof of the claim: Indeed, we have 



Ext^^ (Cone (Lx/y -> L^>), ^) ^ Ext°,^ (i7o(Cone (Lx/y ^ L^>)), 



:Ex4^(Coker(i7o(Lx/y) ^ i/oW/y)),=^^ 



~Ex4^(Coker(r]x/y ^ ^x/v)^-^'. 
and the latter group vanishes, due to the universal property of i^^/y (^^^ d7.2.34| )). □ 
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7.3.12. Let f : X ^ Y he a morphism of adic spaces locally of finite type over Spa(fr, K^). 
An analytic deformation of X over F is a datum of the form (j, /3) consisting of : 

(a) a closed imbedding j : X ^ X' of F-adic spaces, such that the ideal C defining 
j satisfies J^^ = 0, and 

(b) a coherent ^x-module ^ with an isomorphism of ^x-modules P : j*J^ ^ ^ . 

One defines in the obvious way a morphism of analytic deformations, and we let Exany (X, ^) 
denote the set of isomorphism classes of analytic deformations of X by ^ over Y . 

Proposition 7.3.13. Let X he an ajfinoid adic space of finite type over Spa(fr, K^) and (j : 
X X', (3) an analytic deformation. Then X' is affinoid of finite type over Spa(fr, K~^). 

Proof To start out, we notice that j is a homeomorphism on the topological spaces underlying 
X and X', hence i^x'iX') = T{X,j*i?'x')', we deduce a short exact sequence of continuous 
maps: 

^ ^(X) ^ ^x'{X') GxiX) 0. 

Claim! .3.14. Let (p : B ^ Ahe a surjective map of complete i^-algebras of topologically 
finite type, such that Ker is a square zero ideal of B. Then B° = (f)^^(A°). 

Proof of the claim: Quite generally, let C be any f^-algebra of topologically finite type; accord- 
ing to [|12[ §6.2.3, Prop.l] one has C° = {f e C \ < 1 for every x e MaxC}. In our 
situation, it is clear that Max A = Max B, whence the claim. 

Claim 7.3.15. i^x'iX') is a complete iC-algebra of topologically finite type over K. 

Proof of the claim: Let g^, ...,g,^ be a set of topological generators for ffx{X), and choose 
arbitrary liftings gi, ...,gm € i^x'{X'). Pick also a finite set of generators gm+ii ■■■,9n for the 
^x(^)-module ^(X). We define a map : K[Ti, ...,T„] ffx'{X') by the rule gi 
(i = 1, n). Let X' = IJ^ Uk be a covering of X' by finitely many of its affinoid domains. We 
deduce a map ^ : K[Ti, T„] ^ [Ifc ^x'{Uk). By viewing ^ j,^ ^ ^x' ^ ]*^x ^ 
as a short exact sequence of coherent (^x' -modules on X', we deduce short exact sequences 
— > ^(f/fc) ^ <ffx'{Uk) ^ ^x{Uk) for every fc. By the open mapping theorem (see [|12, 
§2.8.1]) one deduces easily that the topology of &x{Uk) is the same as the quotient topology 
deduced from the surjection tt/j, especially &x{Uk) is a i^'-algebra of topologically finite type. 
Since the images of 'g^, ■■■,gm ^x{Uk) are power bounded for every k, it then follows from 
claim [7T3.14|that the images of (^i, in &x'{Uk) are power bounded for every k. Hence ifj 



extends to a map : K{Ti, ...,Tn) —>■ Ylk ^x'{Uk), and by construction, ip^ factors through a 
continuous map (p^ : K{Ti, T^) — » i?'x'iX'). It is easy to check that (p^ is surjective, so the 
claim follows, again by the open mapping theorem. 



Set A := ffx'{X')\ by claim [7.3. 15| we have the affinoid adic space X" := Spa(A, A°) of 

finite type over Spa(-ft', K^). By construction we get morphisms X -h> X' A X" of adic spaces 
inducing homeomorphisms on the underlying topologies. To conclude it suffices to show: 

Claim 7.3.16. The morphism : — ^ is an isomorphism of sheaves of topological 

algebras. 



Proof of the claim: Using claim [7.3.22| we see that it suffices to show that a* is an isomorphism 
of sheaves of i^-algebras. However, for any affinoid open domain in X" we have a commutative 
diagram with exact rows: 

^{U) ffx"{U) ffx{U) 



^^{U) 



^x'iU) 



^xiU) -0. 
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Since the affinoid open subsets of X" form a basis of the topology for both X" and X' , the 
claim follows. □ 

7.3.17. In the situation of ( [7.3.1 2D , let (j : X ^ X', ^, [3) be an analytic deformation of X 
over Y . Clearly j is a homeomorphism on the underlying topological spaces, hence we can 
view the given deformation as the datum of a map of /^^i^y-algebras ffx' ^x, whence a 
transitivity distinguished triangle (proposition |7.2.36D 

which in turns yields a distinguished triangle: 

Especially, we get a map 

(7.3.18) ExtJ,^(L-/^„ ^) ^ ExtJ,^(L^%, ^). 

Let =^ C be the ideal that defines the imbedding j; by proposition [7.2.44| we have a natural 
isomorphism "L^x/x' J*-^[l]' whence an isomorphism 

(7.3.19) Ext^^(L-/^„^) ^ Hom^,(j*^,^). 

Combining ( |7.3.18| ) and ( p.3.19[ ) we see that the given isomorphism (3 : j* ^ ^ ^ determines 
a unique element e^'^(X',/3) G ExtJy^(L^^/5, ^). One verifies easily that e^'"(X', /?) depends 
only on the isomorphism class of the analytic deformation (j, therefore it defines a map 

■ Exany(X,^) ^ Ext^^^ (L^%, ^). 

By inspecting the construction, it is easy to check that e^"^ fits into a commutative diagram 

Exany (X, ^) Ext^^ (L^,-/^, ^) 

(7.3.20) 

Exal/-i^y (^x, ^) Ext^^(Lx/y, ^) 
where e is the isomorphism of p^ , Ch.III, Th.1.2.3] and the right vertical arrow is ( [7.3.9D 



Theorem 7.3.21. For every coherent ffx -module , the map e^'^ is a natural bijection. 

Proof. In view of ( |7.3.20| ), in order to show that e^"^ is injective, it suffices to verify that if 
{ji : X — i> Xi, Pi) for i = 1,2 are two analytic deformations of X by ^ over Y, and 
(ji; A) ~^ {j2, P2) is an isomorphism in the category of extensions of /^^^y- algebras, then 
the corresponding map ^Xi ^x^ is continuous, i.e. it is an isomorphism of sheaves of topo- 
logical algebras (since in this case the map restricts to an isomorphism ^ ^x.^- This 
can be checked locally, so we may assume that X is affinoid; in this case both X\ and X2 are 



affinoid as well, by proposition [7.3. 13| . Then the assertion is a straightforward consequence of 
the following well known: 

Claim 1 .3.22. Every map A ^ B from a noetherian i^'-Banach algebra A to K-algebra B of 
topologically finite type, is continuous. 



Proof of the claim: This is [ [I4 §6.1.3, Th.l]. 

The surjectivity is a local issue as well; indeed, any class in the target of e'^'^ represents an 
extension of /^^^y- algebras ^ ^ ^ S &x 0, and the question amounts to showing 
that S" represents an analytic deformation, which can be checked locally. Thus, suppose that 
X = Spa(5,5°), Y = Spa{A,A°). We can write B = P/I, where P := A{Ti, ...,T„), and 



by proposition [7.2.44] , the complex r[_iL^,y is naturally isomorphic to the complex of sheaves 
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associated to the complex of i?-modules I /P ^p/a ®p B 0. Whence, a natural 
isomorphism 

~ Coker(HomB(l]^')^ ®p 5, ^(X)) ^ HomB(///2, ^(X))) 

(where we have denoted hy j : X ^ Z := Spa(P, P°) the induced closed imbedding). How- 
ever, given a : I /P ^{X), the corresponding f'^Oy algebra S is the sheaf of algebras 
associated to the A-algebra E defined as follows. Let fi : IjP Eq := (P/P) © =^(X) 
be the map given by the rule: x y-^ {x,a{x)) for every x E I/P; Eq is endowed with an 
A-algebra structure given by the rule (x, /) ■ (y, g) = {xy, fy + gx) and one verifies easily 
that the image of (3 is an ideal in Eq\ then set := i?o/Im/3. It is clear that Eq is an A- 
algebra of topologically finite type, and the projection E B determines a closed imbedding 
J -.X ^ X' := Spa(E, E°) that identifies pffx' with S. □ 

With the foregoing results, one can derive the usual results on existence of deformations 
and thereof obstructions; again we leave the details to the industrious reader. To conclude this 
section we want to show that ( |7.3.9D fails to be surjective already in the simplest situations. To 



carry out this analysis requires the use of more refined commutative algebra : the following 
proposition [7.3.231 collects all the information that we shall be needing. 

Proposition 7.3.23. Let A be a complete K -algebra of topologically finite type, n E N an 
integer, and set P := A{Ti, ...,Tn). Then: 

(i) the natural morphism Spec P Spec A is regular 

(ii) Hiihp/A) = Ofor every i > and Hq{Lp/a) is a fiat P-module. 

Proof. We begin with the following observation: 

Claim 7.3.24. Let R ^ Shea faithfully flat morphism of noetherian local rings. If S is regular, 
then R is regular. 

Proof of the claim: One verifies with no trouble that the homological dimension of R does not 
exceed the homological dimension of S. 

Claim 7.3.25. Let i? — > S* be a local morphism of local noetherian rings; let n C S be the 
maximal ideal. Suppose that R is quasi-excellent and that S is formally smooth over R for its 
n-adic topology. Then the induced morphism Spec S Spec R is regular. 

Proof of the claim: This is [^, Th.]. 

In view of claim [7.3.25| , the proof of (i) is reduced to the following: 



Claim 7.3.26. Let n C P be any maximal ideal and set q := n f] A. Then: 

(i) P„ is formally smooth over A^ for its n-adic topology. 

(ii) Aq is an excellent local ring. 

Proof of the claim: (i): It is well known that q is a maximal ideal and the residue field K' := A/q 
is a finite extension of K. It follows easily from lemma |7.1.6K i) that Pn is flat over A, hence by 
[ESL Ch.rV, Th. 19.7. 1] it suffices to show that Pn 0a K' is geometrically regular over K' , which 



allows to reduce to the case where A = K. Then, in view of claim |7.3.24| , it suffices to show 
that, for every finite field extension K C K' there exists a larger finite extension K' C K" 
such that the semilocal ring Pn 0k K" is regular. However, the residue field k := P/n is 
a finite extension of K, and if K C K' is any finite normal extension with k C K', every 
maximal ideal of P i0k K' containing n 0k K' is of the form p := (Ti — ai, T„ — a„) for 
certain ai, a„ G K' . We are therefore reduced to the case where n = (Ti — oi, T„ — a„) 
for some E K, i = 1, ...,n; m. this case the n-adic completion Pn of Pn is isomorphic 
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to which is regular, (ii) is a theorem due to Kiehl, whose complete proof is 



reproduced in [ P4 Th. 1.1.3]. 

Finally, (ii) follows from (i) and from the following: 

Claim 7.3.27. Let R ^ S he a map of noetherian rings. Then the following are equivalent: 

(a) Hi(Ls/R) = for every i > and Hq(Ls/r) is a flat ^-module. 

(b) The induced morphism Spec S Spec R is regular. 



Proof of the claim: Taking into account [ p4[ Th.28.7], this is seen to be a paraphrase of [g, 
Suppl.(c),Th.30,p.331]. □ 

7.3.28. Let us now specialize to the case where P := K{T); it is well known that P is a 
principal ideal domain; since ^Ip/K is a free P-module, we can choose a splitting: 

(7.3.29) np/K ^ ^P/K © ^p)k 

where f^p/j^ := Ker(17p/x — f^lyj^) ("na" stays for "not analytic"). Our first aim is to show 
that P admits nilpotent extensions (by finitely generated P-modules) that are not affinoid al- 
gebras. In view of proposition [7.3.23K ii), the square zero extensions of P by a P-module F 
are classified by Extp(f2p/x, F) (and then it is clear that any non-trivial element of this group 
cannot represent an analytic deformation, since P admits none). Hence, we come down to 
computing Extp(fi^''/^, F). 

Lemma 7.3.30. (i) is a vector space over the fraction field E of P. 

(ii) If either chax{K) = or char(i^') = p > and [K : K^] = 00, then ^^p/^ ^ 0. 

Proof, (i): by proposition |7.3.23K ii) we know that f^p/^ is a flat P-module, especially it is 



torsion-free. Let / G P be any irreducible element; then k := P//P is a finite field extension 
of K, and we have 'RompiVLp/K, = Homp(r2p'y^, k) by the universal property of ^^/j^- In 
other words, (g)p k = 0, so multiplication by / is a bijection on ^^/j^, and the claim follows. 

(ii): suppose first that char(iC) = 0; by (i) we have: ^Ie/k — E ®p VtpjK — ^p/x ® {E ®p 
Vl^pIj^). Since is a free P-module of rank one with generator dT, and since Eh a separable 
extension of K, it suffices to show that tr.deg(i? : K{T)) > 0. This can be checked explicitly; 
for instance, let n E K he a non-zero element such that log(l + ttT) G P; it is well known 
that this power series is transcendental over K(T). Finally, suppose that char(i^') = p > and 
[K : K'P] = 00. We construct a splitting for the surjection VLe/k ^ E ®p ^^p'/;^, as follows. 
The tower of field extensions K C F := E^ ■ K{T) C E yields an exact sequence 

E (8)p VlpjK ^E/K ^E/F 

and it is easy to check that a factors through a surjection E ®p ^Ip/K ^ E ®p fip'/j^ and 
the induced map E ®p ^2^^ — > VLe/k is the sought splitting. Hence, it suffices to exhibit an 
element f E E such that P{df) 7^ 0. To this aim, we will use the following general remark: 

Claim 7.3.31. Let E he a field with char(E) = p>OandPc^a subfield with Ep C F. 
Then: KeT{d : E VLe/f) = F. 

Proof of the claim: Let {xi \ i E I) he a p-basis for the extension F C E, and for every i E I 
set Ei := F[xi \ i E I \ {i}]. Clearly E = Ei[xi] and the minimal polynomial of Xj over Ei 
is mi{X) := — x^. A simple calculation shows that Ker(d : E ^E/Et) = E^. Since 
F = Hie/ E„ it follows that {d : E ^ Qe/f) = Oiei Ker(c/ : E ^ Qe/eJ = F. 

In view of claim |7.3.31| , we need to exhibit an element f E E such that f ^ E^ ■ K(T). 



However, under the standing assumptions, we can find a countable sequence {bn \ n E N) 
of elements 6„ G K° that are linearly independent over K^. Set / := XlneN 
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that f E P, and suppose by way of contradiction, that f E E'^ ■ K{T); then we could find 
g E E ■ K^/P{T^/P) such that = f. In turns, this means that g E K' ■ E{T^/p) for some 
finite /^-extension K' C K^^^. However, any such g can be written uniquely in the form 
g = J2nm CnT"/P for a sequence (c„ | n G N) of elements c„ E K' . Then g'^ = XlneN c^^"", 
and consequently = aP"6„ for every n G N, in other words, K' contains all the elements bl/^ 
for every n eN, which is absurd. □ 

7.3.32. We shall complete our calculation for F := P. To this aim, recall that E is an injective 
P-module, therefore 

Ext],{n],)K, P) ~ Romp{n'^)K, E/P)/Romp{n],)K, E). 

Let A^; be the (finite) adele ring of E, i.e. the restricted product of all the completions 

A^ := J]' E,. 

peMaxP 

By the strong approximation theorem (cp. Ch.II, §15, Th.]) the natural imbedding E C A^; 
has everywhere dense image, whence an isomorphism: 

E/P ~ © Ep/Pp. 

peMaxP 

A simple calculation shows that the map E^ Homp(_E, Ep/Pp) given by the rule: f ^-^ (x ^-^ 
xf) is an isomorphism; whence a natural isomorphism: 

Pke ^om.p{E ^ E / P) ay-^{x^ax). 

Finally, Ext^(E, P) ~ Aij/E; since ^jly^ is a direct sum of copies of E, this achieves our 
aim of producing non-trivial square zero extensions of K-algebras: 0— s>P— — s>P— s>0, 
whenever the hypotheses of lemma [7.3.30Kii) are fulfilled. 



7.3.33. Now we want to carry out the local counterpart of the calculations of ( |7.3.32| ). Namely, 
let X := Spa(P, P°); we will show that there exist non-trivial deformations of (X, i?'x) by the 
^x-module i^x, in the category of locally ringed spaces. To this aim, choose any fC-rational 
point p E X, and let ^x(oo) denote the quasi-coherent ^x-module whose local sections on 
any open subset U C X are the meromorphic functions on U with poles (of arbitrary finite 
order) only at p. We deduce an exact sequence 

wher e ^^/x denotes the quasi-coherent sheaf obtained by sheafifying the modules defined 



as in ( |7.3.28| ). After choosing a global splitting ( [7.3.29D , we can write flx/K — ^x)k ® ^^/k- 



Lemma 7.3.34. With the notation of d7.3.33| ), we have: Hom^^(fi^^^, iffx{oo)) = 0. 



Proof. Indeed, let : f^^c/^ &x{oo) be any ^^-linear map; we extend to a map 0' : 
^x/K ^x{oo) by prescribing that cf)' restricts to the zero map on the direct factor ^'^x/k ■ Then 
0' corresponds to a fC-linear derivation d : ffx ^x(oo); the restriction of 9 to f/ := X\ {p} 
is a derivation of &u with values in the coherent ffjj-moAulQ Gu\ hence the restriction of ^'^^ 
to ^^jj^ vanishes identically. It follows that d\u vanishes identically. Let j : f/ ^ X be the 
imbedding; since the natural map Gxis^) ^ j*^u is injective, it follows that d must vanish as 
well, whence = 0. □ 

Lemma 7.3.35. With the notation of ( p.3.33[ ), let x E X be a K-rational point and suppose 
that the hypotheses of lemma [7.3.3UK ii) hold for K. Then ^^i^ x ^- 
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Proof. By lemma p.3.3UK ii) we know already that the global sections of f^x/if vanish. It 



suffices therefore to show that, for every affinoid subdomain U := Spa(y4, A°) C X containing 
X, the natural map ^Ip/K ®p A — > ^I-a/k is injective. However, the kernel of this map is a 
quotient of Hi(La/p), hence it suffices to show the following 

Claim 7.3.36. Hi(LA/p) = for every i > 0. 



Proof of the claim: In light of claim 7.3.21, it suffices to show that the map P — > A is regular. 



Then, in view of claims |7.3.25| and |7.3.26K ii), it suffices to show that, for every maximal ideal 



n C A, the ring A is formally smooth over P for its n-adic topology. Let q := n fl P; since A is 
flat over P, Ch.IV, Th. 19.7.1] reduces to showing that the induced morphism P/q ^ A/q 



is formally smooth, which is trivial, since the latter is an isomorphism. □ 



1.3.31. It follows easily from proposition [7.3.23K ii) and lemma [7.2. 1| that I^x/k — ^x/k[0], 
so the extensions ^ ^ <^ — ^ i^x ^ are classified by Exiff^^Q"^^^, Gx)- In order 
to show that the latter is not trivial, it suffices, in view of lemma [7.3.34| , to exhibit a nonzero 
map ^^xjK ^ Q '■= ^xioo)/Gx- However, Q is a skyscaper sheaf sitting at the point p, 
with stalk equal to F/Gx,p, where F := Frac(^x,p)- We are therefore reduced to showing 
the existence of a nonzero map ^^/xp ^ However, we deduce easily from lemma [T3.30| 
that ^"x/Kp P-vector space, and by lemma [L3.35| the latter does not vanish, provided that 



either char(_ft') = or has characteristic p > and [K : K'^] = oo. 

7.3.38. The foregoing results notwithstanding, there is at least one situation in which the ab- 
stract topos deformation theory of an adic space is the same as its analytic deformation theory. 
This is explained by the following final proposition. 

Proposition 7.3.39. Suppose that char (K) = p > and that [K : K^] < oo. Then, for every 
morphism X ^ Y of adic spaces locally of finite type over Spa(ii', the natural map 
^x/Y ~^ I^x/y '■^ isomorphism in D(^x-Mod). 

Proof. It suffices to show the corresponding statement for maps of affinoid rings A ^ B, 
hence choose a presentation B ~ A{Ti, Tn) / 1. We have to verify that the induced maps 
Hi{L,B/A) Hi(L^^^) are isomorphisms for every i E N. The sequence A ^ P : = 
A{Ti, ...,T„) — B yields by transitivity two distinguished triangles : one relative to the 
usual cotangent complex and one relative to the analytic cotangent complex. Hence, by the 
five lemma, we are reduced to showing that the maps Hi(B 0p L,p/a) Hi{B ®p Lp/^) 
and ifj(Lp/p) Hi(L^^p) are isomorphisms for every i E N. For the latter we appeal to 
lemma p.2.42| . Also, it follows easily from proposition p.3.23| and theorem [7.2.39| that both 



Hi{B ®p hp/A) and Hi{B (8)p Lp^^) vanish for i > 1, hence we are reduced to showing that 
the map 



(7.3.40) n^ihp/A ^ r[_iL- 



B/A 

2 



is an isomorphism in D(^x-Mod). By proposition [7.2. 44| we have: r[_iL^y^ ~ (0 ^ ///^ 
P Op 0); on the other hand, proposition [7.3.23[ and [|6l, Ch.III, Cor. 1.2.9.1] give: 



T[_i'Lb/a ~ (0 ^ I/P B (g)p ^Ip/A 0). Both these isomorphisms are natural, so 
( [7.3.40[ ) is represented by the obvious map between the latter complexes. Thus, we are reduced 



to showing that the natural map flp/A ~^ ^p/a isomorphism. Let C C P be the A- 
subalgebra generated by the image of the Frobenius endomorphism $ : P — P; a standard 
calculation shows that ^Ip/A — ^p/c- However, under the standing assumptions, P is finite 
over its subalgebra C, therefore ^p/a is a finite P-module, and the claim follows. □ 
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7.4. Analytic geometry over a deeply ramified base. In this section we assume throughout 
that (K, I ■ I) is a deeply ramified complete valued field, with valuation of rank one. Recall that 
a G denotes a topologically nilpotent element of K. 

If X is a formal scheme of finite type over Spf K^, we will sometimes write ^x}k+ instead 
of Lx'/spf Similarly we define ^x/k ^'^^^ space X of finite type over Sp&{K, K^), 

and set ^x/k'-= Hq{1^x/k)- 

Theorem 7.4.1. Let X be a smooth adic space over Spa(_ft', K^). Then I^x/k — ^x/kI'^] 
D^(^j^-Mod), and ^x/k is a flat sheaf of ^x-modules. 

Proof. Both assertions can be checked on the stalks, therefore let a; G X be any point. The stalk 
i^x,x is a local ring and its residue field k(x) carries a natural valuation; the preimage in ^x,x of 
the corresponding valuation ring k(x)^ is the subring ^x ^. Let / := HnGN '^"^Xx' i*^ follows 
from this description that k{x)^ = ^xx/^- Especially, we have 

(7.4.2) fflJaffl,^K{xY/a-K{xy. 

Claim 1 .A3. Let M be an ffx 3, -module, and suppose that a is regular on M. Then M/ IM is a 
flat /t(a;)+-module. 

Proof of the claim: By snake lemma we derive Ker(M//M ^ M/IM) C Coker(/M ^ IM). 
However, it is clear that / = al, so a is regular on M/ IM, whence the latter is a torsion-free 
K(x)+-module and the claim follows. 

Let be the cofiltered system of all affinoid open neighborhoods of x in X; for [/ G ^ let 
Fu be the filtered system of all i^'^-subalgebras of ^xi^) topologically finite presentation. 
We derive 

L L 

(L+/^)a; (S)K+ K+/aK+ ~ colimcolimLT,^+ (g)K+ K+/aK+ 

L 

~ colimcolimL^/7^+ /aK^ 

L 

X,x' 

L 

^ L«,(^)+/^+ ®K+ K+/aK+. 
Together with theorem |6.6.1 U this implies already that scalar multiplication by a is an auto- 



morphism of ifj(Lj^^^), for every i > 0. However, according to theorem [7.2.3 9| (ii) , /fj(Lj^^^) 



is a iT^-torsion sheaf of (^^c'^nodules, for i > 0, whence the first assertion. It also follows that 
{Q't^^j^)^ is a torsion-free, hence flat, K^-modu\e. To prove that (fi J^^)^ is a flat ^x ^'^lodule, 
we remark first that (f^x/E")^ — (^x/k)^ ®k+ K, and the latter is a flat ^x,i-niodule, since X 



is smooth over Spa(_ft', K~^). By lemma p^2.1| it suffices therefore to show 



Claim 7.4.4. (^x/k)'-^ ®k+ K+/aK+ is a flat 6"^,^ ®k+ -ft'+/aA"+-module. 

Proof of the claim: By claim [7.4.3| we know that (nj^^)^: k{x)'^ is a flat /s;(a;)'^-module. 



In view of ( [7.4. 2D , the claim follows after base change to k{x)^ /a ■ □ 



Definition 7.4.5. Let (Xq, | a G /) be a system of formal schemes of finite presentation over 
Spf , indexed by a small cofiltered category /. 
(i) Let Xoo := lim Xq, where the limit is taken in the category of locally ringed spaces. For 

every a G /, let tTq, : Xoo Xq, be the natural morphism of locally ringed spaces. We 
define VL%^ '■= colim7r*(fi'S^ which is a sheaf of 0'r -modules. 



210 



OFER GABBER AND LORENZO RAMERO 



More generally, we let L^'^y^^ := colimvr* (L^^y^+). 
(ii) We say that the cofiltered system (X^ | « G /) is deeply ramified if the natural morphism 
^xL/i^+ ~^ ^xL/i^+ ®K+ K is an epimorphism. 

Lemma 7.4.6. Let (Xq, \ a E I) be a cofiltered system as in definition |7.4.5| . For any morphism 
P — > a of I, let faf3 : X/3 Xq be the corresponding morphism of formal Spf -schemes. 
Moreover, for every a G /, be the image of the morphism il^^^p.+ i^K+K 

("tf" stays for torsion-free). The following two conditions are equivalent : 

(i) The system (X^ | a G /) is deeply ramified. 

(ii) For every a & I there is a morphism j3 a of I, such that the image of the natural 
morphism Tap{^^Xcc/K+) ~^ ^%fj/K+ contained in the subsheafa ■ 

Proof. It is clear that (ii)^(i). We show that (i)^(ii). Under the above assumptions, every Xq 
is quasi-compact, hence we can cover it by finitely many affine formal schemes ilj := Spf Ai 
(i = 1, n) of finite type over Spf K^. Then, for every i = 1, n, the restriction of 
to lii is the coherent sheaf (1]^^/^+)^ (notation of Ch.I, §10.10.1]). Hence ^Xa./K+ ^ 
coherent sheaf of ^Xc-rnodules. For every morphism P ^ a, let 

U^p := {a; G X^ I Im(f;^((]*£/^+)x - {^%/k+).) C a ■ (1^*4/^+) J- 

Uap is therefore a constructible open subset of Xp, and we denote its complement by Za/s- By 
assumption (i) we know that 

lim Zap = n n~^{Zai3) = 0- 

If we retopologize the reduced schemes Za/s by their constructible topologies, we get an inverse 
system of compact spaces, and deduce that some Zai3 is empty by [ [T^ , Ch.I, §9, n.6. Prop. 8(b)]. 

□ 

Example 7.4.7. The prototype of deeply ramified systems is given by the tower of morphisms 

(7.4.8) ... - Mi40,p'/n - Bl,(0,pV^"-^) "^^^ ... ^ Bl,(0,p) 

where, for any r = (ri, r^) G (-ft'^)'^, we have denoted 

B^40,|r|) := SpfK+{r-'T,,...,r-'T,) 

(i.e., the formal ci-dimensional poly disc defined by the equations |Tj| < |rj|, z = 1, rf). The 
morphisms 0„ are induced by the ring homomorphisms Tj h-> Tf (z = 1, d). Notice that the 
tower ( [7.4.8D is defined whenever pj G := (IngN '^k every i = 1, ct. We leave to the 



reader the verification that condition (ii) of lemma [7l4.6| is indeed satisfied. 



Lemma 7.4.9. Let X := (Xq, \ a G I) be a cofiltered system as in definition 7.4.5 , 

(i) Tjf 2) := (2)a I a G /) — > (X^ \ a & I) is a morphism of cofiltered systems such that the 
induced morphisms of adic spaces d{^^a) di^a) <^^^ unramified for every a G I (cp. 
( [7.2.26P ), then 2) is deeply ramified ifX is. 

(ii) Let ^ := {^13 \ P E J) be another such cofiltered system, and suppose that X and 3 are 
isomorphic as pro-objects of the category of formal schemes. Then X is deeply ramified if 
and only if^ is. 

(iii) If X and "5 '■= {3i3 \ P ^ J) are two deeply ramified cofiltered systems, then the fibred 
product X X 3 := (Xq, Xgpf(^+) 3/3 \ {a, P) E I x J) is deeply ramified. 

Proof, (i): by [ |T4| , Prop. 2. 2] the natural morphism fi^°oo/ft:+ ^ ~^ ^2L/^+ ^ 
epimorphism; the claim follows easily, (ii) and (iii) are easy and shall be left to the reader. □ 
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The counterpart of the above definitions for adic schemes is given in the following: 

Definition 7.4.10. Let {X^ | a G /) be a system of adic spaces of finite type over Sp&{K, K^), 
indexed by a small cofiltered category /. 

(i) Let (Xoo, ^x^, ) ■= li"^ i^a, ^x^, )' where the limit is taken in the category 

of locally ringed spaces. For every a E I, let tt^ : Xoo — > Xa be the natural morphism 
of locally ringed spaces. We define fij^ := colim7r*(fiJ^ ^^), which is a sheaf of 

-modules. More generally, we let Lj^ := colimvr* (Lj^ ^^). 

(ii) We say that the cofiltered system {Xa | a G /) is deeply ramified if the natural morphism 

^'x^/K ~^ ^'x^/K ®K+ K is an epimorphism. 

7.4.11. Let {Xa I a G /) be as in definition [7.4. 10| . For every x G X^o, we let k{x)^ : = 
^x xl rineN'^'^^x X- The ring k{x)^ is a filtered colimit of valuation rings, hence it is a 
valuation ring. Moreover, the image of a in k{x)^ is topologically nilpotent for the valuation 
topology of 

7.4.12. Given a cofiltered system X := (j£q, | a G /) of formal schemes, one obtains a 
cofiltered system of adic spaces X_ := {Xa := | a G /), and using ( [7.2.27D and lemma 
7.4.9K i) one sees easily that X is deeply ramified whenever X is. Together with example [7.4. 7| , 
this yields plenty of examples of deeply ramified systems of adic spaces. 

Proposition 7.4.13. Let X_ := {Xa \ a E I) be a deeply ramified cofiltered system of adic 
spaces. Then, for every point x G X^q, the valuation ring k{x)^ is deeply ramified. 

Proof. For every fC^-module M, let us denote by T„(M) the submodule of M annihilated by 
a". Furthermore, let T{M) := IJneN '^n{M). Since the cofiltered system X. is deeply ramified, 
we hav e: {^x^ /^)^ = To lighten notation, let ^+ := ^+^ ^. From 

lemma [LI. 25| one deduces easily that the natural map — > ^j^)^. is surjective with 
a-divisible kernel. Hence, by snake lemma, the induced map T„(f2^+^^+) — > T„(fiJ^ ^j^)^ is 
surjective for every n, and a fortiori the map T(fi^+/^+) — > T(f2j^^^^)^ is onto. It follows eas- 
ily that ^(^+/K+ = T{^lf^+/K+)+a- Q^+/j^+, and consequently: Q^(x)+/k+ = T{Q^(^^)+/k+) + 
a ■ ^k{x)+ /k+- However, it follows easily from theorem [6.6. 1 1[ that T{ili^(^x)+ = 0, so finally 
^k{x)+/k+ = a ■ ^k{x)+/k+ and 

(7.4.14) L,(,)+/^+ i^+/air+ ~ 0. 

On the other hand, if {E, \ ■ \e) is any valued field extension of k{x)~^, we have 

(7.4.15) Hi{'LE+/K+ ®K+ K^/aK^) = for alH > 

by theorem [6.6.1 1[ From ( [7.4. 14[ ), ( [7.4. 15[ ) and transitivity for the tower C k(x)+ C E~^, 
we derive Hi{'LE+ /k{x)+ ®k+ / aK^) = for all i > 0. Again by theorem [6.6.1 1[ and remark 
6.6. 14( we conclude. □ 



7.4.16. Let X be a cofiltered system as in definition [7. 4. 10| . Let £/hea sheaf of i^jj^ -algebras. 
We say that is a weakly etale i^^^-algebra if, for every x G Xoo, the stalk is a weakly 
etale fft" ^-algebra. 

Theorem 7.4.17. Suppose that K is deeply ramified, and let X. '■= {Xa \ a E I) be a deeply 
ramified cofiltered system. Let also / : H := {Ya \ a E I) ^ X_be a morphism of cofiltered 
systems, such that the morphisms Ya — > Xa are finite etale for every a E L Then foo*^Yoo ^ 
weakly etale ^x^ algebra. 
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Proof. To lighten notation, let us write ^+ (resp. s^^) instead of (resp. /oo*^y^). For 
every a G I consider the cofiltered system Z_{a) := X indexed by //a (the category 

of morphisms /5 a), which is defined by setting Z_{a)/s^a '■= Xx„ Yo,. We have obvious 
morphisms of cofiltered systems /^^ : Z_{a) —>■ X; the sheaf is the colimit of the sheaves 

f/aoc*^z{a)^- Hence it suffices to prove the assertion for the latter sheaves, and therefore in 
order to show the theorem we can and do assume that there exists a G / such that, for every 
/3 — i> a, the induced commutative diagram 



Yr 



is cartesian. Let x G X^q. 

Claim 7.4.18. is a fiat ^+-algebra. 

Proof of the claim: On one hand, by assumption £^,^[l/a\ is a flat -algebra; on the 



other hand, s^^.^ 



is a flat K(a;)+-module by claim |7.4.3| , so that 



is a flat 



I a^^-module; thus the claim follows from lemma |5.2.1| . 

Let e G C := sz^^ 0^+ £^,^[l/a\ be the idempotent provided by lemma p.l.4| . In view of 
claim [7]^TS, we only have to show that e ■ e G := s^^ =24^ for every e G m. Let e be 



the image of e in C k{x). Set / := nn>o ' 
Claim 1.4.19. sz^^ jls^^ is the integral closure of of k{x) 



in , 



Proof of the claim: First of all, since / = a/, we have = ^^x^ and thus the natural 
map s^^ jls^^ s^xl'^^x is injective. Next, we remark that sz^^ is the integral closure of 
in indeed, this follows from [ [T2| , §6.2.2, Lemma 3, Prop. 2], after taking colimits. This 
already shows that sz^^ jls^^ is a subalgebra of s^^/I-^x integral over k{x)'^ . To conclude, 
suppose that / G ^/ Is^x satisfies an integral equation: /" + 61 ■ /"~^ + . . . + 6„ = 0, for certain 
61, 6„ G sz^^ jlsz^^; pick arbitrary representatives f G £/x, h ^ ^x of these elements. Then 
/" + 61 ■ /"~^ + ... + G Isz^x- Since Is^x = ^^x ^ we deduce that / is integral over ,0^+, so 
/ G =2/^^ and the claim follows. 

Claim 1.A.2Q. {a/^^/Is^+Y is an etale K(x)+"-algebra. 



Proof of the claim: In view of propositions [2.4.18K ii) and [2.4. 19| , it suffices to show that 
{•^x I ^ ■^xY i^ weakly etale over Let p be the height one prime ideal of then 

k(x)p is a rank one valuation ring and the localization map induces isomorphisms K(a;)+" ^ 
K(a;)p", {sz^^ /Is^^Y ^ {s^^ /Is^^Y (recall that the standing basic setup is the standard 



setup of K^). Taking claim |7AT9| into account, it suffices then to show that {sz^^ / 1 s^^^Yq is 



weakly etale over ^(2;)+'^, for every prime ideal q C jlszf^ of height one. By proposition 
p.4.13| , k{xY is deeply ramified, hence the same holds for ^^{x)'^. Let K{xf be a separable 
closure of and Kixf^ a valuation ring of K{xf dominating k[x)'^\ we can assume that 



From claim [7.4. 19| we deduce that {sz^^ jlsz^^^ is a valuation ring. 



X /q 



hence ^(a;)'^''" is a faithfully flat 
[3.1.2K viii) and proposition [6.6.2 

From claim [7.4.20( we deduce that £ ■ e G C 



algebra; then the claim follows in view of lemma 
k{xY for every £ G m. To conclude, it 



suffices therefore to remark: 



Claim 7.4.21. For every e G m, we have £ • e G C+ if and only if e ■ e G C+ 
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Proof of the claim: Let G C+ be any lifting of e ■ e; then e ■ e — is in the kernel of the 
projection C ^ C k{x). Let n G N be a large enough integer, so that a" ■ e G C^; it 
follows that a" ■ (e ■ e — e^) is in the kernel of the projection C+ consequently 
a" ■ (£ ■ e — e^) = a" ■ c for some c G C+. Since a is a non-zero-divisor in , it follows that 
e ■ e = c + G C+, as required. □ 



7.5. Semicontinuity of the discriminant. 

Definition 7.5.1. Let (y, m) be a basic setup, A a V^"-algebra and P an almost projective A- 
module of constant rank r G N. Suppose moreover that P is endowed with a bilinear form 
h : P ®A P A. We Xti (3 : P ^ P* be the A-linear morphism defined by the rule: 
P{x){y) := b{x ® y) for every x,y E P*. The discriminant of the pair (P, 6) is the ideal 

dA{P, h) := Ann A CokeT{A''^f3 : A^'^P A\P*). 

7.5.2. As a special case, we can consider the pair (B,tB/A) consisting of an A-algebra B 
which is almost projective of constant rank r over A, and its trace form tB/A- In this situation, 
we let ds/A '■= ^^(-B, ts/A), and we call this ideal the discriminant of the A-algebra B. 

Lemma 7.5.3. Let B be an almost projective A-algebra of constant rank r as an A-module. 
Then B is etale over A if and only if Db/a = A. 



Proof. By theorem [4.1.14| , it is clear that 'Ob/a = A when B is etale over A. Suppose therefore 



that c)b/a = A; it follows that A^r^/^ is an epimorphism. However, by proposition |4.3.27| , 
A^i? and A\B* are invertible A-modules. It then follows by lemma p!l.5K iv) that A\tb/a is 
an isomorphism, hence tb/a is an isomorphism, by virtue of proposition [4-.4.28| . One concludes 



again by theorem f4.1.14| . □ 



Lemma 7.5.4. Let (V,m) be the standard setup associated to a valued field {K, \ ■ |) (cp. 
( I6.1.15D , especially, V := K^). Let P' d P be two almost projective -modules of con- 
stant rank equal to r. Let b : P (8>ya P ^ V"^ be a bilinear form, such that b ®ya l^a is a 
perfect pairing, and denote by b' the restriction ofb to P' P'- Then we have: 

Dv^{P\b') = F^{PlP'f-^v^{P,b). 

Proof Let j : P' ^ P be the imbedding, (3 : P ^ P* (resp. (3' : P' P'*) the l/"-linear 
morphism associated to b (resp. to b'). The assumptions implies that Ayaj, Ayaj*, and 
AyajS' are all injective, and clearly we have 

A\..roA\..(3oA'y^j=A\,.(3'. 

There follow short exact sequences: 

^ CokeiA'yalS Coker A^..(j* o (3) Cokei A'yaj* 
^ Coker A^.„j Coker A^../5' ^ Coker A^>.(j* o (3) ^ 0. 

Using lemma |6.3.1| and remark |6.3.5K ii), we deduce: 

Po(Coker A^„/3') = Po(Coker A^„j) ■ Po(Coker A?^./3) ■ Po(Coker A^.j*). 



Claim 7.5.5. Let Q be an almost finitely generated projective A-module of constant rank r, 
which is also uniformly almost finitely generated. Let Q' C Q any submodule. Then: 

Fo{Q/Q') = Ann^(Coker(A^Q' ^ A'-^Q)). 
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Proof of the claim: By lemma [2.4.6| and proposition [2.3.24K ii) we can check the identity after a 



faithfully flat base change, hence we can suppose that Q ^ A"' , in which case the identity holds 
by definition of the Fitting ideal Fq. 

Notice that IsJyaP and KyaP' are invertible V-modules by virtue of propo sition |4 . 3 . 27| , con- 
sequently claim [733| applies and yields: Fo(Coker Aya/3') = c)ya(P',6'), Fo(Coker Ay„/?) = 
3ya(P, h) and Fo(Coker A^^^j) = Fo(Coker A^^.j*) = Fq{P/P'). □ 

7.5.6. After these generalities, we return to the standard setup {K^ , m) of this chapter, asso- 



ciated to a valued field {K, | • |) of rank one (cp. ( |6.1.15D ). Consider an etale i^-algebra L; 
we denote by Wl the integral closure of in L. L is the product of finitely many separable 
field extensions of K, therefore is an almost projective _ft'+''-module of constant rank n, by 
proposition |6.3.6| . Hence, the discriminant of Wf^ over K^"- is defined, and to lighten notation. 



we will denote it by f 2^^. Furthermore, since L is etale over K, it is clear that '^^j^ is a frac- 
tional ideal of K^"" (cp. ( |6.1.16D ). Let | ■ | : Div^K^"") be the isomorphism provided by 
lemma |^1.19| . We obtain an element jf^y^l G F;^; after choosing (cp. example ( |6.1.21[ )(vi)) an 



order preserving isomorphism 
(7.5.7) ((r^, ®z Q)^ <) ^ (M>o, <) 

on the multiplicative group of positive real numbers, we can then view If^/^^l G (0, 1]. 



Lemma 7.5.8. Let K, L be as in ( [7.5.60 <^nd denote by the completion of K for the valua- 



tion topology. Set := ®k L. Then K^^ ®k+ ^l/k ~ ^l'^/zt'^- 

Proof. Since the base change K is faithfully flat, everything is clear from the definitions, 

once we have established that PF^a ^ K^^ Cg)x+ Wl- However, both rings can be identified 
with the a-adic completion (Wl)^ of Wl, so the assertion follows. □ 

7.5.9. Let X be an adic space locally of finite type over Spa(K, K^). X is a locally spectral 
space, and every point x G X admits a unique maximal generisation r(x) G X. The valuation 
ring K(r(x))^ has rank one, and admits a natural imbedding C K{r{x))^ , continuous 
for the valuation topologies; especially, the image of the topologically nilpotent element a is 
topologically nilpotent in /t(r(x))+. This imbedding induces therefore a natural isomorphism 
of completed value groups 

{Tk ®z Q)"" ^ (r.(.(.)) ®z Q)^ 

In particular, our original choice of isomorphism ( |7.5.7| ) fixes univocally a similar isomorphism 
for every point r{x). We denote by A4.{X) the set r(X) endowed with the quotient topology 
induced by the mapping X ?"(X) : x ^ r{x). This topology is coarser than the subspace 
topology induced by the imbedding into X. The mapping x ^ r{x) is a retraction of X onto 
the subset M.{X) of its maximal points. If X is a quasi- separated quasi-compact adic space. 



M.{X) is a compact Hausdorff topological space ([|45|, 8.1.8]). 



7.5.10. Let X be as in ([7. 5. 9]), and let / : F ^ X be a finite etale morphism of adic spaces. 



For every point x G X, the fibre E{x) := {f*ffY)x ®ffxx ^(^) ^ finite etale K(x)-algebra. 
If now X G A^(X), we can consider the discriminant defined as in ( |7.5.6p (warning: 

notice that the definition makes sense when we choose the standard setup associated to the 
valuation ring k{x)'^\ since it may happen that the valuation of K is discrete and that of k{x) 
is not discrete, the setups relative to K and to k{x) may not agree in general). Upon passing to 
absolute values, we finally obtain a real valued function: 

?)+/^:A<(X)^(0,l] a; 
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The study of the function <^y/x reduced easily to the case where X (hence Y) are affinoid. In 
such case, one can state the main result in a more general form, as follows. 

Definition 7.5.11. Let A be any (commutative unitary) ring. 

(i) We denote by M{A) the set consisting of all multiplicative ultrametric seminorms | ■ | : 
A — > M. For every x E A/'(A) and f E Awe write usually in place of x{f). M^A) 
is endowed with the coarsest topology such that, for every f E A, the real-valued map 
I/I : N'iA) — > M given by the rule: x ^— |/(a;)|, is continuous. 

(ii) For every x E A/'(A), we let Supp(x) := {f E A \ \f{x)\ = 0}. Then Supp(x) is a prime 
ideal and we set k{x) := Frac(74/Supp(x)). The seminorm x induces a valuation on the 
residue field k(x), and as usual we denote by k(x)+ its valuation ring. 

(iii) Let A ^ Bhe a finite etale morphism. For every x E A/'(A), we let E{x) =3 i^a k{x). 
Then E{x) is an etale k (a;) -algebra, so we can define c)^^^(x) := (cp. the 
warning in ( |7.5.10| )). By setting x i-^ |c)^^^(x)| we obtain a well-defined function 

|0+/^|:Ar(A)^(0,l]. 

7.5.12. If X = Spa(y4, v4+), with A a complete i^-algebra of topologically finite type, then 
(X) is naturally homeomorphic to the subspace (A) of A/'(v4) consisting of the continuous 
seminorms that extend the absolute value of K given by ( |7.5.7D . It is shown in [ |T0| , §1.2] that 
J^{A) is a compact Hausdorff space, for every Banach f^-algebra A. 

Proposition 7.5.13. Let A be a ring, B a finite etale A-algebra. Then the function |f^y^| is 
lower semi-continuous (i.e. it is continuous for the topology of{0, 1] whose open subsets are of 
the form (c, 1], c E [0, 

Proof. Let f E Ahe any element; notice that J\f(A[l/ f]) is naturally homeomorphic to the 
open subset U{f) := {x E A/'(A) | |/(x)| ^ 0}. Hence, after replacing Ahy some localization, 
we can assume that i? is a free A-module, say of rank n. For every b E B, let x{b, T) : = 
T" + ■ T"^^ + ... + s„(6) be the characteristic polynomial of the A-linear endomorphism 
B ^ B given by the rule h' ^ h' ■ b. 

Claim 7.5.14. For every point x E A/'(A) and every b E B, the following are equivalent: 

(i) 6® 1 G WEix). 

(ii) |si(6)(x)| < 1 for i = 1, 77,. 

Proof of the claim: Indeed, if (ii) holds, then the image of T) in k{x)[T] is a monic poly- 
nomial with coefficients in k{x)^ and 6 ® 1 is one of its roots (Cayley-Hamilton), hence 6 eg) 1 
is integral over k(x)^, which is (i). Conversely, if (i) holds, let E(x) = Y[j=i '^he de- 

composition of E(x) as product of finite separable extensions of k(x), and let bj E Ej be the 
image of b. It follows that bj E We^ for every j = 1, k, and moreover the image x{b, T) 
of T) in k{x)[T] decomposes as a product Y[^=iX{bj,T). It suffices therefore to show 
that the coefficients Sij{bj) satisfy (ii) for every i < n and j < k, so we can assume that 
E{x) is a field. Let mh{T) E k(x)[T] be the minimal polynomial of 6 (g) 1; it is well known 
that x{b, T) divides mb(T)", hence the roots of xib, T) are conjugates of b under the action of 
G := Ga\{K{xY / k{x)). Let C be the integral closure of k{x)~^ in a finite Galois extension of 
k(x) containing E{x); C is an integral K(x)+-algebra and the Galois conjugates oib®\ are all 
contained in C. Since the latter are the roots of T), the elements Si{b) ® 1 are symmetric 
polynomials of the elements o(b® 1) (cr E G), so Si{b) ®1 E G D k{x) = k{x)^, which is (ii). 

Let ts/A be the trace morphism of the A-algebra B, and let x E A/'(A). Then the trace 
morphism := tE{x)/K{x) equals ts/A ®a 
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Claim 7.5.15. For every real number e > we can find a free K(a;)"^-submodule We of We(x), 
such that We ®k(x)+ f^i^) = E{x) and 

(7.5.16) \^.(x)+{We,tx)\+e> \^%/a{x)\. 

Proof of the claim: From claim |6.3.8| , we derive that, for every positive real number 5 <1 there 
exists a free finitely generated K(x)+-submodule Ws C We(x) such that \Fo{W'^^^-^/Wg;)\ > 6; 
in view of lemma [73^ , the claim follows easily. 

Let wi, w„ be a basis of We', up to replacing A by a localization ^[1/(7] for some g G A, 
we can write Wi = hi® 1, for some bi E B (i = 1, n). Consequently: 

(7.5.17) \^.{x)+iW„Q\ = \det{tB/Aibi0bj)){x)\. 

By claim [73T4] we have \sj{bi){x)\ < 1 for i,j = 1, ...,n. Let 1 > 5 > be a real number; for 
every i, j < n, we define an open neighborhood Uij of x in M^A) as follows. Suppose first that 
\sj{bi){x)\ < 1; since the real- valued function y 1— > \sj{bi){y)\ is continuous on A/'(yl) (for the 
standard topology of M), we can find Uij such that \sj{bi) {y)\ < 1 for all y E Uij. 

Suppose next that \sj(bi){x)\ = 1; then, up to replacing A by yl[l/sj(6j)], we can assume that 
Sj{bi) is invertible in A. We pick Uij such that 

(7.5.18) \sj{h){y) \ <l + 6 forevery y G U,j. 

We set U := r\i<ij<n ^u - Next, we define, for every y E U, an element Cy E A, as follows. 
Choose a,(3 < n such that \sf3{ba){y)\ = maxi<jj<„ \sj{bi){y)\. lf\sp{ba){y)\ < 1, then set 
Cy := 1; if \sf:){ba){y)\ >J^, setCy := sp{bay^. Then \sj{cy ■ bi){y)\ < Ifor every i,j = l,...,n 
and every y E U. Let Wy be the K(?/)+-submodule of B Cg)^ f^iv) spanned by the images of 
Cy ■ bi, ...,Cy ■ bn-lt follows that Wy C WE{y) for every y E U. We compute: 

\<^Y/xiy)\ > \<:>niy)+{Wy,ty)\ = \det{tB/A{cy-bi^c{y)-bj)){y)\ 

= \cy{y)\^^-\det{tB/A{bi^b,)){y)\. 

However, the real- valued function y h-^ | det{tB/A{bi ® bj)){y) \ is continuous on A/'(A), there- 
fore, combining ( |7.5.16D and ( [7.5. 17[ ), we see that, up to shrinking further the open neighbor- 
hood U, we can assume that | det{tB/A{bi ®bj)){y) \ + e > |()^y^(x)| for all y E U, so finally: 

K/Aiy)\ > (1 - ^)'" • (If bm(^)I - ^) for every y E U 
which implies the claim. □ 

Theorem 7.5.19. Let Y X be as in ( [7.5. 10| ). Then the map 'fiy/x '■^ lower semi-continuous. 

Proof. We can assume that X = Spa(y4, A'^), where A is a complete i^-algebra of topologically 
finite type, and therefore Y = Spa(i?, B^), for a finite etale A-algebra B. Then there is a natural 



homeomorphism lo : M.{X) M.{A), so the theorem follows from proposition [7.5. 13[ and : 



Claim 7.5.20. ^y/x ~ ^b/a ° ^■ 

Proof of the claim: Let x E M.{X); x corresponds to a rank one valuation of A, whose value 
group we identify with (a subgroup of) ]R>o according to ( p.5.9| ). The resulting multiplicative 
seminorm is uj{x). We derive easily a natural imbedding l : k{uj{x)) C k{x), compatible with 
the identifications of value groups. One knows moreover that l induces an isomorphism on 
completions 6^ : k{ijj{x))^ ^ k(x)^, so the claim follows from lemma [73^ . □ 



Lemma 7.5.21. Let {Ka, \ -\a \ & I) be a system of valued field extensions of{K, | ■ |), indexed 
by a filtered small category I and such that is a valuation ring of rank one for every a E L 
Let moreover L be a finite etale Kp-algebra, for some [3 E L Set La := L K^for every 
morphism [3 ^ a in L Then : 
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(i) {Koo, I ■ loo) := colim {Ka, \ ■ \a) is a valued field extension of{K, \ ■ \), with valuation ring 
of rank one. 

(ii) Set Loo '■= L ®Kp K^o- Then, for every sequence ofmorphisms P ^ j ^ a in I, we have 

ii<' I > \^'t lu L and moreover: lim lot I = lot 1. 

Proof, (i) is obvious. The proof of the first assertion in (ii) is easy and shall be left to the reader. 
For the second assertion in (ii) we remark that, due to claim ^^J^, for every e < 1 there exists 
a free iir+ -submodule C Wl^ of finite type, such that \Fq(WI^/W^)\ > e. We can find 
a e I such that We = Wo for some free submodule Wq C L+. It then follows 

from lemma p.5.4| that 

for every morphism « — > /3 in /. □ 

7.5.22. Suppose now that {K, | ■ |) is deeply ramified and let X := {X^ | a G /) be a deeply 
ramified cofiltered system of adic spaces of finite type over Spa(i^, K~^). Suppose furthermore 
that it is given, for some /? G /, a finite etale morphism Yg Xp of adic Spa(_ft', _ft'+)-spaces 
of finite type. For every morphism a /3 of / we set := Yg Xx^ X^ and denote by 
fa'-Ya—* Xa the induccd morphism of adic spaces. 

Theorem 7.5.23. In the situation of ( [7.5.22D , for every positive real number e <1 there exists 
a morphism a —>■ (3 in I such that, for every morphism ^ awe have 

l^y,/x,(^)l > ^ for every M{X^). 

Proof. Notice that Y_ := (Ya | a — > /9) is a cofiltered system, hence we can define Xoo and Foo 
as in ( 17.4.121 ), and we obtain a morphism of locally ringed spaces /oo : Y^o Xc^. For every 



a G I, let vTq, : Xoo X^ be the natural morphism. Moreover, let M.{Xoo) '■= lim M.{Xa); as 
a topological space, it is compact, by Tychonoff's theorem and the fact that A^(Xa) is compact 



(I7.5.9D ); as a set, it admits an injective (usually non-continuous) map M.{Xoo) — * X^o, so we 
can identify it as a subset of the latter. 

Let X G A^(Xoo); by proposition [7.4. 13| , the valuation ring k{x)^ is deeply ramified. Set 



k{x) := K,{x)^ ®K+ K; it is clear that the morphism 

is finite and etale. Let be the integral closure of /t(a;)+ in E{x). By proposition |6.6.2| we 
deduce easily that the induced morphism of i^+^-algebras k(x)+" is weakly etale, hence 

etale by proposition |6.3.6| . Consequently If^^^^^^^^^l = 1, in light of lemma |7.5.3| . For every 



a ^ [3, let Xa '■= T^a{x). Then k{x) is the colimit of the filtered system (^(xq) | a — > /?), and 
similarly E{x) is the colimit of the finite etale ^(a;^) -algebras {fi3*^Yg)xB f^i^a) (for 

all a — > P). In this situation, lemma [7.5.21| applies and shows that, for every e < 1 there exists 
a{e, x) such that 

(7.5.24) \^Ya/xS^a)\ ^ ^ for every a a{£,x). 

In light of theorem [7.5.191 , for every a P, the subset 

X^ie) := {y e MiX^) \ K^/^^iy)\ < e} 



is closed in M.{Xa), hence compact. From ( [7.5.24[ ) we see that limXQ,(e) = 0, therefore one 

a— >/3 



of the Xa{e) must be empty ([[T8|, Ch.I, §9, n.6. Prop. 8(b)]), and the claim follows. □ 
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7.5.25. Let us choose an imbedding p : {Tk, ■, <) ^ (1^, +, <) as in example [6.1 .21| (vi). Let 
/ : F ^ X be a finite etale morphism of adic spaces of finite type over Spa(ii', K^). For every 
x e X, set A{x) := (/*^y)x (/*^y)z; we denote by e^. G A{x) ®k+ K the unique 

idempotent characterized by the conditions of proposition |3.1.4| . We define the defect of the 
morphism / as the real number 

def (/) := inf {r G ]R>o | e ■ e^,. G A{x) for every x G X and every e G with p(|£:|) < — r }. 
Clearly def (/) > and def(/) = if and only if U'*^y)x an etale ^^"^-algebra for every 
X G X. Furthermore we remark that, by proposition [2.4. 19| , the map ^^"'^ — > {f*^Y)x 
weakly etale if and only if it is etale. 

Corollary 7.5.26. In the situation of ( |7.5.22D , for every real number r > there exists a & I 
such that, for every morphism •y a, we have: def (/-^) < r. 

Proof. Let r > 0; according to theorem |7.5.23| and claim [7.4.21| , there exists a E I such that 

e ■ Cx E A{x) for every 7 — a, every x G M.{Xj) and every e G K'^ with p(|£:|) < — r. If now 
1/ G Xy is any point, there is a unique generisation x of ?/ in Ai{Xy). Let : — > yl(x) be 
the induced specialisation map, and set 0x := (p '^k+ Ia - One verifies easily that 

<p-Kim-A{x))cA{y). 

Since (pxiey) = e^, the claim follows easily. □ 

1 .521 . To conclude, we want to explain briefly what kind of Galois cohomology calculations 
are enabled by the results of this section. Let / : F ^ X be a finite etale Galois morphism 
of Spa(/^, /^+)-adic spaces of finite type, and let G denote the group of X-automorphisms of 
Y . Denote by /*^y[G'] -Mod the category of -modules on X, endowed with a semilin- 
ear action of G. Let if : f^&^[G]-M.od i^^-Mod be the functor that associates to an 
/*^y[G'] -module the sheaf of its G-invariant local sections. A standard argument shows that, 
for every /^i^yfG] -modules the cone of the natural morphism in D(/*i^y-Mod) 

(7.5.28) ff+ Rlf^ ^ 

is annihilated by all e G m such that p{e) < — def (/). However, for applications one is rather 
more interested in understanding the Galois cohomology groups W := W^G, H^{X, ^)). 
One can try to study W via ( |7.5.28[ ); indeed, a bridge between these two objects is provided 
by the higher derived functors of the related functor : f^^:^[G]-Mod T{X, ^+)-Mod, 
defined by =^ 1-^ r(X, F*^^) = r(X, ^)'-^. We have two spectral sequences converging to 
RT^^, namely 

: HP{X, Rilf^) RP+'^T^^ 
: HP{G, H'^iX, ^)) RP+T^^. 

Using ( f7.5.28D one deduces that .Eg^ degenerates up to some torsion, which can be estimated 
precisely in terms of the defect of the morphism /. However, the spectral sequence contains 
the terms H'^(X,^), about which not much is currently known. In this direction, the only 
results that we could found in the literature concern the calculation of H^Y, ^y ), for an affinoid 
space, under some very restrictive assumptions : in these groups are shown to be almost 
zero modules for i > 0, in case Y admits a smooth formal model over K^; in [ ]65| ] the case of 
generalized polydiscs is taken up, and the same kind of almost vanishing is proven. 



ALMOST RING THEORY 



219 



8. Appendix 

In this appendix we have gathered a few miscellaneous results that were found in the course 
of our investigation, and which may be useful for other applications. 

8.1. Simplicial almost algebras. We need some preliminaries on simplicial objects : first of 
all, a simplicial almost algebra is just an object in the category s.{V°--A\g). Then for a given 
simplicial almost algebra A we have the category A-Mod of A-modules : it consists of all 
simplicial almost V^-modules M such that M[n] is an A [n] -module and such that the face and 
degeneracy morphisms di : M[n] ^ M[n — 1] and Sj : M[n] M[n + 1] (i = 0, 1, n) are 
A [rz] -linear. 

8.1.1. We will need also the derived category of A-modules; it is defined as follows. A bit 
more generally, let ^ be any abelian category. For an object X of s.^ let A^(-'^) be the 
normalized chain complex (defined as in 1.1.3]). By the theorem of Dold-Kan ([|67|, Th. 
8.4.1]) X N{X) induces an equivalence N : s.^ C.C^) with the category C.C^) of 
chain complexes of object of ^ that vanish in positive degrees. Now we say that a morphism 
X ^ Y in s.'if is a quasi-isomorphism if the induced morphism N{X) — > N{Y) is a quasi- 
isomorphism of chain complexes. 

8. 1 .2. In the following we fix a simplicial almost algebra A. 

Definition 8.1.3. We say that A is exact if the almost algebras A[n] are exact for all n G N. A 
morphism (p : M ^ N of A-modules (or A-algebras) is a quasi-isomorphism if the morphism 
of underlying simplicial almost V-modules is a quasi-isomorphism. We define the category 
D(y4-Mod) (resp. the category D(A-Alg)) as the localization of the category A-Mod (resp. 
A-Alg) with respect to the class of quasi-isomorphisms. 

8.1.4. As usual, the morphisms in D(A-Mod) can be computed via a calculus of fraction 
on the category Hot (A) of simplicial complexes up to homotopy. Moreover, if Ai and A2 are 
two simplicial almost algebras, then the "extension of scalars" functors define equivalences of 
categories 

D(Ai X Aa-Mod) ^ D(Ai-Mod) x D(A2-Mod) 
D(Ai X A2-AIg) ^ D(Ai-Alg) X D(A2-AIg). 

Proposition 8.1.5. Let Abe a simplicial V^-algebra. 

(i) The functor on A-algebras given by B ^ (s.V" x B)\\ preserves quasi-isomorphisms and 
therefore induces a functor D{A-Alg) — > D{{s.V^ x A)\\-Alg). 

(ii) The localisation functor R 1—^ R"^ followed by "extension of scalars" via s.V"' x A ^ A 
induces a functor D((s. V"" x A)\\-A\g) D(A-Alg) and the composition of this and the 
above functor is naturally isomorphic to the identity functor on D(y4-AIg). 

Proof, (i) : let _B ^ C be a quasi-isomorphism of A-algebras. Clearly the induced morphism 
s-V"" X B ^ s.V"" X C is still a quasi-isomorphism of V-algebras. But by remark [2.2.26| , 
s-V"" X B and s-V"" x C are exact simplicial almost \^-algebras; moreover, it follows from 
corollary ^.l.T^ that (s.y x B)\ {s-V"" x C)\ is a quasi-isomorphism of ^-modules. Then 
the claim follows easily from the exactness of the sequence ( |2.2.24D . Now (ii) is clear. □ 

Remark 8.1.6. In case m is flat, then all A-algebras are exact, and the same argument shows 
that the functor B ^ B\\ induces a functor D(A-Alg) — > D(An-Alg). In this case, composition 
with localisation is naturally isomorphic to the identity functor on D(y4-AIg). 



Proposition 8.1.7. Let f : R 



S be a map of V -algebras. We have: 
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(i) Iff : R'' S" is an isomorphism, then L^/^ ~ in D(s.5"-Mod). 

(ii) The natural map L^a/jija JL-^/r '■^ isomorphism in D(s.S''^-Mod). 

Proof, (ii) is an easy consequence of (i) and of transitivity. To show (i) we prove by induction 
on q that 

\XWq\S/R) i/,(L«/^)=0. 

For g = the claim follows immediately from II. 1.2. 4. 2]. Therefore suppose that g > 
and that VAN(j ; D /C) is known for all almost isomorphisms of V^-algebras C ^ D and all 
j < q. Let R := f{R). Then by transitivity ([p6i II.2.1.2]) we have a distinguished triangle in 
D(s.S"-Mod) 

We deduce that VAN(g; R/R) and VAN(g; S/R) imply VAN(g; S/i?), thus we can assume that 
/ is either injective or surjective. Let S, ^ S he the simplicial V^-algebra augmented over S 
defined by S*. := Pv{S). It is a simplicial resolution of S by free V-algebras, in particular 
the augmentation is a quasi-isomorphism of simplicial F-algebras. Set R, := S, x s R. This 
is a simplicial ^-algebra augmented over R via a quasi-isomorphism. Moreover, the induced 
morphisms _R[n]" S[n]"' are isomorphisms. By II. 1.2. 6. 2] there is a quasi-isomorphism 
L5/ij ~ Lf^/^^. On the other hand we have a spectral sequence 

^ij ■= Hj(Ls[i]/R[i]) i^i+j(Lf,/^J. 

It follows easily that VAN(j; S[-^/R[i]) for all i > 0,j < q implies VAN(g; S/R). Therefore 
we are reduced to the case where 5 is a free ^-algebra and / is either injective or surjective. 
We examine separately these two cases. If / : i? ^ V"[T] is surjective, then we can find a right 
inverse s : V[T] Riov f . By applying transitivity to the sequence V\T] R ^ V[T] we 
get a distinguished triangle 

{V[T] hji/v[T]T ^V[T]/V[T] ~* ^V[T]/R ~^ Cr(\/[T] Lr/v/[t])"- 

Since L^j^j^yj^j ~ there follows an isomorphism : ifq(Ly[T]/i?)" — Hq_i{V[T]^ji'Lji/v[T])"'- 
Furthermore, since is an isomorphism, s"- is an isomorphism as well, hence by induction 
(and by a spectral sequence of the type 1.3.3.3.2]) Hq^i{V[T] ^r'Lr/vit])"' — 0. The claim 
follows in this case. 

Finally suppose that f : R ^ '^[T] is injective. Write V[T] = Sym(F), for a free \^-module 
F and set F = m(S)y F; since /" is an isomorphism, Im(Sym(F) Sym(F)) C R. We apply 
transitivity to the sequence Sym(F) R ^ Sym(F). By arguing as above we are reduced to 
showing that L" ~ ~ 0. We know that Hn (L" ,^ ~ J ~ and we will show that 

Sym(F)/Sym(F) ^ Sym(F)/Sym(F) ' 

ifg(Lg^^^^^^g^^^~P ~ for g > 0. To this purpose we apply transitivity to the sequence V 
Sym(F) ^ Sym(F). As F and F are flat ^-modules, [|6|, II.1.2.4.4] yields Hg{hsjm{F)/v) - 
^<i(^Sym{F)/v) — for g > and Ho(Lg^_^^pyy) is a flat Sym(F)-module. In particular 
Hj{Sym{F) ^symiP) %m(F)/y) - for aU j > 0. Consequently i^i+i(Lgy^(^)/sy^(F)) - 
for aU J > and i^i(Lsy„(i.)/sym(F)) - Ker(Sym(F) ®gy^(^) ^Sym(i?)/y ^ ^Sym(F)/y). The 
latter module is easily seen to be almost zero. □ 

Theorem 8.1.8. Let (p : R ^ S be a map of simplicial V -algebras inducing an isomorphism 
R" A in D(i?''-Mod). Then (Lf/^)" ^ in D(5"-Mod). 



Proof. Apply the base change theorem II.2.2.1] to the (flat) projections of s.V x R onto R 

^s.VxS/s.VxR ^ ^S/R ^s.V/s.V ^ ^S/R 



and respectively s.V to deduce that the natural map ^fvxsis vxr ^ ^s/r ® ^fv/s v ^ '^^ 
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is a quasi-isomorphism in D{s.V x S-Mod). By proposition |8.1.5| the induced morphism 
(s.V X R)f, — > (s.V X S)f, is still a quasi-isomorphism. There are spectral sequences 

^ij ■= Hji^vxRiiD/iYxBrn) ^i+i(I-(^.Vxi?,)/(s.yxi?On) 

^t) '■= ^i(L(vx5[i])/(yxs[i]);s) ^i+j(I-(^.yx5)/{s.yx5)[^)- 

On the other hand, by proposition ^X7|(i) we have ^vxR[^)/ivxBmr,^ - - Hvxs[^)/ivxsm 
for all i eN. Then the theorem follows directly from MB, 11. 1.2. 6. 2(b)] and transitivity. □ 



8.1.9. In view of proposition |8.1.7K i) we have ^'lv''xA)n/VxAu — in D{V"- x A-Mod). By 
this, transitivity and localisation ([|4^, II.2.3.1.1]) we derive that IL^/y^ — > L^.i/a,, ^ quasi- 
isomorphism for all y4-algebras B. If A and _B are exact {e.g. if m is flat), we conclude from 



proposition |2. 5. 42| that the natural map L^/^ hB,,/A,, is a quasi-isomorphism. 



8.1.10. Finally we want to discuss left derived functors of (the almost version of) some no- 
table non-additive functors that play a role in deformation theory. Let i? be a simplicial V- 
algebra. Then we have an obvious functor G : D(_R-Mod) — > D(_R''-Mod) obtained by ap- 
plying dimension-wise the localisation functor. Let S be the multiplicative set of morphisms of 
D(_R-Mod) that induce almost isomorphisms on the cohomology modules. An argument as in 
section|2|^ shows that G induces an equivalence of categories S^^D(i?-Mod) — > D(i?"-Mod). 

8.1.11. Now let i? be a V-algebra and one of the functors 0^, A^, Sym^, defined in 
m, 1.4.2.2.6]. 



Lemma 8.1.12. Let cf) : M ^ N be an almost isomorphism of R-modules. Then ^p{(t)) 
^p{M) — > ^p{N) is an almost isomorphism. 



Proof. Let ip : m 0v N —>■ M he the map corresponding to {(p"-) ^ under the bijection ( [2.2.4D 



By inspection, the compositions (j) o ip : m (8>y N N and ^/^ o (l^j, (g) 0) : ffi (8>y M — ^ M 
are induced by scalar multiplication. Pick any s G m and lift it to an element s G m; define 
ips '■ N M hy n i-^ ® n) for all n E N. Then (p o ^Jj^ = s ■ In and tps ° <P = s ■ 1m- This 
easily implies that annihilates Ker ^p{4>) and Coker ^p{(f)). In light of proposition [2.1.7K ii), 
the claim follows. □ 

8.1.13. Let B be an almost V-algebra. We define a functor on B-M.od by letting M t-^ 
{c!^p{M\))°' , where Mi is viewed as a i?n-module or a i?=K-module (to show that these choices 
define the same functor it suffices to observe that i?* ~ for all i?=K-modules A^ such 

that A^ = m • A^). For all p > we have diagrams : 

i?-Mod — ^ i?-Mod 
(8.1.14) I 

R^-Mod i?"-Mod 
where the downward arrows are localisation and the upward arrows are the functors M t-^ M\. 



Lemma 8.1.12 implies that the downward arrows in the diagram commute (up to a natural 



isomorphism) with the horizontal ones. It will follow from the following proposition |8.1.16 
that the diagram commutes also going upward. 

8.1.15. For any V-module A^ we have an exact sequence F^A^ — > — » A^A^ 0. As 
observed in the proof of proposition [2.1.7| , the symmetric group ^2 acts trivially on (g)^fri and 
F^fri ~ ®^ffi, so A^m = 0. Also we have natural isomorphisms F^m ~ m for all p > 0. 
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Proposition 8.1.16. Let Rbe a commutative ring and L aflat R-module with h?L = 0. Then 
for p > and for all R-modules N we have natural isomorphisms 

TP{L) ®K ^p{N) ^ ^,{L N). 

Proof. Fix an element x E ^p{N). For each i?-algebra R' and each element / G R' 0r L we 
get a map (pi : R' iS)rN ^ R' iS)RLiS)RNhy y l0y, hence a map ^p{(f)i) : R' <S)r ^p{N) ~ 
-^piR' ®/? N) -> ^p{R' (g)R L (g)RN) ^ R' (g)R ^p{L (g)R N). For varying I we obtain a 
map of sets V'iJ'.x : R' ®r L ^ R' ®r ^p{L ®r N) : I ^ ^p{(f)i){l x). According to 
the terminology of [|6T|], the system of maps ipR'^x for R' ranging over all i?- algebras forms a 
homogeneous polynomial law of degree p from L to i^r N), so it factors through the 

universal homogeneous degree p polynomial law 'jp : L Tp{L) . The resulting i?-linear 
map ijj^ : r^(L) ^p{L ®r N) depends i?-linearly on x, hence we derive an i?- linear map 
-0 : VP{L)®R^p{N) ^p{L®rN). Next notice that by hypothesis 5*2 acts trivially on (^^L so 
Sp acts trivially on &L and we get an isomorphism (3 : Tp{L) &L. We deduce a natural 
map ®R ^p{N) ^p{L ®r N). Now, in order to prove the proposition for the case 

^p = &, it suffices to show that this last map is just the natural isomorphism that "reorders 
the factors". Indeed, let xi, a;„ G L and q := (gi, g„) G N" such that |g| := J2i Qi ■= P'^ 
then /3 sends the generator x'f^' ■ ... ■ xl?"' to (^^ ^ ^ ) ■ xf C?) ... ® x^^" . On the other hand, pick 
any y G and let R[T] := R[Ti, T„] be the polynomial i?-algebra in n variables; write 
(Ti ® xi + ... + T„ ® x„)®P ^y = ijR[T],y{Ti ® + ... + T„ ® x„) = J^reN'^ ® with 
G ®^ A^). Then ^{{x^-"^ ■ ... ■ x[?"^) ^ y) = Wg (see pp.266-267]) and the claim 

follows easily. Next notice that Tp(L) is flat, so that tensoring with Tp(L) commutes with taking 
coinvariants (resp. invariants) under the action of the symmetric group; this implies the assertion 
for ^p := Sym^ (resp. ^p := TS^). To deal with ^p := recaU that for any V-module M 
andj9 > we have the antisymmetrizer operator om := J2aeSp sgii(o")"cr • (8)^Manda 
surjection A^(M) Im(aM) which is an isomorphism for M free, hence for M flat. The result 
for ^p = & (and again the flatness of Tp{L)) then gives rP(L) ®Im(aAr) ~ Im(aL0^iv), hence 

the assertion for JFp = and flat. For general A^ let Fi — Fq — — be a presentation 
with Fi free. Define jo, ji : Fo ® Fi Fq by jo{x,y) := x + d{y) and ji{x,y) := x. By 
functoriality we derive an exact sequence 

AP(Fo © Fi) ^ AP(Fo) AP(Ar) 

which reduces the assertion to the flat case. For #p := the same reduction argument works as 
well (cp. 1^1], p. 284]) and for flat modules the assertion for follows from the corresponding 
assertion for TS^. □ 

Lemma 8.1.17. Let Abe a simplicial almost algebra, L, E and F three A-modules, f : E ^ F 
a quasi-isomorphism. If L is flat or E,F are flat, then L ®^ / : L 0^ E ^ L ®^ F is a quasi- 
isomorphism. 

Proof. It is deduced directly from [ p6| , 1.3.3.2.1] by applying M ^ M\. □ 
8.1.18. As usual, this allows one to show that ® : Hot (A) x Hot (A) Hot (A) admits a left 

L 

derived functor ® : D(yl-Mod) x D(y4-Mod) ^ D(y4-Mod). If is a simplicial ^-algebra 
then we have essentially commutative diagrams 

L 

D(i?-Mod) X D(i?-Mod) D(i?-Mod) 



□(i^-^-Mod) X D(i?'^-Mod) D(/?"-Mod) 
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where again the downward (resp. upward) functors are induced by localisation (resp. by M i— *^ 
Ml). 

8.1.19. We mention the derived functors of the non-additive functor defined above in the 
simplest case of modules over a constant simplicial ring. Let A be a (commutative) V"-algebra. 

Lemma 8.1.20. If u : X ^ Y is a quasi-isomorphism of flat s.A-modules then ^p{u) : 
^HX) ^2;{Y) is a quasi-isomorphism. 



Proof. This is deduced from 1.4.2.2.1] applied to A^(X!) ^(^) which is a quasi- 
isomorphism of chain complexes of flat yln-modules. We note that loc. cit. deals with a more 
general mixed simplicial construction of which applies to bounded above complexes, but 
one can check that it reduces to the simplicial definition for complexes in {A\\). □ 

8.1.21. Using the lemma one can construct 1,^^ : D(s.A-Mod) D(s.A-Mod). If i? is a 
l^-algebra we have the derived category version of the essentially commutative squares ( |8.1.14[ ), 
relating L^p : D{s.R-Mod) D(s.i?-Mod) and L^^" : D(s./?'^-Mod) D{s.R^-Mod). 



8.2. Fundamental group of an almost algebra. We will need some generalities from 
Exp.V] and Exp. VI]. In the following we fix a universe U and suppose that all our categories 
are [/-categories and all our topoi are f/-topoi in the sense of Exp.I, Def.1.1 and Exp.IV, 
Def.1.1]. No further mention of universes will be necessary. 

8.2.1. Let be a site. RecaU ([^ Exp.VI, Def.1.1]) that an object X of ^ is called quasi- 
compact if, for every covering family (Xj ^ X \ i E I) there is a finite subset J C I such that 
the subfamily (Xj X \ j E J) is still covering. 

8.2.2. Let Ehe a topos; in the following we always endow E with its canonical topology ([^ 
Exp. II, Def 2.5]), so is a site in a natural way and the terminology of ( |8.2.1D applies to the 
objects of E. Moreover, if ^ is any site and e : ^ — > the natural functor to the category 

of sheaves on then an object X of is quasi-compact in ^ if and only if e{X) is 
quasi-compact in ([^ Exp.VI, Prop. 1.2]). 

Furthermore, since in E all finite limits are representable, we can make the following further 
definitions ([|5|, Exp.VI, Def. 1.7]). A morphism f : X Y in E is called quasi-compact if, for 
every morphism Y' ^ Y in E with quasi-compact Y', the object X x y F' is quasi-compact. 
We say that / is quasi-separated if the diagonal morphism X ^ X x y X is quasi-compact. 
We say that / is coherent if it is quasi-compact and quasi-separated. 

8.2.3. Let X be an object of a topos E. We say that X is quasi-separated if, for every quasi- 
compact object S of E, every morphism S* X is quasi-compact. We say that X is coherent 
if it is quasi-compact and quasi-separated ([Q Exp.VI, Def.1.13]). We denote by Ecoh the full 
subcategory of E consisting of all the coherent objects. 

Suppose that the object F of -E is coherent and let / : X ^ F be a coherent morphism; by 
[g, Exp.VI, Prop.l.l4(ii)], it follows that X is coherent. 

Definition 8.2.4. (cp. Exp.VI, Def.2.3]) We say that a topos E is coherent if it satisfies the 
following conditions: 

(i) E admits a full generating subcategory ^ consisting of coherent objects. 

(ii) Every object X of is quasi- separated over the final object of E, i.e. the diagonal mor- 
phism X ^ X X X is quasi-compact. 

(iii) The final object of E is quasi-separated. 



224 



OFER GABBER AND LORENZO RAMERO 



8.2.5. If is a coherent topos, then Ecoh is stable under arbitrary finite limits (of E) ([^, 
Exp. VI, 2.2.4]). Moreover, a topos E is coherent if and only if it is equivalent to a topos of 
the form where ^ is a site whose objects are quasi-compact and whose finite limits are 
representable. 

It is possible to characterize the categories of the form Ecoh arising from a coherent topos : 
this leads to the following definition. 

Definition 8.2.6. A pretopos is a small category ^ satisfying the following conditions ([^, 
Exp.VI, Exerc.3.11]). 
(PTl) All finite limits are representable in 

(PT2) All finite sums are representable in ^ and they are universal and disjoint. 
(PT3) Every equivalence relation in ^ is effective, and every epimorphism is universally effec- 
tive. 

8.2.7. As in [|], Exp.VI, Exerc.3.11], we leave to the reader the verification that, for every 
coherent topos E, the subcategory Ecoh is a pretopos, and E induces on i^coh the precanonical 
topology, i.e. the topology whose covering families (Xj ^ X \ i E I) are those admitting a 
finite subfamily which is covering for the canonical topology of Ecoh- One deduces that E is 
equivalent to (i?coh)~5 the topos of sheaves on the precanonical topology of -Ecoh- 

Conversely, if ^ is a pretopos, let := be the topos of sheaves on the precanonical 
topology of ^; then is a coherent topos and the natural functor e : ^ ^ E induces an 
equivalence of ^ with Ecoh- 

8.2.8. Furthermore, if ^ is a pretopos (endowed with the precanonical topology), the natural 
functor ^ commutes with finite sums, with quotients under equivalence relations, and it 
is left exact (i.e. commutes with finite limits) ([^ Exp.VI, Exerc.3.1 1]). 

8.2.9. Recall ([^ Exp. IV, Def.6. 1]) that a point of a topos is a morphism of topoi p : Set — > 
E (where one views the category Set as the topos of sheaves on the one-point topological 
space). By Exp.IV, Cor. 1.5], the assignment p ^ p* defines an equivalence from the cate- 
gory of points of E to the opposite of the category of all functors F : E ^ Set that commute 
with all colimits and are left exact. A functor F : E ^ Set with these properties is called a 
fibre functor for E. By [0, Exp.IV, Cor. 1.7], a functor E Set is a fibre functor if and only if 
it is left exact and it takes covering families to surjective families. 

8.2.10. By a theorem of Deligne ([Q Exp.VI, Prop.9.0]) every coherent non-empty topos ad- 
mits at least a fibre functor. (Actually Deligne's result is both more precise and more general, 
but for our purposes, the foregoing statement will suffice). 

In several contexts, it is useful to attach fibre functors to categories that are not quite topoi. 
These situations are axiomatized in the following definition. 

Definition 8.2.11. A Galois category ([^, Exp.V, §5]) is the datum of a category ^ and a 
functor F from to the category f .Set of finite sets, satisfying the following conditions: 

(Gl) all finite limits exist in 'if (in particular ^ has a final object). 

(G2) Finite sums exist in ^ (in particular ^ has an initial object). Also, for every object X of 
^ and every finite group G of automorphisms of X, the quotient X/G exists in ^. 

u' u" 

(G3) Every morphism u : X —>■ Y in 'la factors as a composition X ^ Y' ^ Y, where u' 
is a strict epimorphism and u" is both a monomorphism and an isomorphism on a direct 
summand of Y. 

(G4) The functor F is left exact. 

(G5) F commutes with finite direct sums and with quotients under actions of finite groups of 

automorphisms. Moreover F takes strict epimorphisms to epimorphisms. 
(G6) Let M : X — » F be a morphism of ^. Then u is an isomorphism if and only if F(u) is. 
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8.2.12. Given a Galois category F), one says that F is a fibre functor of It is shown in 
pot Exp.V, §4] that for any Galois category F) the functor F is pro-representable and its 
automorphism group is a profinite group tt in a natural way. Furthermore, F factors naturally 
through the forgetful functor vr-f.Set f.Set from the category vr-f.Set of (discrete) finite 
sets with continuous 7r-action, and the resulting functor ^ vr-f.Set is an equivalence. 

8.2.13. The category of etale coverings Cov(A) of an almost algebra A (to be defined in 



( |8.2.22[ )) is not directly presented as a Galois category, since it does not afford an a priori choice 
of fibre functor; rather, the existence of a fibre functor is deduced from Deligne's theorem. The 
argument only appeals to some general properties of the category Cov(A), which are abstracted 



in the following definition |8.2.14| and lemma |8.2.15 



Definition 8.2.14. A pregalois category is a category satisfying the following conditions. 
(PGl) Every monomorphism X ^ F in induces an isomorphism of X onto a direct summand 

of r. 

(PG2) ^ admits a final object e which is connected and non-empty (that is, e is not an initial 
object). 

(PG3) For every object X of there exists n G N such that, for every non-empty object Y of 

n 

the product X xY exists in ^ and is not F-isomorphic to an object of the form (11 F) 11 Z 
(where Z is any other object of 

Lemma 8.2.15. Let ^ be a pregalois pretopos. Then there exists a functor F : ^ f.Set 
such that , F) is a Galois category. 

Proof (Gl) holds because it is the same as (PTl). (G2) follows easily from (PT2) and (PT3). 
In order to show (G3) we will need the following: 

Claim 8.2.16. A morphism n : X ^ F of ^ is an isomorphism if and only if it is both a 
monomorphism and an epimorphism. 

Proof of the claim: One direction is obvious, so we can suppose that u is both a monomorphism 
and an epimorphism. By (PGl), it follows that, up to composing with an isomorphism, Y = 
X n Z for some object Z of and u can be identified with the natural morphism X ^ X 11 Z. 
Let V : Z ^ X U Z he the natural morphism; by (PT3) the induced morphism u Xy Z : 
X Xy Z ^ Z is an epimorphism and by (PT2) we have X x y Z ~ 0, the initial object of 
Since in ^ all epimorphisms are effective, one derives that Z ^ 0, and the claim follows. 
Now, let M : X ^ F be a morphism in ^; the induced morphisms 

pri,pr2: XxyX^^X 

define an equivalence relation; by (PT3) there is a corresponding quotient morphism u' : X 
Y' and moreover u' is a strict epimorphism. Clearly u factors via a morphism u" : Y' ^ Y. We 
need to show that u" is a monomorphism, or equivalently, that the induced diagonal morphism 
5 : Y' ^ Y' Xy Y' is an isomorphism. However, there is a natural commutative diagram 

X Xy/X^^X Xy X 
Y' XyY' 

where a is an isomorphism by construction and both vertical arrows are epimorphisms. It 
follows that 6 is an epimorphism; since it is obviously a monomorphism as well, we deduce 



(G3) in view of (PGl) and claim [0.16| . Let be the topos of sheaves on the precanonical 



topology of '^; by ( |8.2.7| ) and Deligne's theorem ( |8.2.10D , there exists a fibre functor ^ 
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Set. Composing with the natural functor ^ — > we obtain a functor F : ^ — > Set which 
is left exact, commutes with finite sums and quotients under equivalence relations, in view of 
so (G4) and (G5) hold for F. 



Claim 8.2.17. Let X be a non-empty object of ^. Then F{X) ^ 0. 

Proof of the claim: Since we know already that (G3) holds in we deduce using (PG2) that 
the unique morphism X ^ e is an epimorphism. Then (PT3) says that e can be written as the 
quotient of X under the induced equivalence relation pr^^, : X Xg X ^ X ■ Since F 
commutes with quotients under such equivalence relations, the claim follows after remarking 
that F{e) ^ 0, 

Claim 8.2.18. Let m : X — > F be a morphism in 'lo such that F{u) is surjective. Then u is an 
epimorphism. 

Proof of the claim: We use (G3) to factor u as an epimorphism v! : X ^ Y' followed by a 
monomorphism of the form Y' Y' U Z. We need to show that Z = or equivalently, in 
view of claim |8.2.17| , that F{Z) = 0. However, the assumption implies that F{Y') maps onto 



F{Y' n Z); on the other hand, F commutes with finite sums, so the claim holds. 

Claim 8.2.19. Let m : X — F be a morphism in ^ such that F(u) is injective. Then m is a 
monomorphism. 

Proof of the claim: The assumption means that the induced diagonal map -F(X) — > -F(X) x f(^y) 
F(X) is bijective. Then claim [OT8| implies that the diagonal morphism X — ^ X Xy X is an 
epimorphism. The latter is also obviously a monomorphism, hence an isomorphism, in view of 
claim |8.2.16| ; but this means that n is a monomorphism. 



Now, taking into account claims |8.2.16| , |8.2.18| and |8.2.19| we deduce that (G6) holds for F 



It remains only to show that F takes values in finite sets. So, suppose by contradiction that 
F(X) is an infinite set for some object X of ^. We define inductively a sequence of objects 
(li I i G N), with morphisms : Fj+i Yi for every i G N, as follows. Let Yq := e, 
Yi := X and 0i the unique morphism. Let then i > and suppose that Yi and 0j have already 
been given. Using the diagonal morphism, we can write Yi x y._ ^ ~ YiUZ for some object Z; 
we set := Z and let be the restriction of the projection pr^ : Yi Xy._^ Y^ — > Y^. Notice 
that F{Yi) 7^ for every i E N (indeed all the fibers of the induced map F{Yi) — > F{Yi) are 
infinite whenever i > 0); in particular Y^ ^ for every i E N. On the other hand, for every 

n 

n > 0, X xYn admits a decomposition of the form (11 Yn) 11 Yn+i, which is against (PG3). The 
contradiction concludes the proof of the lemma. □ 

8.2.20. Let E he a topos. Recall that an object X of is said to be constant if it is a direct 
sum of copies of the final object e of E ([^, Exp.IX, §2.0]). The object X is locally constant if 
there exists a covering (Fj — »• e | i G /) of e, such that, for every i E I, the restriction of X x 
is constant on the induced topos i?/y- Exp. Ill, §5.1]). If additionally there exists an integer 
n, such that so that each (X x Fi)|y^ is a direct sum of at most n copies of Yi, then we say that 
X is bounded. 

Lemma 8.2.21. Let E be a topos. Denote by Eich the full subcategory of all locally constant 
bounded objects ofE (see ( |8.2.3[ )j. Then: 

(i) E\ch is a pretopos. 

(ii) If the final object ofe is connected and non-empty, Eich is a pregalois pretopos. 

Proof. Let X be an object of Eich, and (Yi — > e) a covering of the final object of E by non- 
empty objects, such that X x Yi is constant on E/y^ for every i E I, say (X x Fi)|y- — Fj x Si, 
where Si is some set. Since X is bounded, there exists n > such that the cardinality of 
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every Si is no greater than n. Since all finite limits are representable in E, axiom (PTl) can be 
checked locally on E, so we can reduce to the case of a finite inverse system Z_ := {Zj | j e J) 
of constant bounded objects Zj := e x Sj. Furthermore, thanks to Exp.IX, Lemme 2.1(i)] 
we can assume that the inverse system is induced from an inverse system S_ := {Sj \ j E J) of 
maps of sets, in which case it is easy to check that lim Z_ ~ lim S_, which implies (PTl). 

(PT2) is immediate. Similarly, if i? is a locally constant bounded equivalence relation on 
an object X of -Eicb, then X/R is again in -Eicb; indeed, since equivalence relations in E are 
universally effective, this can be checked locally on a covering (1^ — > e | i G /). Then again, 
by [§, Exp.IX, Lemme 2.1(i)] we can reduce to the case of an equivalence relation on sets, 
where everything is obvious. This shows that (PT3) holds, and proves (i). Suppose next that 
e is connected and non-empty; since e is in Eich, it follows that (PG2) holds in i^icb- To show 
(PGl), consider a morphism u : X Y in Eich- As in the foregoing, we can find a covering 
[Zi e\i e I) such that (X x Zi)\Zi — ZiX Si, {Y x Zi)\z, ^ ZiXTi for some sets Si, Ti, and 
uiz, is induced by a map Ui : Si Ti. Let S'^ := Tj \ Ui{Si). Clearly we have an isomorphism 
(Y X Zi)\z, ^ {X X Zi)\z, n {Zi X SI) for every i e I. Since the induced decompositions agree 
on Zi X Zj for every i,j E I, the constant objects Zi x SI glue to a locally constant object X' 
of E, and u induces an isomorphism F ^ X 11 X'. Finally, if X is in i^icb, find sets {Si\i E I) 
and a covering (Yi ^ e \ i E I) such that {X x Fi)|y. — x Yi, and let m be the maximum of 
the cardinalities of the sets Si. Clearly (PG3) holds for X, if one chooses n := m + 1. □ 

8.2.22. Let A be an almost algebra. We consider the site .Ya '■= {^'-^^s)ipqc obtained by 
endowing the category of affine A-schemes with the fpqc topology (see ( |4.4.23| )). Moreover, 
the category of etale coverings of Spec A is defined as the full subcategory Cov(Spec A) of the 
category of affine A-schemes consisting of all etale A-schemes of finite rank. 

Proposition 8.2.23. The natural functor e : S^a induces an equivalence of the category 

Cov(Spec A) onto the category of locally constant bounded sheaves on 5^a- 



Proof. Let B be an etale A-algebra of rank r. By proposition |4.3.27| there is an isomorphism 
of almost algebras A ~ 111=0^* ^"'-^ ^'^^ Bi := B 0a Ai is an A^-algebra of constant rank 
i for every i = 0, ...,r. In particular, Bq = and B^ is faithfully flat etale Aj-algebra for 
every i > 0. We use the diagonal morphism to obtain a decomposition Bi Bi ^ Bi x Ci, 
where Ci is again an etale i?j-algebra of constant rank i — 1. Iterating this procedure we find 
faithfully flat Aj-algebras Di such that B ®a Di is Dj-isomorphic to a direct product of i copies 
of Di, for every i > 0. Setting Dq := A^, we obtain a covering (£:(Spec A Spec A) | i = 
0, ...,r) of £:(Specy4) in S^a such that the restriction of £:(Speci?) to each e{^\)ecDi) is a 
bounded constant sheaf. This show that the restriction of e to Cov(Spec A) lands in the category 
of locally constant bounded sheaves. Since the fpqc topology is coarser than the canonical 
topology, e is fully faithful. To show that e is essentially surjective amounts to an exercise in 
faithfully flat descent : clearly every constant sheaf is represented by an etale A-scheme; then 
one uses Exp.IX, Lemme 2.1(i)] to show that any descent datum of bounded constant sheaves 
is induced by a cocycle system of morphisms for the corresponding representing algebras, and 
one can descend the latter. We leave the details to the reader. □ 

8.2.24. Let us say that an affine almost scheme S is connected if e{S) is a connected object of 
the category which simply means that the only non-zero idempotent of ^s* is the identity. 
In this case, proposition |8.2.23| and lemma |8.2.21| show that Cov(5') is a pregalois pretopos, 
hence it admits a fibre functor F : Cov(5') f.Set by lemma |8^2.15| . 



Definition 8.2.25. Suppose that the affine almost scheme S is connected. The fundamental 
group of S is the group 7ri(S') defined as the automorphism group of any fibre functor F : 



Cov(S') f.Set, endowed with its natural profinite topology (see ( |8.2.12D ) 
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8.2.26. It results from the general theory ([^ Exp.V, §5]) that 7ri(S') is independent (up to 
isomorphism) on the choice of fibre functor. We refer to loc.cit. for a general study of fun- 
damental groups of Galois categories. In essence, several of the standard results for schemes 
admit adequate almost counterpart. We conclude this section with a sample of such statements. 

Definition 8.2.27. Let A C i? be a pair of V-algebras; the integral closure of A in i? is the 
subalgebra i.e. (A, B) := i.c.(A^,, B^)"-, where for a pair of rings R C S we let i.c.{R, S) be the 
integral closure of R in S. 

Lemma 8.2.28. IfR C S is any pair of V -algebras, then i.c.(-R'', S"") = i.c.(-R, S)°'. 
Proof. It suffices to show the following: 
Claim 8.2.29. Given a commutative diagram of V-algebras 

R 

Ri ^ Si 

whose vertical arrows are almost isomorphism, the induced map i.c.{R, S) i.c.(i?i, Si) is an 
almost isomorphism. 

Proof of the claim: Clearly the kernel of the map is almost zero; it remains to show that for 
every h e i.c.(i?i, Si) and £ G m, the element eh lifts to i.c.(i?, S). By assumption we have a 
relation + = 0, with e Ri, so {eh)^ + = 0. By lifting 

e'oi to some Hi E R, we deduce a monic polynomial PiT) over R such that P(eb) = 0, so if b 
is a lifting of eh, we have m ■ P(b) = 0. Since the restriction mS mSi is surjective, we can 
choose b e mS, so b ■ P{b) =0. □ 



Remark 8.2.30. (i) If A C -B are V^-algebras, then A is integrally closed in B if and only if 
is integrally closed in 5^,. Indeed, by lemma |8.2.28| we know that the integral closure of A^ 
in B^ is almost isomorphic to A^ and any such V^-algebra must be contained in A^. 

(ii) If {Ai C Bi \ i E I) is a (possibly infinite) family of pairs of V-algebras, then Hie/ 
is integrally closed in Hie/ ^^^J if integrally closed in Bi for every i E I. 



The following proposition is an analogue of pO| , Prop. 18. 12. 15]. 

Proposition 8.2.31. Let A C B be a pair of V"^ -algebras such that A = i.e. {A, B). 

(i) For any etale almost finite projective A-algebra Ai of almost finite rank we have Ai = 
i.c.{Ai,Ai ®aB). 

(ii) Suppose that A and B are connected, and choose a fibre functor F for the category 
Cov{B). Then the functor Cow{A) f.Set .• C ^ F{C B) is a fibre functor, 
and the induced group homomorphism: 7ri(Speci?) 7ri(SpecA) is surjective. 

Proof, (i): using remark |8.2.30| (ii) we reduce to the case where Ai has constant finite rank 
over A. Set Bi := Ai 0a B, and suppose that x E Bu is integral over Au, or equivalently, 
over A^. Consider the element e E {Ai 0a ^i)* provided by proposition |3.1.4| ; for given 
e E m write e ■ e = Yli ^ some Cj, E A^. According to remark [4-.1.17| we have: 

Yli Ci ■ TTBi/sixdi) = e ■ X for every x E Bu. Corollary [4.4.3 1| implies that TiBi/Bixdi) is 
integral over A^ for every i < k, hence it lies in A^,, by remark [R^.2.3(J| (i). Hence e ■ x E Ai^, as 
claimed. 

(ii): is an immediate consequence of (i) and of the general theory of Exp.V, §5]. □ 
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8.2.32. As a special case, let i? be a V-algebra whose spectrum is connected; we suppose 
that there exists an element e E m which is regular in R. Suppose moreover that R is in- 
tegrally closed in consequently Spec-R[£:^^] is connected and 7ri(Spec -R[£:~^]) is well 
defined. It follows as well that Spec i?" is connected. Indeed, if Spec i?" were not connected, 
neither would be Speci?"; but since R^ C this is absurd. Then 7ri(Speci?") is also 
well defined and, after a fibre functor for Cov{R[e~^]) is chosen, the functors Cov(Spec R) 
Cov(Speci?") Cov(Spec -R[£:~^]) : B i— > t— > B'^[e~^] induce continuous group homo- 
morphisms ([^, Exp.V, Cor.6.2]) 

(8.2.33) 7ri(Speci?[£-^]) ^ 7ri(Speci?'^) 7ri(Speci?). 



Proposition 8.2.34. Under the assumptions of ( |8.2.32D , we have: 
(i) i?" is integrally closed in R[s~^]. 



(ii) The maps ( |8.2.33D are surjective. 

Proof, (i): letx G such that x"+ai-x"^~^ + ...+a„ = for some elements ai, ...,a„ e -R". 

For every 5 G m we have (5 ■ x)"" + (5 ■ x) ■ {5 ■ x)"""^ + .. . + 5^ ■ an = 0, which shows that 5 -a; G R, 
since by assumption R is integrally closed in -R[£:^^] and 5^ ■ ai E R for every i = 1, n. The 
assertion follows. 

(ii): it suffices to show the assertion for the leftmost map and for the composition of the two 
maps. However, the composition of the two maps is actually a special case of the leftmost map 
(for the classical limit V = m), so we need only consider the leftmost map. Then the assertion 
follows from (i) and proposition |8.2.31K ii). □ 
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3.5.3 



: opposite of a, 2.2 



Ix : identity morphism of an object in a, 2.2 
DfryD+C^), D"(^) : derived categories of a. 



2.2.1 



s."^ : simplicial objects of a, 2.2 



Galois, 8.2.11 



fibre functor of a, B.2. 12 



Pregalois, 8.2.14 



tensor, 2.2.5 



X ip*X : push-out, pull-back of extensions 
in a. 



2.5.5 



Exmon<i^(i3, /), Exal<g'(_B, /) : isomorphism classes 



of extensions in a, 2.5.5, 2.5.7 



Exmon<^(i3, /), Exun-g-, Exal-;^ : extensions 



of a monoid (or an algebra) in a , 2.5.2, 2.5.4 
■ multiplication of a monoid in a, 2.2.5 



a M/A ■ scalar multiplication of a module in a. 



2.2.5 



(left, right, unitary) module in a , 2.2.5 

M\N- switch operator for two modules in a. 



2.2.5 



monoid, algebra in a, 2.2.5 



-Mod : modules over a diagram ^ of almost al- 



gebras, 3.4.7 



^a(M), EM{mo), g^(mo), [2.3.1 



-Mod, ^^-Alg : sheaves of i ^y -mo dules, resp 

1^?^ -algebras on a scheme X, ^.5.1 
^" -Modqcoh 



^-iviuuqcoh, t.x-Algq^oii : q uasi-c oherent, [5.5.1 
(for an ig*" -module ^), K53 



XP(X),^P( X),K.3.7| 
det(l p + 0) , pXi] 
77a,c, |4TT3| 
u.Et°, [3A44| 



Ext^(£:, f), [2.5.21 
Hom^^ (jy,T)^4.10 



Mndx, Z-Modx, [6.4. 1[ 
uj{R,u') : obstruction class, 3.2.20| 
uj{B,fo,u), uj{B,fo) : obstruction classes 

Wp/^, 2.4.26[ 

c?!)'' (for a morphism (j) of almost schemes), 3.3.3 

PE+/K + 



3.2.7 



6.5.1 



D"(A-Mod)^, 
Hp(F, J),|a1 



7.1.13 



j : morphism of fpqc-sites, 5.7 
Tp, r,„ : topologies on y°-Alg, 3.4.42 



Cp, 4.1.1 



UM, 4.4.32 



Bud(n, d, R) : n-buds of a formal group, [4.2.2 
■ «-bud of G 



4.2.1 



Af{A) : Spectrum of seminorms of a ring, 7.5.1 1 

(n-)pseudo-coherent complex(es), 7.1.15[ 

D(i?-Mod)coh : derived category of, 7.1.16 



Adic space(s), 7.2.23 



H + 



analytic deformations of an, 7.3.12 
analytic cotangent complex of a 



morphism of, 7.2.31 



^i/if • ^heaf of analytic differentials of an, 7.4 
d{ X) : ad ic space associated to a formal scheme 
[7.2.26[ 



etale morphism of, 7.2.25 



232 



ALMOST RING THEORY 



233 



discriminant of an, 7.5.10 



affinoid, 7.2.23 



def (/ ) : defe ct of an, [7.5.25 



deeply ramified system of, 7.4. IC 



morphism locally of finite type of, 7.2.24 



smooth, unramified morphism of, 7.2.25 



Affine almost group scheme(s ), [3.3.3| 
Igis'- colie complex of an, 3.3.33 



(right, left) action on an almost scheme by a, |3.3.6 
(right, left) action on an al most scheme of a 
nerve of an, 3.3.(: 



action on a quasi-co herent module, equivariant quasi- 



coherent module, 3.3.6 



torsor over an, 3.3.28 



Affinoid ring(s), [7.2.17 

Spa A : adic spectrum of an, 7.2.22 



completion of, [7.2.18 



2.2.7 



Almost algebra(s), [2.2.5 

A-Etafp : etale almost finitely presented, 3.2.27 



Cov(Spec A) : etale covering of an, 8.2.22 
Der^(i?, M) : derivations of an, 2.5.22 
L_B /A ■ cotangent complex of an, 2.5.20| 
transitivity of the , 2.5.32 



Qb/a '■ relative differentials of an , |2.5.22 



Spec A : spectrum of an, 3.3.3 
nil (A) : nilradical of an, [4.1.18 



rad(A) : Jacob son ra dical, 5.1.1 

(faithfully) flat, [3.1.l| 

(tight) henselian pair, ^.1.8 



3.1.1 



(uniformly) almost finite 
(weakly) unramified, [3.1.1 

Cb I a ■ idem potent associated to an, [3.1.4 
(weakly) etale, [3.1.l[ 

A-w.Et, ^-Et : category of, [3.2.17 



almost finite projective, 3.1.1 



almost projective, 3.1.1 
Tr 



^B/A 



trace morphism of an , 4. 1 .7 



different ideal of an , 4.1.22 



^B/A 
' B/A^ 



: discriminant of an, 7.5.2 



connected, 8.2.24 



t b/a ■ tra ce form of an, 4. 1 . 12 



7ri(Spec A) : fundamental group of a, 8.2.25 



exact, 2.2.25 



henselization of , 5 . 1 . 1 3 



ideal in an, 2.2.5 
tight, [5.1.5[ 



integral closure of an, 8.2.27 

projectiv e topo logy on a complete linearly topolo- 

gized, 5.3.4 
reduced, 4.1. 



.18 



strictly finite, 3.1.1 



Almost isomorphism, 2.1.3 



Almost module(s), 2.2.2 

A -Mod afpr : almost finitely generated projective, 
2A4| 



M ^aN : tenso r produ ct of, [2.2.11 

M* : dual of an, [2.4.23[ 

: almost element(s) of an, 2.2.8 , 2.2.9| 



M-regular, fT2)\ 
AnnA{M) : annihilator of an, 2.2.5 



A-nilpotent endomorphi sm of a n , 4.3.1 
evaluation ideal, 2.4.23 



M/A 



(oM/A(f ) ■ eva luation ideal of an almost element 



in an, 2.4.23 



^c{A) : yl-modules generated by at most c al- 



most elements, 2.3 



'^n (A) : uniformly almost finitely generated, 2.3.8 



F,{M) : Fitting ideals of a, [2.3.23 
evjv/ /A ■ evaluation morphis m of an 



(almost) finitely generated , [2.3.8 



2.4.23 



(almost) finitely presented , 2.3.8| 
(faithfully) flat, [2.4.4| 
almost projective, 2.4.4 

Split (A, P) : splitting algebra of an, [4.4.1 
'Oa{P, b) : discriminant of a bilinear form on a. 



7.5.1 



f.rk^(P) : formal rank of an , 4.3.9 



f .rkyi(P, p) : localization at a prime ideal of the 



formal rank of an, 4.4. 13 



trp/A ■ trace morphism of an 
of almost finite rank , 4.3.9 
of constant rank , 4.3.9| 
of finite rank , [4.3.9 



invertible, 2.4.23 



linear topology on an, 5.3.1 



/-preadic, /-c-preadic, /-adic, 5.3.1 



complete, 5.3.1 



completion of a, 5.3.2 



continuous morphism of, 5.3.2 



generated by a family of submodules, 5.3.1 



ideal of definition of a, 5.3.1 



induced topology on a submodule, 5.3.2 



topolo gical clo sure of a submodule in a, [5.3.1 



reflexive, 2.4.23 



strictly invertible , 4.4.32 
that admits infinite splittings , [4.4.15 

Almost scheme(s) 

Xsn-i ■ smooth locus of an, ^.6.1 



5.7.21 



hx/Y '■ cotangent complex of an, 3.3.13 



Ro.[E), G rass^ g (E) : projective space, Grass- 



mannian, 5.7.7 
Exaly(X/G,^ 



mation of an, 3.3.14 



equivariant square zero defor- 



affine, morphism of affine, 3.3.3 



almost finite, etale, flat, almost projective morphism 



of, 4.5.5 



almost finitely presented, 5.6.3 



closed imbedding of, 4.5.5 



open and closed imbedding of, [4.5.5 
quasi-affine, [5.7. 1| 



quasi-coherent module on an, 3.3.3 



square zero deformation of an, [3.3.13 
Almost zero module 



2.1.3 



bicovering morphism in a site, 3.5.16 



Cauchy product, 2.3.4 
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Classical limit, 2.1.2 



Closed imbedding, difference of sheaves on (i?°-Alg)f 



5.7.5 



fpqc 



Conditions A and B, 2.1.6 



Decomposition subgroup, 6.2.3 



f-adic ring(s), 7.2.15 



ring of definition of an, 7.2.15 
Formal scheme(s) 



Cont(j4) : continuous valuations of an, 7.2.21 
topologically finite type map of, 7.2.16 
ideal of definition of an, 7.2. 15 



: Cotangent complex of a morphism of, 7.2.3 



^se/ff) • sheaf of analytic relative differentials of a 



morphism of, 7.2.8 



Deeply ramified system of, 7.4.5 



Groupoid(s), |4.5.l| 

Xq I G : quotient by an action of a, 4.5.5 



closed equivalence relation, flat, etale, almost fi- 



nite, almost projective, of finite rank, 4.5.5 
with trivial automorphisms, 4.5.1 



Inertia subgroup, 6.2. 3| 



Log structure(s), p.4.4 

logx ■ catego ry of, |6.4.4 
regular, 6.4.9 



Monoid(s), 5.1.26 



M^P : group associated to an abelian, p. 1.29 
Spec M : spectrum of a, 5.1.27 



Mnd : category of commutative, 5.1.29 
convex submonoid of a, 6.1.2^ 
free, |6T2^ 



basis of a, 6.1.28 
ideal, prime ideal in a, 6.1.27] 



integral, 5.1.28 



Ordered abelian group(s), p. 1.20 



r+ : submonoid of posit ive elem ents in an, 6.1.2C 
Spec r : spectrum of an, 6.1.2C 
c. rk(r), rk(r) : convex and rational rank of an, 
5.1.201 



convex subgroup of an, |6.1.2C 



Pre-log structure(s), 5.4.2 



y /^, flog M) : logarith mic dif ferentials of a, 5.4.11 
pre-lo g y : c ategory of, 5.4.2 
Pretopos, |8.2.6| 



Priifer Domain, 6.1.12 



Simplicial almost algebra(s), p.l 
exact, ^.1.2 



modules over a, 8.1 



derived category of , 8.1.1 



quasi-isomorphism of, 8.1.2 



constant, locally constant, bounded object in a, 8.2.20 
fibred, ^3l5| 



Top(X) : top os associated to a, 3.3.15 
point of a, 8.2.9 



quasi-compact object of a, 8.2.1 



quasi-compact, quasi-separated, coherent morphism 
in a. 



8.2.2 



quasi-separated, coherent object of a, j.2.3 



Valuation(s), 5.1.1 



Gauss, 6.L4 

rank of a, [6.1.23 



Valued field(s), |6.1.1 

K 



K'^ : separable, algebraic clos ure of a , p. 2. 16 
: maximal tame extension of a, 5.2. 16| 
Tk '■ value group of a, |6.1.l| 



Div (i4r+°) : fractional ideals of a, |6.1.16 
deeply ramified, 6.6. l| 



extension of a, 5.1.3 



'L/K 



: discriminant of an algebraic, 7.5.6 



valuation topology of a, 6.1.21 



Topos, 8^ 

coherent, 8.2.4 



